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Abstract. Pulses of slip velocity can propagate on a planar interface governed 
by a constant coefficient of friction, where the interface separates different elastic 
materiMs. Such pulses have been found in two-dimensional plane strain finite 
difference calculations of slip on a fault between elastic media with wave speeds 
differing by 20%. The self-sustaining propagation of the slip pulse arises from 
interaction between normal and tangential deformation that exists only with a 
material contrast. These calculations confirm the prediction of Weertman [1•80] 
that a dislocation propagating steadily along a materiM interface has a tensile change 
of normal traction with the same pulse shape as slip velocity. The self-sustaining 
pulse is associated with a rapid transition from a head wave traveling along the 
interface with the $ wave speed of the faster material, to an opposite polarity body 
wave traveling with the slower S speed. Slip occurs during the reversal of normal 
particle velocity. The pulse can propagate in a region with constant coefficient of 
friction and an initial stress state below the frictional criterion. Propagation occurs 
in only one direction, the direction of slip in the more compliant medium, with 
rupture velocity near the slower $ wave speed. Displacement is larger in the softer 
medium, which is displaced away from the fault during the passage of the slip pulse. 
Motion is analogous to a propagating wrinkle in a carpet. The amplitude of slip 
remains approximately constant during propagation, but the pulse width decreases 
and the amplitudes of slip velocity and stress change increase. The tensile change 
of normal traction increases until absolute normal traction reaches zero. The pulse 
can be generated as a secondary effect of a droi• of shear stress in an asperity. The 
pulse shape is unstable, and the initial slip pulse can change during propagation 
into a collection of sharper pulses. Such a pulse enables slip to occur with little loss 
of energy to friction, while at the same time increasing irregularity of stress and 
slip at the source. 

Introduction 

Fault zones consist of materials with varying physical 
properties, and they often contain surfaces of materiM 
discontinuity. Wear products of the faulting process, 
such as gouge and breccia, form fault zones that are 
more compliant than the country rock. Large displace- 
ments on mature faults juxtapose different rock bodies. 
Despite these facts, rupture propagation along a ma- 
terial interface and associated dynamic phenomena are 
not sufficiently studied nor well understood. 

Schallamach [1971] conducted sliding experiments be- 
tween rubbers and hard materiMs and found that dis- 

placement along the interface occurs sometimes as 

Copyright 1997 by the American Geophysical Union. 

Paper number 96JB02856. 
0148- 0227 / 97 / 96 J B-02856509.00 

macroscopically uniform frictional sliding and some- 
times as narrow propagating waves of detachment. The 
detachment waves showed a tendency to become nar- 
rower and break up into numerous separate pulses while 
propagating. The results depended strongly on experi- 
mental details. 

J. N. Brune and coworkers [e.g., Anooshehpoor et al., 
1991; Brune et al., 1993] performed experiments with 
sliding foam rubber blocks and observed normal stress 
variations and opening displacement during stick-slip 
events. Brown et al. [19911 and Brown [19941 reported 
similar observations in experiments with polycarbonate 
samples. As Brune et al. [1993] pointed out, a mode of 
fault slip consisting of a narrow pulse associated with 
local variation of normal stress may explain a variety of 
important geophysical observations, including the lack 
of observable frictional heat along strike-slip faults in 
California [e.g., Brune et al., 1969; Henyey and Wasset- 
burg, 1971; Lachenbruch and $ass, 1992] and short rise- 
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times in earthquake slip histories [Heaton, 1990]. Thus 
it is important to clarify the conditions allowing for 
and properties of dynamic ruptures consisting of narrow 
propagating pulses associated with variations of normal 
stress. 

Comninou and Dundurs [1977, 1978a,b] obtained a 
solution for a wave of local separation on an interface 
that could not support tension. They found such a so- 
lution for any two materials, including identical media, 
and suggested that the opening wave would allow slip to 
propagate in a preexisting shear stress field without loss 
of energy to friction. Frcund [1978] pointed out that 
their solution is not realistic, because it satisfies con- 
servation of energy through two traveling singularities, 
one acting as a sink of energy and the other as a source. 
Day [1991] performed numerical calculations where an 
opening wave was imposed in an initial stress field with 
fault-normal compression and fault-parallel shear. Us- 
ing the same material properties on both sides of the 
interface, Day found that the separation component de- 
cays rapidly rather than propagating in a self-sustaining 
manner. 

There is a fundamental theoretical distinction be- 

tween rupture along an interface separating similar and 
dissimilar materials. On a planar fault between solids 
with identical elastic constants and density, symmetry 
implies that there is no coupling between slip and nor- 
mal traction. To see that, consider a fault along the 
plane y - 0 in an infinite homogeneous elastic medium 
and assume that a change of stress from some initial 
state arises only from slip (tangential displacement dis- 
continuity) on the fault. Then, from the symmetry of 
the Green's function, the displacement component u• 
parallel to the fault is an odd function of y, while the 
displacement component uy perpendicular to the fault 
is an even function of y. Therefore the stress change 
component o'xy is an even function of y, and the com- 
ponents a• and O'yy are odd functions of y. Normal 
stress is continuous across the fault plane, so O'yy - 0 
at y - 0. Thus shear displacement on a fault in a 
uniform medium does not change normal stress on the 
fault. There is normal displacement varying along the 
fault; however, the fault surface warps in a way that 
keeps the normal stress unchanged. On the other hand, 
if there is a material contrast across the fault, the sym- 
metry is broken and slip can change normal traction. 

The experiments with foam rubber and polycarbon- 
ate, in which material was the same across a nominally 
planar fault, remain to be explained. A likely family 
of explanations may be related to small-scale geometri- 
cal irregularities, leading to possible coupling of shear 
and buckling modes of deformation or transfer of mo- 
mentum between shear and fault-normal directions dur- 

ing collisions of irregularities on different sides of the 
fault [e.g., Lomnitz-Adler, 1991]. Such explanations are 
supported by the fact that the experimental results de- 
pend strongly on surface conditions. Another intriguing 
possibility is illustrated by a lattice-solid calculational 
model [Mora and Place, 1994] in which displaced parti- 
cles in a fault zone excite opening interface waves that 

allow slip to occur. This exemplifies the suggestion by 
Andrews [1989] that change of configuration at the scale 
of the displacement may be essential to fault mechanics. 

In the present paper we are concerned with model- 
ing dynamic ruptures along a planar fault in the small- 
displacement approximation. The media are uniform 
on each side of the fault, but material contrast across 
the fault breaks the symmetry and couples shear and 
normal deformations. Ben-Zion [1989, 1990] and Ben- 
Zion and Aki [1990] studied problems of wave propa- 
gation arising from slip on planar material interfaces. 
The results show that wave fields in such cases include, 
besides the usual P and $ body waves, head waves and 
other interface phases. In contrast to the usual wave 
field in a homogeneous elastic medium, the interface 
waves lead to a coupling of shear and normal motions 
along the fault. Ben-Zion and Rice [1995] suggested 
that normal stress variations associated with fault zone 

head waves may contribute to spatiotemporal complex- 
ities of earthquake occurrence. 

