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[1] Crustal deformation patterns are affected by multiscale
granulation and healing processes associated with phase
transitions between continuum and discrete states of rocks.
The ongoing continuum-discrete transitions are accompanied
by progressive evolution of disordered fault networks to
dominant localized fault zones, development of bimaterial
interfaces, and increasing dynamic weakening of fault
surfaces. Results on individual fault zones point to three
general dynamic regimes. The first is associated with broad
range of heterogeneities, little dynamic weakening, power
law frequency-size statistics, temporal clustering of
intermediate and large events, and accelerated seismic
release before large earthquakes. The second is associated
with relatively uniform localized structures, significant
dynamic weakening, characteristic earthquake statistics,
and quasi-periodic temporal occurrence of large events
without precursory accelerated release. For a range of

conditions, the fault zone response can switch back and
forth between the foregoing two dynamic regimes. Higher
temperature, fluid content, and thickness of sedimentary
cover reduce the seismic coupling in a region and change the
properties of local earthquake sequences. Brittle regions with
high seismic coupling have few foreshocks and long-duration
aftershock sequences with high event productivity, whereas
more viscous regions with low seismic coupling have
increased foreshocks activity and low-productivity
aftershock sequences or swarms. The results provide
criteria for organizing data in classes associated with
different evolutionary stages and different regional
conditions. An ability to recognize the dynamic regime of a
given fault zone or a region can increase the information
content of the data and lead to improved strategies for seismic
hazard assessment.
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1. INTRODUCTION

[2] Patterns of earthquakes and faults generated by rock

deformation in the brittle outer part of the Earth are associ-

ated with broad ranges of coupled spatiotemporal scales

(Figure 1) and complexity manifested by high diversity of

outcomes and large apparent unpredictability. The unpre-

dictability may stem in part from chaotic dynamic uncer-

tainties [e.g., Huang and Turcotte, 1990; Narkounskaia et

al., 1992; McCloskey, 1993; Kagan, 1994; Anghel et al.,

2004; Vere-Jones, 2008], but at present it has considerable

contributions from ‘‘ignorance.’’ Reducing the ignorance

requires systematic theoretical and observational studies.

Scientists working on brittle rock deformation use a variety

of approaches and conceptual frameworks developed in

different disciplines (section 1.1) to exploit available exper-

imental and theoretical tools. Each approach is applicable in

a specific context, and each comes with a useful heritage of

observational and theoretical results. Bridging the gaps

between the different approaches and conceptual frame-

works is fundamental to progress in the field and is partially

attempted in this paper.

[3] The early quantitative developments on earthquake

and fault dynamics employed a homogeneous continuum

approach consisting of a planar fault in a surrounding elastic

solid [e.g., Reid, 1910; Anderson, 1951; Maruyama, 1963;

Rice, 1980]. These pioneering studies provided important

insights on general aspects of large earthquake cycles and

laid the foundation for more detailed investigations. How-

ever, they were based on the simple assumptions that

faulting is essentially the same everywhere and associated

with a single dynamic regime (producing limit cycles). The

lack of progress in the earthquake prediction problem,
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Figure 1. Spatiotemporal scales relevant for earthquake and fault dynamics. The dashed line segments
mark approximate ranges.
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coupled with the rising popularity of fractals and ideas

from nonlinear dynamics, led many [e.g., Kagan, 1982;

King, 1983; Bak and Tang, 1989; Turcotte, 1997] to

abandon the homogeneous continuum approach in favor

of fractality and self-organized criticality (SOC). While the

fractal-SOC frameworks incorporate heterogeneities, they

are again simplistic in that they assume (like the homo-

geneous framework) that fault structures and earthquake

processes are essentially the same everywhere and associ-

ated with a single dynamic regime (here producing power

laws). The homogeneous and fractal frameworks may be

viewed as opposite end-member cases that do not account

for evolutionary changes of geometrical and material

properties of faults, different regional conditions, and the

possible existence of multiple dynamic regimes. In the

homogeneous-continuum framework the lack of evolution-

ary changes is deterministic and strict, while in the fractal-

SOC frameworks it is statistical and associated with

scale-invariant heterogeneities. In the present paper we

review observational and theoretical material on earth-

quake and fault dynamics, with a focus on promising

results on evolutionary processes and different dynamic

regimes that can lead to improved understanding and

suggest useful future developments.

[4] Studies on the physics of earthquakes and faults can be

generally divided into problems involving details of indi-

vidual ruptures and problems associated with collective

behavior of many earthquakes and faults (Figure 2a). Exam-

ples of research topics in the former category include

nucleation, propagation and arrest phases of earthquake

ruptures, and energy partition during failure episodes be-

tween seismic radiation and dissipative processes like heat

and creation of new fracture surfaces (i.e., rock damage).

Examples of research topics in the latter category include

spatiotemporal patterns of earthquakes and faults, emerging

correlations of dynamic variables, and various types of

statistics. In the present paper we focus on the second

category of problems and discuss details of individual failure

Figure 2. Schematic illustration of problems associated with individual events and collective behavior.
(a) Examples from physics of earthquakes and faults. (b) Examples from behavior of ideal gas.
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events primarily in the context of long-term evolution and

collective phenomena. Recent compilations of results asso-

ciated with individual earthquake ruptures are given by Aki

and Richards [2002], Ben-Zion [2003], Kanamori and

Brodsky [2004], and Madariaga [2007].