A static edge dislocation on a fault produces shear 
traction that varies inversely with distance from the 
dislocation. In addition, if the fault is a material in- 
terface, there is a change of normal traction that is pro- 
portional to a Dirac delta function of position. For a 
smeared-out dislocation, shear traction is proportional 
to the Hilbert transform of the dislocation density, but 
normal traction is proportional to the dislocation den- 
sity itself. These facts, which were implicit in earlier 
works, were clearly stated by Comninou [1977] for a 
static dislocation. Weertman [1980] extended the re- 
sults to the case of a dislocation moving along a mate- 
rial interface at a constant velocity and showed that the 
change of normal traction increases with increasing dis- 
location velocity up to the slower S' wave speed. Weert- 
man [1980] suggested that such a dynamic reduction in 
compressive normal traction may allow a smeared-out 
dislocation (i.e., a slip pulse) to propagate in a self- 
sustaining manner near the slower S' wave speed, on an 
interface governed by a constant coefficient of friction 
having no slip or rate dependency. 

In the following sections we discuss numerical sim- 
ulations of dynamic rupture along a material inter- 
face, implemented in the two-dimensional (2-D) plane 
strain framework. The results confirm the expectations 
of Weertman [1980] and resemble the observations of 
Schallamach [1971]. The calculations employ a con- 
trast in elastic wave speeds of 20%. Such a contrast is 
near the upper limit of velocity variation across strike- 
slip faults in the crust, as found by tomographic inver- 
sions of seismic data [e.g., Feng and McEvilly, 1983; 
Eberhar•-Phillips and Michael, 1993]. 

The objective of this paper is to examine the sel•- 
sustaining propagation of a slip pulse associated with 
dynamic changes of normal stress. We find that slip 
can occur in such a pulse with little loss of energy to 
friction. This conclusion may have important conse- 
quences for fault mechanics. The simulated pulses are 
initiated using artificially imposed sources. Future cal- 
culations should examine the generation of such pulses 
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in more realistic fault models and find the range of ma- 
terial parameters for which they can exist. It will be 
important to find observational support for these pre- 
dictions, first in laboratory experiments and then from 
earthquake data. 

Numerical Method 

The finite difference equations for two-dimensional 
plane strain are given by Andrews [1973]. The spatial 
differencing is equivalent to triangular simplex finite ele- 
ments of uniform size. The dynamic solution is stepped 
through time using explicit equations. The discretiza- 
tion error appears in the form of slower wave speeds for 
Fourier components with wavelength of the order of the 
element size. This and other numerical issues are dis- 

cussed in the appendix. Accuracy compares favorably 
with a boundary integral method. 

The fault is treated as a line with split nodes in a 
2-D numerical grid. Traction on the fault plane is de- 
termined at each split node, and then each half of a 
split node is accelerated separately. If a point is not 
slipping, traction is determined from stress components 
in the neighboring elements, such that both halves of 
a split node have the same acceleration. If a frictional 
sliding criterion is exceeded, shear traction is reduced 
to meet the frictional criterion and each half of a split 
node undergoes a different tangential acceleration. In 

time steps subsequent to the initiation of differential 
velocity at a split node, shear traction is maintained at 
the frictional criterion, with the sign of the differential 
velocity, until the differential velocity tends to reverse. 
Then the two halves of the split node are given the same 
velocity and they move in unison until the frictional cri- 
terion is reached again. When the frictional strength is 
zero, slip can occur freely in any direction. 

The frictional criterion is 

]Tt ]_< Fmax{0,-T, - P/} , (1) 

where Tt is tangential (shear) traction, T, is normal 
traction (positive in tension), P! is fluid pressure (posi- 
tive in compression), and F is the coefficient of friction. 

In general, the coefficient of friction F may depend 
on slip, slip velocity, and state variables. Variation in 
F provides the instability that drives earthquake slip 
in most models. In the calculations performed here, 
however, the coefficient of friction is constant with the 
value F = 0.75. Dynamic instability cannot be initiated 
with constant friction, and thus slip is initiated artifi- 
cially in this work. Constant friction is used to show 
that no elaboration of the friction law is needed for the 

self-sustaining propagation of a Weertman [1980] pulse 
(hereinafter referred to as Weertman pulse). Fluid pres- 
sure is not calculated dynamically in this study but, 
rather, is imposed locally as an artificial means to ini- 
tiate an event, as described below. 
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Figure 1. Slip velocity along a fault separating similar media. The imposed source region is 
shown by the contour lines. Slip velocity (shading) is symmetric with respect to the origin and is 
concentrated behind two rupture fronts propagating at approximately the P and Rayleigh wave 
speeds. 
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Analysis 

In this paper we do not attempt to model any rep- 
resentative earthquake or evolutionary seismicity. Our 
objective is to examine the effect of material contrast 
across a fault on a propagating rupture. The calcu- 
lations are two-dimensional with plane strain. Slip is 
coupled to normal traction in plane strain but not in 
antiplane strain. We start the calculations by imposing 
an artificial source, either as a drop in shear traction 
or as prescribed slip, within a spatially limited source 
region. Then we examine the response of the fault out- 
side the imposed source. The fault is governed by a 
constant coe•cient of friction, chosen to be 0.75 in all 
cases. 

The fault is the plane y- 0. Slip is in the x direc- 
tion, and all variables are independent of z. The initial 
stress state is uniform with a•x - -1.0, ayy -- --1.0, 
and a•y ---- 0.7, where stress values are given in arbi- 
trary units. (a• is irrelevant to these problems). Ini- 
tial shear traction everywhere on the fault is less than 
the frictional strength associated with the initial nor- 
mal traction. However, dynamic stress changes radi- 
ated from the imposed source can induce slip outside 
the source. In order for the induced slip to be self- 
sustaining, it must, in turn, radiate stress changes that 
promote its further propagation. 

We recall that a localized seismic source in a homoge- 
neous medium radiates an S wave along the fault plane 
itself and that the associated displacement is normal 
to the fault. One may intuitively expect that if the S 
wave speeds on opposite sides of the fault are not the 
same, the displacement pulses on the different sides will 
not be aligned, thus producing dynamic changes of noc- 
real traction. The results of Ben-Zion [1990] show that 
normal traction on the interface changes in the neigh- 
borhood of the S wave fronts. This is associated with a 

head wave propagating along the material interface and 
a following rapid polarity reversal which occurs in the 
transition from the head wave to a later arriving body 
wave. 

In the simulations below, material on each side of the 
fault is homogeneous, elastic, and has a Poisson's ra- 
tio of 0.25. The contrast in elastic wave speeds across 
the fault is fixed at 20%, except in a reference simula- 
tion done without a contrast. Density is correlated with 
wave speed in earth materials, so the density contrast 
is taken to be the same as the velocity contrast. 

We use dimensionless units. Material properties at 
y • 0, denoted by subscript 1, are set as A1 -- yl -- 1, 
p• -- 1, vp• -- 1.732, and v$1 - 1, where A and y are 
elastic constants, p is density, and vp and vs are P and 
5' wave velocities, respectively. In the first calculation, 
done for reference, the material at y • 0 is the same as 
on the other side of the fault. In all other calculations, 
material properties at y • 0, denoted by subscript 2, 
are •2 - /•2 - 1/1.23 - 1/1.728, p2 -- 1/1.2, vp2 - 
ve•/1.2, and vs• - 1/1.2 - 0.833. 

In the following subsections we show a number of cal- 
culations with different imposed sources. These simu- 

lations develop extremely sharp pulses that are a chal- 
lenge to model numerically. All calculations were first 
done with a grid of 400 x 400 nodes and then were re- 
peated with twice as many nodes in each dimension. 
Features that will be discussed are consistent between 
the coarser and finer calculations. Results that are 

shown are from the calculations with finer resolution, in 
which spurious numerical oscillation is reduced. Bound- 
aries are far enough away that there are no reflections 
in any of the plotted results. 

Reconnaissance Calculation 

We first discuss a pair of calculations, comparing rup- 
ture along a fault separating similar and dissimilar me- 
dia. The calculations are done as a reconnaissance ex- 

ercise to find what effects may arise from material con- 
trast across a fault. The simulations are initiated with 

an imposed drop of shear traction that is designed to ex- 
cite waves with a broad range of phase velocities along 
the fault. The stress drop is prescribed using an as- 
sumed fluid pressure within a limited source region. The 
assumed fluid pressure is entirely artificial; it is incor- 
porated in the calculations to initiate a stress drop in a 
given region, while maintaining everywhere a constant 
coe•cient of friction. 

In order to excite a broad range of phase velocities, 
the source region expands with a variable speed. The 
boundary of the source region is 

D-vrt(1- vrt• ß ( ) 
The rupture speed, given by 

dD vr2 t 
, (3) 

is initially v,and is then decreasing linearly in time, 
becoming zero at t - 2xs/v• when D - xs, after which 
time the source size shrinks to zero. The initial rupture 
speed is set equal to the larger of the $ wave speeds, and 
the maximum source size is chosen to be 24 elements 

on each side of the origin, i.e., v• = v$1, xs - 1.2, 
Ax- 0.05 in the coarser calculation. 

Fluid pressure is prescribed to rise linearly over a 
spatial interval of 0.3 inside each moving boundary of 
the source region, from zero to a maximum value of 
1.0, at which value there is a complete drop of shear 
stress. Fluid pressure is changing between the contour 
levels shown in Figure 1, and it has a constant value 
of 1.0 inside the inner contour. The gradual rise of 
fluid pressure is intended to minimize the excitation of 
components with wavelength of the order of Ax. 

Figure 1 shows slip velocity calculated for a case with 
identical material on both sides of the fault. The slip 
velocity is largest where the imposed source is growing, 
and it extends into the surrounding stable region with 
concentrations behind two fronts. One rupture front 
propagates at approximately the P wave speed, and a 
second, stronger front propagates at approximately the 
Rayleigh speed. The induced slip velocity outside the 
source region arises from increased shear traction radi- 
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Figure 2. Slip velocity along a fault separating dissimilar media. Outside the source region, 
shown by the contour lines, slip velocity is strongly asymmetric. In the direction of slip in the 
stiffer medium (negative x axis), two weak pulses travel at approximately the slower P and S 
wave speeds, respectively. In the direction of slip in the softer medium (positive x axis) the first 
weak front is followed by a strong pulse, propagating at approximately the slower S wave speed. 
The increment of slip in the strong pulse is approximately constant. 

ated from the imposed source. Normal traction remains 
exactly constant during the calculation. The imposed 
source is symmetric about x - 0, and the induced slip 
retains this symmetry. The amplitude of the induced 
slip velocity decreases with distance. Thus, for a fault 
in a homogeneous medium, constant friction with initial 
shear traction below the frictional level ensures stable 

behavior; that is, induced slip is not self-sustaining in 
that case. 

Figure 2 shows slip velocity along a fault separating 
dissimilar media. The direction of slip in the slower- 
velocity medium is in the positive ß direction. The re- 
suits show that slip velocity along a material interface 
is strikingly asymmetric outside the imposed source re- 
gion. Some of the induced rupture fronts are decaying 
as before. In the positive ß direction there is a strong 
pulse of slip velocity propagating at approximately the 
slower $ wave speed. The slip velocity pulse is increas- 
ing in amplitude and decreasing in width, such that the 
slip increment is approximately constant. 

Normal traction calculated for the case of a fault be- 

tween dissimilar media (Figure 3), unlike the constant 
value observed for similar media, has a rich character, 
and it varies significantly at the various rupture fronts. 
During the strong slip pulse in the positive ß direction, 
the change of normal traction is tensile, while ahead of 

that pulse the change is compressive. We will see be- 
low that the sharp slip pulse and the tensile change of 
normal traction regenerate each other. 

This reconnaissance calculation shows effects that 

merit closer examination. In the remainder of this pa- 
per we focus on slip pulses propagating in the direction 
of slip in the slower medium with a velocity near the 
slower S wave speed. 

Prescribed Slip 
This subsection compares the solution of Weertman 

[1980] for a steadily propagating dislocation with a 
corresponding numerical calculation having prescribed 
slip. Weertman [1980] considers 2-D steady propa- 
gation; all fields are functions of only two indepen- 
dent variables, X - x- vt and y. The correspond- 
ing formulas are thus simple in the moving coordinate 
system. The plane y - 0 is a material interface on 
which there is slip (tangential displacement discontinu- 
ity) Au(X). The density of gliding edge dislocations is 
B(X)- -dAu/dX- (1/v)A6. Shear traction on the 
fault plane is proportional to the Hilbert transform of 
B, 

- / ; .,•7'•, dX', (4) 



558 ANDREWS AND BEN-ZION: WRINKLE-LIKE INTERFACE SLIP PULSE 

• 4 

-6 -4 -2 0 2 4 6 

-1.1 -1.0 -0.9 -0.8 -0.7 -0.6 

normal traction 

Figure 3. Normal traction along a fault separating dissimilar media. The traction is asymmetric 
with respect to the origin and shows great variation associated with the strong slip velocity pulse 
of Figure 2. 

while normal traction is proportional to B, 

- (5) 

The coefficients F and p* are complicated algebraic 
functions of the material parameters and rupture veloc- 
ity v. If the materials are interchanged, F remains the 
same but p* changes sign. These coefficients, evaluated 
for the material parameters used here, are plotted as 
a function of rupture velocity in Figure 4. Both coeffi- 
cients vary rapidly as the velocity approaches the slower 
S wave speed, 0.833. The shear traction coefficient F 
passes through zero at v = 0.825. At this rupture ve- 
locity the normal traction coefficient p* is 0.271, which 
is 6.2 times larger than its value at v - 0. 

Below we compare a prediction based on Weertman's 
[1980] results with a numerical solution for a prescribed 
pulse of slip velocity that is nonzero for 0 < (t- 
x/v)/T < 1, where it is defined by 

A/t - A sin 2 [•r(t- xlv)lT] . (6) 

We set v = 0.825, the velocity at which Weertman 

[1980] predicts zero change of shear traction. The pulse 
width T and amplitude A are taken to be T = 1 and 
A = 1.52, so that the change of normal traction has- 
a predicted amplitude of 0.5. The predicted traction 
changes are added to the initial constant stress val- 
ues, and the sums are plotted in Figure 5. Frictional 
strength, determined from normal traction, is below the 
shear traction in the central part of the slip pulse. Slip 
velocity would grow there if the pulse were allowed to 
propagate freely. 

Some insight into the stress change predicted by 
Weertman [1980] can be gained by examining parti- 
cle velocity near the pulse both on and off the fault. 
In order to do so, we perform a numerical calculation 
in which slip velocity is set equal to (6). Weertman's 
solution is for a pulse that has been traveling steadily 
forever. The numerical calculation starts with mate- 

rial at rest and in a uniform stress state. Starting of 
the slip pulse will radiate waves with other phase ve- 
locities. Details of the smooth starting procedure are 
discussed below. After the pulse is started, the velocity 
field slowly approaches a case of steady propagation. 
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Figure 4. Coefficients governing amplitude of stress 
components in the solution of Weertman [1980] for a 
two-dimensional steady slip pulse along a material in- 
terface. 