[5] Models of collective behavior employ effective laws

associated with selective aspects of theoretical frameworks

of individual faulting events thought to affect the long-term

response of the system. Ideally, those effective laws should

be established rigorously by examining the behavior at

increasing spatiotemporal scales and eliminating at progres-

sive iterations irrelevant details of lower scales. For simple

systems this can be accomplished analytically with renorm-

alization group theory and other statistical physics methods

[Yeomans, 1992; Binney et al., 1993; Turcotte, 1997;

Sornette, 2004]. However, with the current fragmented state

of knowledge on earthquake and fault physics, this has been

done only in a few cases [e.g., Smalley et al., 1985; Saleur et

al., 1996; Fisher et al., 1997; Klein et al., 2000;Mehta et al.,

2006]. Instead, most models of collective behavior of earth-

quakes and faults use effective laws that are derived for and

constrained by observations around specific narrow space-

time scales. A practical procedure for studying issues asso-

ciated with broad ranges of space-time scales, adopted in this

paper, is to use multiple approaches associated with different

effective laws and search for emerging self-consistent results

compatible with multidisciplinary field and laboratory data.

[6] For a general qualitative understanding of the division

between problems of individual events and collective be-

havior, consider the ideal gas law (Figure 2b). This elemen-

tary example played an important role in the history of

statistical physics and it can be used to illustrate several

points. The evolution of a system with a few particles

sustaining a small number of collisions is typically studied

by direct application of Newton’s law

F ¼ d mvð Þ=dt; ð1Þ

where F, m, v, and t are force, mass, velocity, and time,

respectively. On the other hand, the evolution of a system

with a large number of particles and collisions is studied

with collective relations like the ideal gas law

PV ¼ NkT ; ð2Þ

where P, V, N, k, and T are pressure, volume, number of

particles, Boltzman constant governing energy partition

among different states, and temperature, respectively.

Equation (2) gives the average changes in the state of the

particles as a function of effective ‘‘macroscopic’’ variables

(P and T) obtained by averaging ‘‘microscopic’’ quantities

(F and v) governed by Newton’s law. A related example,

which will be used again in section 4, is the van der Waals

equation of state for fluids,

P þ a

V 2

� �
V � bð Þ ¼ kT ; ð3Þ

where a and b are material constants that modify (2) by

correcting the pressure with the term a/V2 to approximate

effects of interparticle interactions and reducing the

available volume by b to account for the finite size of the

particles.

[7] It is important to note that an earlier version of the

ideal gas law (2), PV = RT, was obtained empirically from

experiments with a mole worth of gas under different P, V,

and T conditions, before it was derived theoretically by

assuming an atomistic model of gas and using Newton’s

laws. The theoretical derivation replaced the single gas

constant R with two different constants N and k. This

seemingly small change (for the worse!) is, however, a very

significant achievement since R is a purely empirical

coefficient, whereas N and k are physical constants that

represent fundamental properties of matter which influence,

and can be used to understand, a host of other phenomena.

In the context of earthquakes and faults, we have at present

many empirical laws (section 2) analogous to PV = RT. An

important general goal of theoretical studies in this field is

to replace the purely phenomenological coefficients in these

laws with physical constants related to basic mechanical,

rheological, and geometrical properties of earthquakes, fault

zones, and the surrounding environment.

[8] Having set up this goal, it is important to recognize

that the collective behavior of earthquakes and faults is

‘‘hierarchically’’ more complex than the simple gas analogy

of Figure 2. This is because of the following four categories

of difficulties. (1) In the gas analogy the number of

interacting objects and medium properties are fixed, where-

as in our problem both evolve with time and space. (2) The

gas analogy is a linear conservative system in equilibrium,

whereas the physics of earthquakes and faults is associated

with far-from-equilibrium strongly nonlinear dissipative

processes. (3) In classical statistical physics, there is sepa-

ration (or decoupling) between small-scale and large-scale

phenomena, whereas in earthquake and fault dynamics,

there is strong coupling between small-scale processes

(e.g., nucleation of brittle instabilities and dynamic weak-

ening) and large-scale aspects of the response (e.g., spatio-

temporal patterns of earthquakes and faults). (4) Finally, in

contrast to the gas analogy we do not yet have accepted

fundamental definitions for the interacting objects (i.e.,

elemental fault zones) and the basic interaction process

(i.e., elemental earthquake rupture). Section 2 provides

general definitions of, and summaries of multidisciplinary

empirical knowledge on, earthquakes and faults.

[9] The above difficulties are reflected clearly by the fact

that at present, there is no equation of motion that relates

particle motion in a brittlely deforming fault zone to forces,

stresses, or energy via material properties. A contrasting

example for which a theory does exist is the Navier equation

of motion for a linear homogeneous isotropic elastic solid

lþ mð Þuk;ki þ mui;kk þ fi ¼ r�ui; ð4Þ

where l and m are the Lamé parameters, u is infinitesimal

displacement, f is body force per unit volume, r is mass
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density, overdots are time derivatives, subscripts after a

comma denote spatial derivatives, and repeated indexes are

summed. Equation (4) provides a theoretical foundation for

linear wave propagation phenomena with its multitudinous

seismological applications. As mentioned, however, a

corresponding equation for particle motion in a region

undergoing inelastic brittle deformation does not exist.

1.1. Main Approaches

[10] The main current approaches in studies of earth-

quakes and faults can be outlined briefly as follows.