1.5 

1,0 

0.5 

0,0 

-0.5 

-1.0 

i 

Frictional 

......... .../. ......... .... 
..... .,f' ...... 

traction 

Slip velocity 

ß -' ". NoFmml 
..." '.. •Fac•ion 

iiii ii iiiiiiiii i • I'l'i i i i i i i i ii i i i i i i i 

i 

-0,5 0,0 0,5 1,0 1,5 

Figure 5. Frictional strength, shear traction, and nor- 
mal traction for assumed slip velocity based on the solu- 
tion of Weertman [1980]. Frictional strength decreases 
in the center of the slip pulse, owing to change of nor- 
mal traction. Results based on corresponding numerical 
simulations are given in Figure 7. 

Figure 6 is a snapshot in the vicinity of the slip pulse 
at the final time step of the calculation, shortly before 
reflections would have returned from artificial bound- 

aries. The portion of the fault y - 0 where slip is oc- 
curring at that instant is highlighted with a darker line. 
For clarity, spacing between vectors is larger than the el- 
ement size. When interpreting this plot, it is important 
to remember that the vectors do not define stationary 
streamlines, but instead, the solution is translating to 
the right. As the pulse passes by, a point first moves 
in the positive y direction (toward the softer side) and 
then it moves back near the end of the pulse. Par- 
ticle velocity is larger in the more compliant material 
(y > 0) than it is in the stiffer medium. The normal 
(y) displacement is positive during passage of the pulse. 
Since displacement is larger in the softer material, there 
is tensile normal strain on the fault, during which differ- 
ential motion (slip) occurs. The asymmetry of particle 
velocity between the beginning and end of the pulse is 
probably an effect of the starting procedure that has not 
yet decayed. Freely propagating slip pulses that are cal- 
culated later in this paper have particle velocity plots 
qualitatively similar to this figure. We present in Figure 
6 results from the prescribed pulse simply because the 
pulse is wider in this case. 

The more compliant material (y > 0) moves away 
from the fault during the slip pulse, and the motion 
is analogous to a wrinkle propagating in the softer 
medium. The pulse propagates in the direction of slip 
in the softer medium, as for a wrinkle in a carpet on a 
floor. 

_ 

-1- 

i i i 

13 14 15 

x 

Figure 6. Particle velocities of selected points inter- 
polated in the two-dimensional computational grid at a 
given time. Thick line along the fault at y - 0 marks 
the current extent of slip pulse propagating to the right. 
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Figure 7. Time histories at x - 6.0 on the fault from numerical calculation with prescribed slip 
corresponding to Figure 5. Dots mark phase arrivals of faster P, slower P, faster S, slower S 
from the midpoint of the gradual initiation of prescribed slip. (a) Slip velocity (prescribed). (b) 
Normal traction. (c) Shear traction. (d) Difference between friction and shear traction. 

Exact comparison of stress between Weertman's 
[1980] analytic solution and the numerical calculation is 
not possible, because waves with other phase velocities 
are generated when the pulse is started. Nevertheless, 
we present in Figure 7 numerical results corresponding 
to the analytic solutions plotted in Figure 5. The com- 
parison places Weertman's solution in a larger context 
where other phase velocities exist. Readers who are not 
interested in this question may skip the remainder of 
this subsection and the next one. 

The element size in the numerical calculation is cho- 

sen to be Ax - 0.06, so that the pulse width is about 14 
elements or 35 time steps. To get a gradual initiation of 
fields, the expression for slip velocity (6) is multiplied 

in the domain 0 < x < Xtape r by the factor 

sin • (•rx/(•2taper)) , (7) 

where Xtaper is set to be 2.5 (42 elements). 
This starting procedure excites waves with a range of 

phase velocities. In particular, we find strong stress con- 
tributions associated with the buildup and, especially, 
the tail of the $-to-$ head wave, propagating at phase 
velocities between the faster and slower S wave speeds. 
(Below we refer to the $-to-S head wave as simply head 
wave.) Other wave components with phase velocities 
below the slower $ speed, but different from the chosen 
rupture velocity of 0.825, contribute additional stress 
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changes, because of the sensitive dependency of the co- 
efficients • and/•* on phase velocity. 

Numerical results at the point x - 6 on the fault are 
plotted as a function of time in Figure 7. Slip veloc- 
ity (Figure 7a) is prescribed to start at t = x/v = 7.3, 
and it has a width in time of I unit. Normal traction 

(Figure 7b) is calculated to have a tensile excursion dur- 
ing the slip pulse, but it does not rise quite as high as 
expected from Figure 5. Before t = 6 there is a con- 
tribution from near-field P waves. (In this paper we 
lump into this term P-to-P and P-to-$ head waves, as 
well as other interface waves such as leaky modes.) In 
the interval 6 < t < 7.3 there is a prominent compres- 
sive change of normal traction from the buildup of the 
head wave. Shear traction (Figure 7c) increases during 
the passage of near-field P waves and the head wave 
and then decreases inside the slip pulse rather than re- 
maining constant, as expected if only the chosen phase 
velocity were excited. The deviations from expected 
behavior decrease slowly with increasing propagation 
distance. 

The difference between frictional strength and shear 
traction, -0.75 O'yy --O'xy, becomes negative before the 
faster $ wave arrival (Figure 7d). Thus, if this solution 
were released to propagate freely, slip would occur dur- 
ing the passage of the near-field P waves. Shear trac- 
tion decreases following the slower $ arrival, tending 
to impede slip. The tensile change of normal traction, 
however, produces a second minimum in the difference 
between friction and shear traction. The minimum is 

not deep enough to promote slip in the Weertman pulse. 
In the next subsection a slip pulse prescribed to start as 
above will be released to propagate freely. Slip induced 
by the near-field P waves will reduce the stress contri- 
bution from these waves and the beginning of the head 
wave. The tensile change of normal traction propagat- 
ing near the slower $ wave speed will remain prominent 
and will lead to self-sustaining propagation. 

Self-sustaining Rupture Initiated with 
Prescribed Slip 

This subsection describes a calculation of a rupture 
initiated with prescribed slip and then released to prop- 
agate freely. Initiation is identical to the previous prob- 
lem, using the slip pulse (6) with the tapered start (7) 
applied in the domain 0 < x < 2.5. The prescribed 
slip is released gently in the domain 2.5 < x < 5 by 
the following procedure. At each point on the fault, 
a tentative value of slip velocity A•spon is first found 
assuming no constraint on frictional slip in the current 
time step. Then slip velocity is set to a weighted aver- 
age of the unconstrained (spontaneous) value and the 
prescribed value, 

A• -- •A•spon -•- (1 - •)A•pres ½ . (8) 

The weighting factor depends on position in the fol- 
lowing way, 

w-O 

- 1 _ sin2 (•(•,-a-•)) 
X < Xend- •taper 

•end -- libtaper • • • Xend 
X > Irend 

with Irtaper -- 2.5 and Iren d -- 5. By this procedure, 
there is an imposed slip pulse at x < 2.5, free propaga- 
tion for x > 5, and a gradual transition between. 