[11] 1. Rock strength experiments involve deformation of

small rock samples under pressure and temperature conditions

representative of those existing in the brittle seismogenic crust

(Figure 3a). Various variables such as differential stress, strain,

and acoustic emission are recorded as a function of the ongoing

deformation [e.g., Mogi, 1962a; Scholz, 1968; Jaeger and

Cook, 1979; Sammonds et al., 1992; Lockner et al., 1992],

and the experiments typically continue until the samples

break. The main objectives are to clarify the strength of

intact rock under different conditions and the evolution

leading to the inception of macroscopic brittle failure.

Figure 3. Schematic illustration of the main approaches used in studies of earthquake and fault dynamics.
(a–c) Rock strength, fracture, and friction studies typically employ continuum frameworks, (d) damage
rheology provides a bridge between continuum and discrete frameworks, (e) granular mechanics requires a
discrete framework, and (f) block-spring arrays are used commonly in statistical mechanics approach.
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[12] 2. Fracture mechanics is concerned with the motion

of the front of a localized failure zone (crack) that converts

during extension elastic strain energy to surface energy

(through the creation of new surface area). In this approach

(Figure 3b), equations of motion are written for the crack tip

region in terms of stress intensity factor K and energy

release rate G [e.g., Freund, 1990; Lawn, 1993; Broberg,

1999]. The main goals are to estimate the fracture strength

of a solid in terms of internal flaws and loading conditions

and to calculate the trajectory of the crack tip during

continuing brittle failure.

[13] 3. Friction studies focus on the region behind the

front of a propagating localized failure (Figure 3c) in

pressure-temperature conditions for which the shear stress

is proportional to the normal stress. The main goals are to

clarify processes associated with sliding surfaces in that

regime and to obtain macroscopic constitutive laws for the

involved phenomena [e.g., Byerlee, 1978; Dieterich, 1979;

Tullis, 1986; Ohnaka, 2003; Tsutsumi and Shimamoto,

1997; Marone, 1998; Yuan and Prakash, 2008].

[14] 4. Damage rheology deals with the evolution of

stress-strain relations and related material properties in a

solid sustaining deformation beyond the elastic regime [e.g.,

Krajcinovic, 1996; Lyakhovsky et al., 1997a; Bercovici and

Ricard, 2003; Turcotte et al., 2003; Pandolfi et al., 2006;

Alava et al., 2006]. A damaged medium (Figure 3d) has

multiple zones with variable density of microcracks

manifested macroscopically as regions of reduced elastic

moduli and increased dilatancy and anisotropy. Damaged

solids have asymmetric response for loading under

compression and tension conditions [e.g., Weinberger et

al., 1994; Hamiel et al., 2006] and hysteresis during

loading-unloading loops due to energy dissipation asso-

ciated with creation of new microcracks (increasing

damage) and inelastic deformation of internal damage

zones [e.g., Holcomb, 1981; Hamiel et al., 2004].

[15] All the approaches discussed so far can be studied

using continuum mechanics. If a damaged solid is deformed

by a large amount under conditions for which healing is not

effective, it is transformed into a collection of blocks or

grains with only a fractional contact area for support and

transfer of stress (Figure 3e). For such materials the purely

continuum description is no longer appropriate and a

fundamentally different description incorporating the dis-

creteness or granularity of the medium is required.

[16] 5. In granular mechanics the asymmetry of the

response to compression and tension that characterizes a

damaged solid becomes extreme. A granular material

behaves like a (highly damaged, heterogeneous, anisotrop-

ic) solid under compression, but it has aspects of a fluid

behavior under tension [e.g., Jaeger et al., 1996; Kadanoff,

1999; Aharonov and Sparks, 1999; Liu and Nagel, 2001].

Earthquake faults are typically modeled as failure zones in a

deforming continuum but are often also analyzed as

boundary regions between deforming blocks [Ben-Zion

and Sammis, 2003, and references therein]. The distinction

and connections between continuum/solid and discrete/

granular states of material play a fundamental role in the

present work. A continuum state is associated with smooth

variations of all material properties and fields, whereas a

discrete state incorporates discontinuous variations of

properties and response functions. Deformation in a

continuum solid can be analyzed using differential integral

relations, whereas a full analysis of deformation in granular

material requires some inherent discreteness. In a con-

tinuum solid, stress transfer from a failure region falls in the

far field like 1/r3 with r being the distance from the source.

This provides an estimate for the size of expected

correlation of stress and other dynamic variables in a

continuum solid. In granular material, load is supported

mostly along a few ‘‘connectivity chains,’’ rather than the

whole medium, producing strong macroscopic anisotropy.

As a consequence, the correlation lengths of dynamic

variables in a granular material depend strongly on the

direction. Stress transfer along the connectivity chains

(macroscopic block boundaries) can decay much slower

than 1/r3, at the expense of much faster decay in other

directions. A major theme of this paper (section 7) is that

earthquake ruptures produce transitions from a continuum

solid state to a discrete granular state and that the healing

phases of rocks during the interseismic periods produce the

reverse transitions.

[17] 6. Statistical physics provides important tools and

concepts for analysis of collective behavior of systems with

a large number of degrees of freedom [e.g., Binney et al.,

1993; Fisher, 1998; Sethna et al., 2001]. Using variables

that average internal fluctuations, and focusing on changes

in the physical behavior with changes of conditions and

scales, the statistical physics tools can extract information

on the existence and properties of different dynamic

regimes.

[18] 7. The final main approach is numerical or computer

simulations. Here we refer to calculations associated with

combinations of known aspects of theory and heuristic

rules, rather than the mere use of a computer to solve an

established set of equations. Studies using this approach

have proliferated with the explosive growth of computer

power. Numerical simulations may be viewed as a type of

experimental science for conditions (e.g., slip and slip rate,

distribution of properties, and size of spatial and temporal

domains) not currently available for laboratory and field

experiments. As with lab experiments, the simulations can

provide useful scientific information when (1) the experi-

mental conditions (i.e., model ingredients) are specified

at sufficient detail to allow reproducibility of results and

(2) the simulations explore systematically the dependency

of response functions on governing variables. The former is

a basic requirement for any scientific work, while the latter

is required to provide a context for the results.

[19] Most numerical simulations to date on collective

behavior of earthquakes and faults employed generic 1-D

or 2-D block-spring arrays (Figure 3f) and cellular automata

models combining various rules to form computer algo-

rithms [e.g., Burridge and Knopoff, 1967; Otsuka, 1972;

Saito et al., 1973; Fukao and Furumoto, 1985; Bak et al.,

1987; Carlson and Langer, 1989; Ito and Matsuzaki, 1990;
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Rundle and Klein, 1993; Lomnitz-Adler, 1993; Schmittbuhl

et al., 1996; Ward, 1996; Kumagai et al., 1999; Steacy and

McCloskey, 1999; Gabrielov et al., 1994, 2007]. The

equations of motion, stress transfer functions, assumed

rheology, and other aspects of typical block-spring and

cellular automata models of earthquakes are different

(partially or entirely) from those characterizing deformation

in either continuum or granular media. Therefore these

models cannot be used to calculate details of specific

phenomena (e.g., stress and displacement fields) in a

deforming material. However, they can provide general

results on statistics and other properties of collective

behavior, especially when accompanied by analysis em-

ploying statistical physics tools. Some computer simulations

of collective behavior were based on 2-D and 3-D

continuum and discrete models with more realistic litho-

spheric structures and rheologies [e.g., Mikumo and

Miyatake, 1983; Ben-Zion and Rice, 1993; Cowie et al.,

1993; Mora and Place, 1994; Robinson and Benites, 1995;

Cochard and Madariaga, 1996; Morgan and Boettcher,

1999; Miller et al., 1999; Lyakhovsky et al., 2001; Aharonov

and Sparks, 2004; Zöller et al., 2006; Heimpel, 1997, 2006;

Hillers et al., 2007]. Table 1 summarizes key distinguishing

characteristics of typical block-spring and elastic solid

models that have been used to study collective behavior of

earthquakes and faults. Various other ingredients that were

the focus of a number of studies, such as the degree of

incorporation of inertial effects [e.g., Carlson et al., 1994;

Langer et al., 1996; Ben-Zion and Rice, 1995, 1997] and

conservation of strain energy [e.g., Olami et al., 1992;

Dahmen et al., 1998; Weatherley et al., 2002; Zöller et al.,

2004], are incorporated in the items of Table 1.

1.2. Outline of the Following Sections and Main
Results

[20] In the following sections we provide additional

details on collective behavior of earthquakes and faults,

progressing overall from general background material and

generic patterns to more specific models and results. In

section 2 we describe the available empirical knowledge on

earthquake and fault phenomenology, with emphasis on

distributions revolving around power laws and deviations

from such distributions. In section 3 we give several

examples of material properties and dynamic behavior that

produce deviations from scale-invariant response. In section

4 we discuss phase transitions and stochastic branching with

emphasis on criticality. In sections 5 and 6 we review more

specific results associated with continuum mechanics, fault

discreteness, and statistical physics studies that are guided

by the following key questions:

[21] 1. How are geometrical and rheological properties of

fault zones and their surrounding environment related to

different types of seismicity patterns in space, time, and

energy domains? That is, what conditions produce localized

versus distributed spatial response, power law versus char-

acteristic frequency-size (FS) earthquake statistics, quasi-

periodic versus clustered temporal behavior of large events,

and classical aftershock sequences versus diffuse swarm-

like response?

[22] 2. Are there connections between different types of

earthquake patterns considered usually separately (e.g., are

the forms of FS, temporal, and spatial statistics related, and

if yes, how)?

[23] 3. In what circumstances is it valid to extrapolate

results on the basis of low-magnitude seismicity to large

earthquake behavior?

[24] 4. On what time scale is the seismic response to

tectonic loading stationary, if at all?

[25] 5. How are foreshocks-main-shock-aftershocks prop-

erties in a given crustal domain related to the overall seismic

potential in the region?

[26] 6. Can seismicity-based parameters be used to cal-

culate times of increased probability of large events, and if

yes, how?

TABLE 1. Characteristics of Block-Spring and Elastic-Based Models of Earthquakes and Faults

Block-Spring Array Elastic Solid

Equation of motion force = mass � acceleration stress = impedance � velocity
Mass concentrated; produces large overshoot of �100%

that amplifies stress heterogeneities
distributed; dynamic overshoot for crack-like ruptures

of only �25%; in case of slip pulse can get undershoot
Inertia in fault plane in the bulk; none in the fault plane
Dimension of fault usually 1-D usually 2-D
Dimension of system same as that of the fault fault dimension + 1; usually 3-D
Stress transfer
(range of interaction)

short range, typically nearest-neighbor;
stress concentration approximately independent of
rupture size; relatively easy for stress
heterogeneities to stop events

long range (1/r3); stress concentration proportional toffiffiffi
R

p
for confined events (M 	 6.5) with dimension R;

rupture becomes harder to stop as it grows

Constitutive law usually discrete discrete/continuum
Elastic moduli two independent spring constants effectively one (l 
 m for n 
 0.25)
Property disorder
(heterogeneities)

usually not yes/no

Dissipation variable; when yes due to friction yes; friction plus seismic radiation
Loading uniform; usually nearby; system usually stiff space- and sometimes time-dependent

(e.g., downward continuation of fault or far away);
stress concentrations at some locations and in other places
weaker loading; system usually compliant

Boundary conditions simple: periodic, open . . . composite stress-slip regions
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[27] Results from systematic analytical and numerical

parameter space studies, representing different modeling

approaches and supported by laboratory and field observa-

tions, indicate that there are three general dynamic regimes.