Figures 8a-8c show variables as a function of time at 
x - 6, as in the time histories of the previous problem 
(Figures 7a-7c). Note that the scales in some corre- 
sponding plots of Figures 7 and 8 are not the same. 
Slip velocity (Figure 8a) has nonzero values during the 
near-field P waves, as was expected from the increased 
shear traction seen there for the prescribed slip pulse 
(Figure 7c). There is an additional slip pulse propa- 
gating at approximately the slower S speed, which is 
associated with the rapid, opposite polarity, transition 
from the headwave to bodywave motion. The second 
slip pulse at the tail of the head wave is narrower than 
the prescribed slip pulse, and it has a larger peak value 
of slip velocity. Normal traction in the problem with 
free propagation (Figure 8b) has a tensile change in the 
same location and with the shape of the second pulse of 
slip velocity. For this reason the second pulse is termed 
here a Weertman pulse. The compressive excursion at 
earlier times in the head wave is not as deep as in the 
prescribed slip problem. Shear traction (Figure 8c) has 
smaller values (limited by friction) in the near-field P 
waves than in the previous case (Figure 7c). The long- 
period component of the prescribed case is largely elim- 
inated. Slip velocity at a point farther down the fault, 
x - 8.1, has smaller values induced by the near-field 
P waves (Figure 8d). The second pulse (the Weert- 
man pulse) is narrower and has a larger peak value of 
slip velocity than at x - 6.0. The Weertman pulse is 
clearly propagating in a self-sustaining manner, while 
the earlier induced slip is dying out. 

A slip pulse induced by a stress wave with a given 
phase velocity will radiate additional stress waves that 
may, in turn, either promote or inhibit further propa- 
gation of the slip pulse. It is evident from this calcu- 
lation that the near-field P waves, propagating ahead 
of the faster $ wave speed, vs• - 1, induce slip that 
has the effect of reducing stress changes. On the other 
hand, the Weertman pulse associated with the tail of 
the head wave propagates at approximately the slower 
$ speed, vs2 = 0.833, and produces stress change that 
leads to further propagation with increasing amplitude 
of slip velocity and decreasing pulse width. 

As discussed by Ben-Zion [1989, 1990], an $-to- 
$ head wave is unavoidably produced when slip oc- 
curs along an interface separating different elastic ma- 
terials. In the prescribed slip pulse problem, stress 
change from the near-field P waves and beginning of 
the head wave would not have allowed the later Weert- 

man pulse to propagate if it had been released sud- 
denly at x - 6. Owing to the gradual release in our 
calculation, slip induced by near-field P waves reduced 
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Figure 8. Time histories on the fault from the calculation of self-sustaining rupture initiated 
by prescribed slip in the region x < 5. Dots mark phase arrivals of faster P, slower P, faster $, 
slower S from an arbitrarily chosen point within the initiation region. (a) Slip velocity at x = 6.0. 
(b) Normal traction at x = 6.0. (c) Shear traction at x = 6.0. (d) Slip velocity at x = 8.1. 

stress changes associated with that phase. Evidently, 
the stress change during the release was sufficient for 
the prescribed slip pulse to become a freely propagat- 
ing Weertman pulse, although with a shorter width than 
the prescribed pulse. 

The following subsection will examine the evolution 
of the Weertman pulse as it propagates along the fault. 
In several numerical trials, using sources of various 
types, we have not been able to generate a Weertman 
pulse that is initially as wide as the imposed source. 
There is no reason to continue using prescribed slip as 
an initiating source, and an alternative initiation is used 
below. 

Self-sustaining Rupture Initiated with 
Traveling Stress Drop 

In this subsection we return to using an imposed 
stress drop as the initiating source, as was done in 
the reconnaissance problem. An imposed drop of shear 
stress is more realistic than prescribed slip, for it can 
represent failure of an asperity. We saw in the recon- 
naissance problem that an asperity can generate a slip 
pulse with width much shorter than the asperity it- 
self. Here we use a source designed to generate a wider 
Weertman pulse and to minimize excitation of other 
phase velocities. 

The stress drop is achieved by artificially prescribing 
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Figure 9. Slip velocity (shading) resulting from elliptical region of fluid pressure (contours) 
simulating prescribed stress drop. A narrow rupture pulse propagates beyond the imposed source 
along the fault. See text for details. 

fluid pressure in an elliptical region in the x- t plane. 
The major axis of the ellipse is oriented in the direction 
of a ray with velocity v, and the minor axis is in the 
direction -v. Using the following coordinates, 

- 
- + 

- via + 

the boundary of the source is the ellipse 

1-•2- r/2 -0. 

Within the elliptical source, fluid pressure is given as 

The fluid pressure rises smoothly from 0 at the bound- 
ary of the ellipse to I at the center. For a < b this source 
is a smoothly varying stress drop traveling at velocity 
v. The chosen velocity of propagation is v = 0.825, and 

the semiaxes are set at a = 0.6 and b = 3.6. The ele- 

ment size is Ax - 0.06 in the coarser calculation and 
half that in the finer calculation. Results are shown 

from the finer calculation, in which the pulse width on 
a slice through the center of the ellipse parallel to the x 
axis is 40 elements, and on a slice parallel to the t axis 
it is 102 time steps. 

Figure 9 shows the fluid pressure source by contour 
levels in the x- t plane; shading in the figure corre- 
sponds to slip velocity. A pulse of slip velocity is seen 
to start in the leading edge of the prescribed stress drop, 
and it then continues to propagate beyond the imposed 
source at approximately the same rupture velocity. The 
pulse splits into a pair of pulses in both the coarse and 
the finer calculations, so this is a believable feature of 
the result. Each pulse gets narrower and its amplitude 
increases as it propagates along the fault. Ahead of 
the sharp pulses there is a diffuse pulse of slip velocity 
driven by near-field P waves. 

Calculated normal traction is shown in the x-t plane 
in Figure 10. Inside the slip pulse, normal traction is 
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Figure 10. Norma] traction from the same simulation as Figure 9. See text for details. 

less compressive than its initial value, while in the cen- 
ter of the head wave, ahead of the slip pulse it is more 
compressive. The amplitude of the tensile change of 
normal traction increases until absolute norma] trac- 

tion reaches tensile values. At that point the frictional 
strength is zero but the fault supports tension, because 
separation is not allowed in these calculations. 

The evolution of the slip pulse can be seen in time 
history plots of six variables at two locations (Figure 
11). Slip, slip velocity, normal traction, shear trac- 
tion, fault-norma] displacement, and fault-normal ve- 
locity are shown at x = 6 and x = 8.1. Slip velocity 
has small nonzero values before the arrival of the head 

wave. This first diffuse pulse decays. A second sharp 
pulse is traveling at a measured velocity of 0.8174-0.010. 
As this pulse propagates, it gets narrower and its peak 
value increases. An irregularity grows until the pulse 
splits into two sharp pulses. Slip, the time integral of 
slip velocity, has a step-like character. The increment 
of slip in the first diffuse pulse decays as it propagates. 
The slip increment in the sharp pulses increases slowly 
in this calculation. In other calculations we have seen a 

small, long-wavelength oscillation of the slip increment. 
To first order, the slip increment (the dislocation) is 
constant and its risetime decreases as it propagates. 