The first is associated with disordered fault zone properties

and small dynamic weakening during failure, power law FS

statistics of earthquakes, temporal clustering of intermediate

and large events, and accelerated seismic release before

large earthquakes. The second is associated with relatively

homogeneous localized structures with strong dynamic

weakening, peaked FS statistics compatible with the char-

acteristic distribution, and quasi-periodic temporal occur-

rence of large events without accelerated seismic release.

For a range of conditions, there is a third regime in which

the response switches spontaneously back and forth be-

tween the foregoing two modes of behavior. The average

duration of each activity mode scales with the time interval

of a large earthquake cycle in the system. In such cases, the

seismic response of the fault system is nonstationary on

time scales shorter than several mode-switching intervals

(e.g., 10–100 large earthquake cycles or 104–106 years for

large fault systems). The different dynamic regimes can be

represented by phase diagrams spanned by several tuning

parameters with boundary lines and critical points. Higher

temperature and fluid content, and changes of lithology

from crystalline rocks to thick sedimentary basins, reduce

the seismic coupling and overall seismic potential in a

region. This, in turn, changes the properties of foreshocks-

main-shock-aftershocks sequences. Regions with high seis-

mic coupling have few foreshocks and long classical

aftershock sequences, whereas regions with low seismic

coupling have more foreshocks and less aftershocks or

swarms. Analyses of data reflecting multiple manifestations

of a given dynamic regime can increase the ability to track

the evolution of large earthquake cycles and lead to progress

in the earthquake prediction problem.

[28] The experience from the available results indicates that

hybrid discrete-continuum frameworks (e.g., discrete fault

elements in a surrounding elastic continuum; section 5.2)

capture key aspects of the physics governing the collective

behavior of earthquakes and faults. Considerations of the

physical processes associated with brittle failure and healing

of rocks indicate that phase transitions between continuum and

discrete states of material play a central role in the physics of

earthquakes and faults (section 7). These transitions appear to

be associated with approach to and retreat from criticality

involving a combination of first- and second-order (or spino-

dal) phase changes. As suggested by the summary of main

approaches in section 1.1, damage rheology (section 6) pro-

vides a natural bridge between the continuum and discrete

approaches to studies of brittle rock deformation. Indeed, some

damage models are formulated with discrete elements such as

fibers or individual microcracks [e.g., Krajcinovic, 1996;

Newman and Phoenix, 2001; Toussaint and Pride, 2002,

2005; Alava et al., 2006], while others use continuum

frameworks [e.g., Kachanov, 1986; Lyakhovsky et al.,

1997a; Mavko et al., 2003; Pandolfi et al., 2006; Ben-Zion

and Lyakhovsky, 2006; Y. Ricard and D. Bercovici, A grained

continuum model of damage and coarsening, submitted to

Journal of Geophysical Research, 2008]. Analysis of

effective elastic properties of granular materials [e.g.,

Pasternak and Muhlhaus, 2005; Angolin and Roux, 2008],

finite element calculations with potential sites of discreteness

such as cohesive surfaces that may separate [e.g., Tadmor et

al., 1996; Xu et al., 1997;Hauret et al., 2007], and molecular

dynamics simulations [e.g., Gao et al., 2001; Branicio et al.,

2008] can also be used to develop bridges between the

continuum and discrete models of brittle rock deformation.

The ongoing multiscale transitions produce a ‘‘continuum-

discrete duality’’ in the overall state of the brittle crust. This

may explain the lack of agreement on whether the continuum

or discrete approaches are appropriate for modeling earth-

quake and fault dynamics [e.g., Ben-Zion and Rice, 1995;

Rice and Ben-Zion, 1996] and the fact that hybrid continuum-

discrete frameworks produce a rich variety of realistic results

compatible with observations [e.g., Mikumo and Miyatake,

1983; Fukao and Furumoto, 1985; Ben-Zion and Rice, 1993;

Heimpel, 1997; Ide and Aochi, 2005; Zöller et al., 2006].

2. PHENOMENOLOGY OF EARTHQUAKES AND
FAULTS

[29] Fault zones may be defined as regions in the Earth’s

lithosphere, with evolving geometries and altered rheolog-

ical properties from those of the host material, which

accommodate localized deformation of rock. Earthquakes

may be defined as unstable episodes of irreversible motion

of fault zone rocks, associated with propagating ruptures,

which release dynamically elastic strain energy (stored in

the rocks in the interseismic periods) and radiate seismic

waves. Fault zones and earthquake processes cannot be

viewed directly since they exist largely in the opaque

interior of the Earth (with the exception of rupture lines

and sections exposed at the free surface, tunnels and mines).

Geological studies provide some direct information on

earthquake and fault properties, but they are either limited

to very shallow depth or they reflect properties of exhumed

(and hence possibly altered) processes and structures. Lab-

oratory friction and fracture studies are limited to small rock

samples with simple geometries, simple boundary condi-

tions, slow slip rates, small recurrence times between

events, etc. The imaging of deep crustal structures and

earthquake processes under in situ conditions of stress,

temperature, geometry, chemical environment, etc., is based

on inversions of seismological and other indirect data

(assuming typically linear elasticity and other simplifica-

tions). The obtained images are blurred versions of the true

structures and processes. The dynamic variables governing

earthquake and fault dynamics (e.g., stress, strength, and

strain energy) cannot be monitored directly, necessitating

the use of surrogate variables based on seismicity (and to a

lesser extent also geodesy) parameters [e.g., Keilis-Borok

and Kossobokov, 1990; Eneva and Ben-Zion, 1997a, 1997b;

Tiampo et al., 2002; Rundle et al., 2003; Bebbington and

Harte, 2003; Anghel et al., 2004; Rhoades and Evison,

2005; Yuen et al., 2008].
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[30] At present, there are three major competing views on

the essential mechanical and geometrical nature of earth-

quakes and faults [Ben-Zion and Sammis, 2003]. The first

continuum-Euclidean view is that earthquakes are elastic

rebound events in a (possibly segmented and heteroge-

neous) planar or tabular Euclidean fault zone surrounded by

a continuum solid. This view was first stated explicitly in

the elastic rebound theory of Reid [1910], and since then,

considerable theoretical and observational research has been

directed toward quantifying the associated details [e.g.,

Rice, 1980; Aki and Richards, 2002; Scholz, 2002; Ben-

Zion, 2003; Kanamori and Brodsky, 2004; Madariaga,

2007]. The second granular view assumes that the crust

consists of a collection of grains and blocks at different

scales [e.g., Freund, 1974; Allègre et al., 1982; Sammis et

al., 1987; Nur et al., 1989; Keilis-Borok, 1990] and focuses

on granular/blocky aspects of fault structures and deforma-

tion fields. The third fractal view holds that faults are fractal

objects with rough surfaces and branching geometry [e.g.,

Kagan, 1982; King, 1983; Turcotte, 1997] and focuses on

scale-invariant aspects of earthquake and fault phenomen-

ology. The multidisciplinary results reviewed by Ben-Zion

TABLE 2. Power Law Distributions Used to Describe Earthquake and Fault Phenomenology

Distribution Form Notes

Frequency-size statistics of earthquakes n(S) / S�1�b n = number of events with size S in potency,
moment or radiated energy, b 
 2/3
[e.g., Utsu, 1999]

Aftershocks decay rate DN/Dt = K(t + c)�p N = cumulative number of events, p 
 1;
K, c vary [e.g., Utsu et al., 1995]

Spectral decay of high-frequency
seismic waves

W(w) / (1 + w/w0)
�g w0 is corner frequency; g 
 2 [e.g., Aki, 1967; Brune, 1970]

Roughness of fresh (tensile) fracture surface G(k) / k�a k is roughness wave number; a 
 1–2
[e.g., Brown and Scholz, 1985; Schmittbuhl et al., 1995]

Frequency-size statistics of faults N(Lf) / Lf
�h N = faults with length � Lf, h 
 1–2.5

[e.g., King, 1983; Hirata, 1989; Davy, 1993]
Frequency-size statistics of rock particles in
fault zone structure

n(Lp) / Lp
�d n = particles with diameter Lp; in planar sections

d 
 1.6 and 2.0 for damage zone and fault core,
respectively [Sammis et al., 1987; Chester et al., 2005]

Distribution of faults with tectonic slip rate v n(v) / v�q n is number of fault segments; q 
 0.75 [Meade, 2007]
Tectonic slip rate versus fault length v / Lf

e e 
 1–1.5 [Wesnousky, 1999]
Earthquake slip D versus rupture length D / Ld1R LR is rupture length; d1 
 1 [e.g., Wells and Coppersmith, 1994]

Cumulative fault slip DT versus fault length DT / Ld2f d2 
 1–2 [e.g., Walsh and Watterson, 1988; Cowie and Scholz, 1992]

Cumulative Benioff strain versus time to
failure of large earthquakes

P
M0

1/2(t) / (tf � t)m M0 is seismic moment, m 
 0.3
[e.g., Bufe and Varnes, 1993; Mignan, 2007]

Correlation length of hypocenters versus
time to failure of large earthquakes

x(t) / (tf � t)�k k 
 0.4 [e.g., Zöller et al., 2001]

Figure 4. Local magnitudes ML of 1984–2002 southern California earthquakes in the catalog of
Shearer et al. [2005] available at http://www.data.scec.org/research/SHLK.html. The locations and
frequency-magnitude statistics of the events are plotted in Figures 5 and 7, respectively. The boxes and
stars indicate moderate to large events with and without clear aftershock sequences, respectively.
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and Sammis [2003] indicate that fault structures tend to

evolve over time scales ranging from several large earth-

quake cycles to 104–105 years toward localization at

different spatial scales and the continuum-Euclidean frame-

work. These time scales are larger than the 102–103 year

recurrence intervals of large earthquakes on active faults but

shorter than the 
5 � 108 year time scale for changes in

plate configurations and loading (Figure 1). The earthquake

cycles may be viewed as associated with ongoing transient

local changes, within the longer-term evolution of fault

structures, between continuum and discrete states of crustal

rocks (section 7).