Normal traction (Figure 11) has small variations 
ahead of the head wave, has a compressive change in 
the head wave, and has a tensile change in the follow- 
ing sharp slip pulse. The tensile change closely follows 
the location and shape of the sharp pulse in slip velocity. 
Therefore the sharp pulse can be termed a Weertman 
pulse. The amplitude of the tensile change of stress in- 
creases as the pulse propagates, so that absolute normal 
traction rises above zero starting at x - 8.0. Beyond 
that point the calculations are not realistic, because 
opening of the fault is not allowed. The plots of shear 
traction show a narrow increasing drop in the Weert- 
man pulse, as is required by the normal stress change 
and the friction law. The total shear traction during 
slip drops to zero beyond x- 8.0. 

Beyond the near-field contributions the leading edges 
of normal traction, shear traction, fault-normal velocity, 
and fault-normal displacement travel at approximately 
the faster $ wave speed, are unipolar, and are relatively 
emergent. The trailing edges of the corresponding fields 
travel at approximately the slower $ wave speed, are 
dipolar, and are relatively sharp. The above features 
characterize a transition from head wave to body wave 
motion, as discussed by, e.g., Ben-Zion [1989]. The 
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Figure 11. Selected time histories from the calculation of self-sustaining rupture initiated by 
stress drop in the elliptical region shown in Figures 9 and 10. Time histories at (left) x - 6.0 on 
the fault and (right) x - 8.1. Dots mark phase arrivals of faster P, slower P, faster $, slower 
from an arbitrarily chosen point within the initiation region. 

fault-normal displacement (Figure 11) has a peak cen- 
tered on the Weertman pulse that is directed toward 
the softer side of the fault. The peak becomes sharper 
and larger with increasing propagation distance. These 
plots are for points on the fault proper. Displacements 
at points off the fault (not shown) are larger in the 
softer medium. The softer medium moves away from 
the fault, as a wrinkle in a carpet. The wrinkle gets 
tighter (the points where it begins and ends get closer 
together) as it propagates. 

Figure 12 shows frictional heat produced at two points 
on the fault. The solid curves are the integral of shear 
traction with respect to slip. The dotted lines (for ref- 
erence) show heat that would be produced by slip if 
shear traction remained constant at its initial value. At 

x = 6.0, frictional heat initially rises above the dot- 
ted line, because slip induced by the near-field P waves 
occurs at larger stress. Frictional heat then drops be- 
low the dotted line because shear traction is reduced 

in the Weertman pulse. At x = 8.1 heat production 
rate is zero for a significant slip increment where shear 

traction is zero in the Weertman pulse. These results 
show that a Weertman pulse evolves toward a state of 
propagating with no loss of energy to friction. 

Discussion 

Summary 

We have calculated a self-sustaining narrow pulse of 
slip velocity associated with a tensile change of normal 
traction on a fault between dissimilar elastic media, as 
was predicted by Weertman [1980]. For a contrast of 
20% in elastic wave speeds and densities the slip pulse 
propagates at a velocity near the slower $ wave speed. 
The self-sustaining propagation of the pulse is associ- 
ated with large dynamic stress variations on the mate- 
rial interface during the sharp transition there from a 
head wave motion to an opposite polarity body wave 
motion. Propagation is unilateral in the direction of 
slip in the more compliant medium. In two-dimensional 
plane strain the slip increment remains roughly con- 
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Figure 12. Frictional heat per unit area at two points on the fault from the calculation shown 
in Figures 9-11. Solid curves show integral of shear traction with respect to slip; dotted curves 
show initial shear traction times slip, included for reference. 

stant during propagation and its risetime decreases as 
the pulse propagates. The pulse can propagate indef- 
initely in a region with constant coefficient of friction 
having a uniform initial stress state below the frictional 
criterion. Change of normal traction increases until fric- 
tional resistance to slip becomes zero. Displacement in 
the vicinity of the slip pulse is analogous to a wrinkle in 
a carpet. The softer material displaces away from the 
fault while slip occurs. The self-sustaining slip pulse can 
be generated by rupture of an asperity. The pulse arises 
from waves originating at the leading edge of the stress 
drop in the asperity. Duration of the pulse is shorter 
than that of the asperity. This fact, together with the 
observation that the width of the pulse decreases as it 
propagates, implies that the pulse is a high-frequency 
phenomenon. 

Interpretations 

All calculations in this paper are done for a sharp 
planar fault separating different homogenous media. 
Recent observations and waveform modeling of seis- 
mic fault zone head and trapped waves [e.g., Hough 
et al., 1994; Liet al., 1994] show that mature fault 
zones have low-velocity layers of finite thickness be- 
tween the bounding crustal blocks. In such cases our 
solutions could apply for wavelengths much longer than 
the fault zone thickness (50-200 rn in the observations 
cited above). If the fault zone has reasonably sharp 
boundaries, the results might also apply for very short 
wavelengths on one boundary of the fault zone layer. 
In that case there will be different directions of rupture 
propagation for slip on opposite sides of the low velocity 

fault zone. Slip in laboratory experiments commonly 
occurs at the boundary of a gouge layer (J. Byeflee, 
personal communication, 1995). Bruhn et al. [1994] 
observe in exhumed fault zones that slip is frequently 
localized near one edge of the fractured and hydrother- 
mally altered (low modulus) fault zone. The region that 
is displaced away from the fault in Figure 6 has a much 
greater extent in the y direction than the width of the 
pulse. Therefore the calculated results can apply to 
a boundary of a fault zone layer only for wavelengths 
many times smaller than the fault zone thickness. These 
issues may be clarified by further numerical calculations 
incorporating fault zones of finite thickness. 

The simulated Weertman pulses become narrower as 
they propagate, and irregularities in the pulse shape 
tend to become separate pulses. The solution is unsta- 
ble, and short-wavelength irregularities tend to grow. 
The Weertman effect is a mechanism for generating high 
frequencies and increasing irregularity in the source. 
Calculations done here were designed to get as simple 
a pulse as possible. A broad source may have an inher- 
ent tendency to generate several narrower pulses. An 
actual asperity (patch of stress drop) on a fault might 
generate a chaotic swarm of Weertman pulses. 

Unanswered Questions 

Our calculations have been restricted to two dimen- 
sions with a uniform initial stress state and with homo- 

geneous material on each side of the fault. Further cal- 
culations could be done with nonuniform initial stress 

states, corresponding to nonuniform past slip on the 
fault. The Weertman pulse is not arrested in a uniform 
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stress field. In the nonuniform case it is not clear what 

will happen when the slip pulse encounters a static dis- 
location of opposite sign. Slip pulses were generated 
here by artificially imposing sources that left behind a 
strained region on the fault. This is analogous to creat- 
ing a wrinkle in a carpet by leaving behind a stretched 
patch of carpet. A static dislocation by itself does not 
tend to generate a Weertman pulse; instead, it tends to 
spread out smoothly in both directions. Could a static 
dislocation, in combination with another effect, produce 
a Weertman pulse more easily than was done in this pa- 
per? The last question brings up the broader issue of 
modeling recurring seismicity, in which the initial stress 
state for any event is the result of the past history of 
events. Are Weertman pulses an important part of the 
dynamics? 