[31] Spatiotemporal patterns of regional earthquakes and

faults are abundant with power law distributions. The most

common of these, discussed further in section 2.1, are the

frequency-size statistics of earthquake moment, potency, or

energy values [Gutenberg and Richter, 1954; Utsu, 1999]

and the Omori-Utsu law for aftershock decay rates [Omori,

1894; Utsu et al., 1995]. Some properties of fault

populations (e.g., FS statistics of fault segments in a region)

as well as properties of individual brittle events (e.g.,

roughness of fresh rupture surfaces and high-frequency

spectral decay of seismic radiation) are also characterized

by power law statistics. Table 2 lists various power law

distributions that have been used to describe earthquake and

fault phenomenology. The existence of these power law

distributions led Kagan [1994] to suggest that seismicity and

faults are associated with ‘‘turbulence of solid.’’ This

analogy may be appropriate over very large space and time

scales (e.g., the entire lithosphere and 108–109 years), for

which the solid motion in the lithosphere produces sufficient

‘‘mixing’’ and reorganization of the tectonic plates and the

faults they contain. Over shorter space-time scales, however,

and especially the scales relevant for seismic hazard

assessment (e.g., 102–103 km and 102–104 years), geolo-

gical domains and faults can be considered to be statistically

frozen, and the turbulence analogy is not appropriate.

Instead, one should study brittle deformation in a solid with

slowly evolving geometrical and material properties. Since

seismic hazard in any specific location is often dominated by

the largest nearby fault, it is important to study not only

regional patterns but also the behavior of individual fault

zones with different sets of quenched heterogeneities

representing different evolutionary stages (sections 5 and 6).

[32] For a quantitative continuing discussion it is impor-

tant to define various observed quantities. The most readily

available form of earthquake data consists of seismic cata-

logs that list the time, location, and size of earthquakes in

Figure 5. Locations of the 1984–2002 earthquakes from the catalog of Shearer et al. [2005] used in
Figure 4. The boxes and stars indicate moderate to large events with and without clear aftershock
sequences, respectively. The depth distributions of aftershocks of the events marked with boxes are
plotted in Figure 9.
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given space-time domains. Earthquake sizes are most com-

monly quantified with various types of magnitudes M

associated with spectral amplitudes of radiated seismic

energy at a given frequency band and given site and

instrument conditions [e.g., Richter, 1958; Kanamori and

Anderson, 1975; Utsu, 2002a]. Figure 4 shows the local

magnitudes ML of earthquakes in southern California versus

time for the period 1984–2002. The event locations are

plotted in Figure 5. The earthquake magnitudes are relatively

easy to measure, and they give information that is directly

useful for various engineering applications (e.g., the

response of structures with resonance frequencies near those

used to define the magnitude). However, the magnitudes

reflect radiation only from subportions of the rupture, and

they saturate above certain size, rather than giving a physical

characterization of the entire earthquake source. The latter is

provided by the scalar seismic potency P0 and scalar seismic

moment M0, which are proportional to the zero-frequency

asymptote of the far-field displacement source spectra [e.g.,

Aki, 1967; Brune, 1970; Ben-Menahem and Singh, 1981; Aki

and Richards, 2002; Ben-Zion, 2003].

[33] For shear faulting on a planar surface, the scalar

seismic potency is given by

P0 ¼
Z
A

u dA; ð5Þ

where u is the final earthquake slip and A is the rupture area.

The corresponding scalar seismic moment is

M0 ¼ mP0; ð6Þ

where m is an ‘‘effective’’ rigidity in the source region. The

seismic potency tensor Pij may be defined [Ben-Zion, 2003]

by the integral of the ‘‘transformational strain’’ eij
P in the

source volume

Pij tð Þ ¼
Z
V

ePij tð ÞdV : ð7aÞ

The transformational strain eij
P denotes the inelastic brittle

deformation in the earthquake source region that resets

[Eshelby, 1957] the reference levels of the elastic stress and

strain tensors after the event. The various components of eij
P

can have different temporal evolution, and the source

geometry may generally vary in time during the earthquake

process [e.g., Backus and Mulcahy, 1976a, 1976b; Stump

and Johnson, 1977, 1982]. However, typical seismic data

cannot resolve such variations, and observational studies

usually adopt the simplifying ‘‘point source’’ approximation

l  a and r  l, where l is the wavelength of the

employed seismic waves, a is the source dimension, and r is

the source-receiver distance. In this case the seismic

potency tensor can be written as

Pij tð Þ ¼ s tð ÞPij; ð7bÞ

where s(t) gives the average source time (or potency rate)

function and Pij represents the overall average geometry of

the brittle deformation. The latter can be separated further

into an amplitude term P0 and a unit norm tensor P̂ij referred

to as the source (or focal) mechanism tensor

Pij ¼
1ffiffiffi
2

p P0P̂ij: ð7cÞ

The separation of terms in (7b) and (7c) follows parallel

developments in the seismological literature associated with

the seismic moment tensor [e.g., Dahlen and Tromp, 1998],

which is based on stress quantities (e.g., ‘‘stress glut’’)

rather than the strain-based quantities of the potency. (In the

corresponding results for seismic moments, the numerical

normalizing factor 1/
ffiffiffi
2

p
of (7c) is replaced with

ffiffiffi
2

p
since

the moment formulas have an additional factor 2 stemming

from the inclusion there of 2m.) The seismic moment tensor

is given from the potency tensor by

Mij ¼
X
k;l

cijklPkl; ð8Þ

where cijkl is the tensor of ‘‘effective’’ elastic moduli at the

source. We note that the effective moduli in the inelastically

deforming source regions do not affect the seismic radiation

in the surrounding elastic solid and can thus be assigned

arbitrarily [Woodhouse, 1981; Heaton and Heaton, 1989;

Ben-Zion, 1989, 1990; Ampuero and Dahlen, 2005].