The Earth is heterogeneous in material properties, 
and fault zones are geometrically irregular. It is not 
known how stable Weertman pulses are in a heteroge- 
neous medium. However, fault zone head waves, pre- 
dicted for planar material interfaces [e.g., Ben-Zion and 
Aki, 1990], have been observed along the Bear Valley 
[McNally and McEvilly, 1977] and Parkfield [Ben-Zion 
and Malin, 1991] sections of the San Andreas fault, as 
well as along small fault segments in the Mojave, east- 
ern California, shear zone [Hou#h e! al., 1994]. If a 
Weertman pulse degenerates in a heterogeneous fault 
zone into a chaotic wave field, it may still play a role in 
fault dynamics as a component of the acoustic fiuidiza- 
tion model of Melosh [1979]. 

The modeling done in the present work has been re- 
stricted to plane strain. Can a diverging slip pulse ex- 
pand over both dimensions on a fault plane? Unlike a 
diverging wave, a diverging source has increasing avail- 
able strain energy as it grows, owing to the drop of shear 
stress which expands over a larger area. However, a di- 
verging wrinkle in a carpet will leave the carpet in a 
strained state, and thus there are both energy available 
and energy cost to a diverging slip pulse. It is possible 
that there exists a critical ratio between slip and radius 
of curvature of the rupture front, below which propa- 
gation can occur. We note that the dynamic change of 
normal traction arises only from the plane strain (mode 
2) component of slip and not from the antiplane (mode 
3) component. 

Relation to Observations 

In order to check the predicted direction of rupture 
propagation, it would be desirable to know which side of 
a fault zone slips, though such an observation at depth 
is not easily accomplished. Aside from the effect of 
the low velocity fault zone layer, the contrast in seis- 
mic velocities of the bounding crustal blocks, through 
their effect on wavelengths longer than about 200 m, 
might have a statistical influence on the direction of 
rupture propagation for strike-slip earthquakes but not 
for dip-slip events. For a thrust earthquake the foot- 
wall block will be, on average, softer. Since the footwall 
block moves downdip, direct extrapolation of our re- 
sults would predict downdip propagation. Similarly, for 

a normal-slip earthquake the hanging wall is softer and 
it moves downdip, predicting again downdip propaga- 
tion. However, for other reasons, such as higher stress at 
depth, most earthquakes nucleate at the bottom of the 
seismogenic zone. Thus dip-slip rupture usually propa- 
gates updip. 

For strike-slip earthquakes, velocity contrast might 
influence the direction of rupture propagation, as pre- 
dicted by our results. In places where 3-D velocity 
structure is known around an earthquake source re- 
gion, it would be desirable to correlate velocity contrast, 
sense of slip, and direction of rupture propagation. If 
a correlation is found, then velocity structure around 
a fault segment of a future earthquake will influence, 
through the directivity effect, the map distribution of 
probable ground motion hazard. 

A Weertman pulse in an earthquake could be ob- 
served ,directly only in the very near field. Only the 
starting and stopping of a Weertman pulse will con- 
tribute to far-field radiation. High frequency compo- 
nents of the far field spectrum are not affected by the 
sharpness of the slip pulse, but only by its starting 
and stopping (Thomas Heaton, personal communica- 
tion, 1996). 

Heaton [1990] pointed out that source models inferred 
from observed ground motion have a short risetime of 
slip. If earthquake rupture is analogous to a crack in a 
homogeneous solid, slip should continue at any point 
until a stopping signal arrives from the edge of the 
final rupture. Such a model, however, leads to rise- 
times larger than inferred from strong motion records. 
Heaton interpreted the inferred short risetimes as re- 
sulting from dynamic strength recovery (self-healing) 
due to strong dependency of friction on slip velocity. 
If stress drop is concentrated in small patches (asperi- 
ties), slip could similarly have short risetime. Another 
possible mechanism for generating narrow self-healing 
slip may be related to Weertman pulses. Is a Heaton 
slip pulse a Weertman pulse? More likely, it could be a 
chaotic swarm of Weertman pulses. • It is also possible 
that Weertman pulses from an asperity trigger other as- 
perities farther down the fault. Sources inferred from 
ground motion inversion are poorly resolved and are less 
well resolved with increasing frequency. An indication 
of the poor resolution is that the inference of Hea•on 
[1990] pulses from observations remains controversial. 
Weertman pulses, despite their possible profound in- 
fluence on earthquake dynamics, may lie beyond the 
bounds of seismological observation. 

Laboratory experiments may more readily shed light 
on these questions. Additional laboratory rupture and 
friction experiments are needed with dissimilar materi- 
als and fast time resolution. 

Appendix' Accuracy of Finite 
Difference Method 

In this appendix we examine the accuracy of the finite 
difference equations. We start by reviewing dispersion 
and stability [Richtmyer and Mor•on, 1967, pp. 260- 



568 ANDREWS AND BEN-ZION' WRINKLE-LIKE INTERFACE SLIP PULSE 

263]. For this purpose it suffices to consider only one- 
dimensional wave propagation, dealing with only one 
component of stress a and one component of particle 
velocity v. The spatial derivative of stress is unbalanced 
force per unit volume, which gives acceleration when 
divided by density p, 

Ov 10a 

0-• - p Ox ' (A1) 
The spatial derivative of velocity is strain rate, which is 
equal to time rate of change of stress when multiplied 
by the elastic constant it, 

O• Ov 

oW = 
Combining (A1) and (A2) gives the one-dimensional 

wave equation 0 • v O•v (A3) = ' 
where cg - t•/p is the square of the wave speed. 

In the finite difference approximation the variables 
are defined at discrete points in space and time. In 
order to achieve second-order accuracy with centered 
first differences, stress is defined at points staggered 
in both space and time with respect to points where 
velocity is defined. Velocity is defined at xi -iAx 
and t n-•/• = (n- 1/2)At, and stress is defined at 
Xi+l/2 -- (i + 1/2)Ax and t" - nat, where i and n 
are integers. The spatial element size Ax and the time 
step At are constant in this work. 

The finite difference approximations to (A1) and (A2) 
are 

. . At (•+•/•_ •_ /•) (A4) Vi +1/2 __ Vi-1/2 .•. P'-• 1 ß 

O.n+l n /•At {' n+1/2 _n+1/2) (A5) i+l/- + [vi+l - ß 
With these equations the variables can be stepped through 
time explicitly without solving a simultaneous set of 
equations. The above pair of equations is equivalent to 

V•+I/2 __ 2V• -1/2 -[.. V• -3/2 

co'At • n-112 2) AX 2 (V?;11/2-- 2V i -•-V•_• 1/ (A6) 
which approximates (A3) with second differences. The 
coupled equations (A4) and (A5) are used in the pro- 
gram because boundary conditions can be applied more 
easily in such a formulation and plastic yielding can be 
handled by simply adjusting stress. 

An advantage of the finite difference method is that 
it can handle nonlinear effects and heterogeneous ma- 
terials. The following analysis of the method's accu- 
racy, however, is restricted to the linear equation (A6) 
in a uniform medium. Assume a solution of the form 

exp(ikx - icot). Substituting the exponential trial solu- 
tion into (A6) gives 

exp(-icoAt) - 2 + exp(icoAt) - 

cø•At• [exp(ikAx) - 2 + exp(-ikAx)] Ax 2 

which is equivalent to the dispersion relation 

sin (w•t)coat (kAx) -- - A• sin 2 ' (A7) 

Phase velocity c as a function of wavenumber k is 

c -- 7 -- kA'• sin A x sin . (A8) 

In the limit of vanishing kAx and constant coAtlAx, 
(A8) becomes c = co, which is the correct solution. 

Suppose that a particular grid spacing has been cho- 
sen, and consider the choice of an appropriate time step. 
Stability of the solution requires that the distance a 
signal propagates in one time step cannot exceed the 
spatial increment, 

coat 
< 1. (A9) Ax - 

To see this, note that the largest meaningful wavenum- 
ber, that of the component that alternates between 
points, is k = 7r/Ax. If (A9) is violated, then the 
right-hand side of (A7) is greater than 1 at the largest 
wavenumber and there is no real solution for co. Com- 

ponents with complex co grow exponentially in time. 
What one sees in an unstable solution is that the com- 

ponent that alternates between neighboring grid points 
in space oscillates between time steps with increasing 
amplitude. 

Experience with heterogeneous media and nonuni- 
form grids shows that the local stability criterion must 
be satisfied everywhere. The same stability criterion 
with the elastic wave speed applies to nonlinear prob- 
lems if stress at a given strain and strain rate is re- 
duced from the elastic case, as for plastic yielding, slip 
on faults, and Maxwell viscoelasticity. The stability cri- 
terion will be more stringent if stress is increased from 
the elastic value, as in Kelvin viscoelasticity. 

If the time step is much smaller than the stability 
limit, wave speed is 

2 (kAx) (A10) c - co kA x sin 2 ' 
as for phonons in a crystal lattice. At the Nyquist 
wavenumber the wave speed is 64% of the continuum 
value. At smaller k (longer wavelengths) the departure 
from co is proportional to k " as it should be for sec- 
ond order difference equations. With fourth-order finite 
difference equations, dispersion could be proportional 
to the fourth power of k, but it would have about the 
same value at the Nyquist limit. A frictional boundary 
condition on a fault is more easily implemented with 
second-order than with fourth-order equations. 
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Figure A1. Comparison of solutions for a plane strain 
crack problem with prescribed rupture, showing shear 
traction as a function of time at x - 1.0 (40 elements 
from the center of a bilaterally growing crack). Pluses 
denote finite difference solution; circles denote bound- 
ary integral solution. 

Increasing the time step toward the stability limit 
increases the accuracy. At the stability limit, (A8) be- 
comes c -- co and a discretely sampled one-dimensional 
solution advances through time exactly. The trunca- 
tion error in spatial differences is exactly compensated 
by the truncation error in time differences at the stabil- 
ity limit in one dimension. 

In two and three dimensions with both P and S wave 

motion, the one-dimensional analysis above can be ap- 
plied separately to each wave type for each direction of 
propagation through the lattice. The stability limit is 
determined by the P wave component with the short- 
est meaningful wavelength in the lattice. The time step 
cannot exceed the time for that component to propagate 
a half wavelength. In a uniform square lattice the short- 
est half wavelength is half the diagonal of an element, 
and in a grid of equilateral triangles it is the altitude 
of a triangle. The time step determined by these com- 
ponents is small enough that the dispersion relation for 
an S wave traveling along a grid line is approximately 

There are a multitude of possibilities in constructing 
analogues of (A4) and (A5) in more than one dimension, 
and there may be other sources of error in higher dimen- 
sions than that given by the one-dimensional dispersion 
analysis. The two-dimensional equations of Andrews 
[1973], which are used here, employ equilateral trian- 
gular elements arranged in a hexagonal grid. Stress 
is defined at the centers of elements. In this scheme 

every mode of displacement of the lattice is coupled 
to stress changes and every mode of stress change is 

_ 
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Slip velocity as a function of time at 
x - 1.0. Pluses denote finite difference solution; cir- 
cles denote boundary integral solution. 

coupled to displacement. Analogous equations with 
square elements do not couple some modes of distor- 
tion (the hourglass modes) to stress change. There is 
much more oscillation of slip velocity behind a crack 
tip calculated with square elements than with triangu- 
lar elements (D. J. Andrews, unpublished notes, 1992). 
The problem with square elements could be corrected 
by using more than one integration point within each 
element, as in finite element calculations. Triangular 
elements with one integration point are efficient and 
accurate. 

The accuracy of the finite difference equations used 
here [Andrews, 1973] is checked below by comparing 
the solution of a crack problem to that found with a 
boundary integral calculation. To that end, a finite dif- 
ference calculation from Andrews [1976] is redone to 
exactly match the conditions of the boundary integral 
calculation shown by Andrews [1985, Figure 2]. In a ho- 
mogeneous medium a plane strain crack is prescribed to 
grow bilaterally at 0.9 times the Rayleigh wave speed. 
Element sizes are the same in the two calculations, and 
identical prescriptions are used to smooth the drop of 
stress at the crack tip. No artificial smoothing is used 
in either calculation, other than the gradual stress drop. 
Solutions near the crack tip are compared in the follow- 
ing figures by plotting a point for every time step, plus 
signs for the finite difference solution and circles for the 
boundary integral solution. 

Figure A1 shows shear traction as a function of time 
at x - 1.0, a position 40 elements from the crack cen- 
ter. Shear traction at this point (which had an initial 
value of 1.0) is unconstrained for t < 1.15, is prescribed 
to drop gradually in the time interval 1.15 < t < 1.27, 
and has a constant value of 0.5 at later times. There 
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Figure A3. Shear traction as a function of time at 
x = 2.8 (112 elements from the center of the crack). 
Pluses denote finite difference solution; circles denote 
boundary integral solution. 

is close agreement between the solutions in the buildup 
of stress approaching the $ wave front at t = 1.0. Be- 
tween the $ wave and the rupture front the boundary 
integral solution has more oscillation, probably due to 
rapid variation of the Green's function at the Rayleigh 
wave. 

Slip velocity at x - 1.0 is compared in Figure A2. 
The finite difference solution has greater departures 
from the expected inverse square root dependence. The 
error is oscillatory, so only short period components are 
inaccurate. 

3.5 4.0 4.5 

Timo 

Figure A4. Slip velocity as a function of time at 
x - 2.8. Pluses denote finite difference solution; cir- 
cles denote boundary integral solution. 

The boundary integral calculation is well behaved for 
about 200 time steps, the time required for a Rayleigh 
wave to propagate about 100 elements, and then it 
develops erroneous oscillation that builds up rapidly. 
Time histories at x - 2.8 (112 elements from the cen- 
ter) show the trouble near its beginning. Shear traction 
(Figure A3) calculated by the finite difference method is 
well behaved, but the boundary integral solution is er- 
ratic between the $ wave and the rupture front. Slip ve- 
locity (Figure A4) from the finite difference solution has 
about the same oscillation as before, while the bound- 
ary integral solution grows increasingly erratic as time 
proceeds. The oscillation in the boundary integral solu- 
tion is not symmetric, so a long-period error is building 
up. The error increases rapidly with increasing propa- 
gation distance. The limit on the number of time steps 
in a boundary integral calculation precludes one from 
getting a more accurate solution by using a finer grid. 

The boundary integral calculation was done in dou- 
ble precision to delay the onset of its misbehavior. The 
finite difference calculation was single precision. The 
computer time required to do a finite difference calcu- 
lation is 30 times that of a boundary integral calcula- 
tion, and the memory required is 5 times larger. These 
reasons made the boundary integral method attractive 
when computers were slower and had smaller mem- 
ory. Each of the coarser finite difference calculations 
reported in this paper required 20 min on a Sun Sparc- 
station IPX and 20 Mbytes of memory. The greater 
versatility of the finite difference method, together with 
its greater accuracy at fine resolution, make it much 
more attractive for general use. 
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