Moreover, the values of cijkl at the source vary rapidly

and are hence ambiguously defined, precisely in the space-

time windows associated with brittle earthquake ruptures

[e.g., Ben-Zion, 2003]. For these reasons it is preferable to

use parameters associated with the potency tensor rather

than the compound quantity moment. Sections 2.4 and 5.2

have statistical results on the geometry of faulting and

source time functions based on observed focal mechanisms

and potency rates of earthquakes. In section 7 we discuss

implications of the temporal changes of the elastic moduli in

the source region for the physics of earthquake ruptures.

[34] A potency or moment tensor representing brittle

failures in the interior of a solid with zero net force and

torque is a 3 � 3 symmetric matrix with six independent

components. This can be decomposed into an isotropic term

proportional to the trace of the original tensor and a

remainder deviatoric tensor [e.g., Jost and Hermann,

1989; Julian et al., 1998]. The isotropic tensor represents

a change of volume at the source, which may be generated

by mineralogical phase changes [e.g., Knopoff and Randall,

1970; Kirby et al., 1991], intrusions [e.g., Miller et al.,

1998], tremors in mines [e.g., McGarr, 1992], and brittle

damage that modifies the elastic bulk modulus [e.g., Mavko

et al., 2003]. The deviatoric tensor can be decomposed

further into a double-couple term with zero determinant

representing shear faulting on a plane [Maruyama, 1963;

Burridge and Knopoff, 1964] and a remainder non-double-

couple term. Observed non-double-couple deviatoric ten-

sors may be produced physically by shear faulting in an
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anisotropic medium [e.g., Kawasaki and Tanimoto, 1981;

Vavryèuk, 2004], a combination of several different double

couples [e.g., Frohlich et al., 1989; Kawakatsu, 1991; I. W.

Bailey et al., Patterns of co-seismic strain computed from

southern California focal mechanisms, submitted to Geo-

physical Journal International, 2008], and transient tensile

components of faulting. The latter may be generated by

failures in geothermal, volcanic, and other extensive

regimes [e.g., Julian and Sipkin, 1985; Dreger et al.,

2000], ruptures involving nonplanar geometry [e.g., Lom-

nitz-Adler, 1991], wrinkle-like ruptures on bimaterial

interfaces [e.g., Andrews and Ben-Zion, 1997; Ben-Zion

and Huang, 2002], and other opening modes of rupture

[e.g., Brune et al., 1993]. Most studies assume that

earthquakes are associated with double-couple mechanisms.

As discussed above, however, brittle failure of natural

earthquakes can include non-double-couple and isotropic

components of deformation. Indeed, rock fracture experi-

ments show evidence for mixed shear-tensile faulting, as

well as isotropic deformation, especially in the final stages

involving the coalescence of microcracks and formation of

macroscopic fracture [e.g., Brace et al., 1966; Stanchits et

al., 2006].

[35] For a shear planar crack expanding in a uniform

stress field, the scalar potency scales with the rupture area as

P0 / A3=2: ð9Þ

Relation (9) follows directly from the proportionality

between slip in a classical crack and the rupture dimension

[Kanamori and Anderson, 1975, and references therein]. In

contrast, the corresponding scaling for a fractal slip

distribution on a fault [Fisher et al., 1997] is

P0 / A: ð10Þ

Equation (10) reflects the fact that fractal slip is dis-

connected and does not grow with the rupture size. For

earthquake sizes spanning a relatively small (e.g., 	3) range

of magnitudes, the scalar seismic potency and local

earthquake magnitude ML are related empirically via the

linear scaling relation

log10 P0 ¼ aML þ const: ð11Þ

As seen from (6), the empirical scaling relation between the

scalar moment and local magnitude differs from (11) only

by the constant. The observed value of the slope a in (11)

changes from about 1 for earthquakes with local magnitude

ML < 3.5 [e.g., Bakun, 1984; Abercrombie, 1996] to about

1.5 for earthquakes with ML > 5.5 [e.g., Kanamori and

Anderson, 1975; Hanks and Kanamori, 1979]. The changes

of slope may result from instrumental effects [Hanks and

Boore, 1984], or they may reflect a transition from a

limiting fractal-type scaling (equation (10)) for small events

propagating in a rough stress field to a limiting crack-like

scaling (equation (9)) for large events propagating in a

smooth stress field [Ben-Zion and Zhu, 2002]. An empirical

scaling relation between the seismic potency (or moment)

and magnitude over a broad range of earthquake sizes with

a single smooth line requires adding to (11) a quadratic

dependency on the magnitude [Hanks and Boore, 1984;

Ben-Zion and Zhu, 2002; Begin and Steinitz, 2005].

[36] A basic dynamic measure of the earthquake process

is the radiated seismic energy ER, which may be estimated

by integrating velocity seismograms. The radiated seismic

energy and surface magnitude MS of earthquakes in the

approximated range 5 	 MS 	 8 are related [Gutenberg and

Richter, 1956; Kanamori and Anderson, 1975] via the

empirical relation

log10 ER ¼ 1:5MS þ 11:8; ð12Þ

where ER is in ergs. The mechanical efficiency of the

seismic failure process may be quantified with two

observable seismic parameters. The first is the apparent

Figure 6. From bottom to top, relations between rupture length L (first scale); magnitudes ML and MW

to the left and right of the break in the second scale, respectively; scalar seismic potency (third scale); and
radiated seismic energy ER (fourth scale) of earthquakes. See related text in section 2 for details.
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stress ta defined [e.g., Aki, 1966; Wyss and Brune, 1968;

Ben-Zion, 2003] by the ratio

ta ¼ ER=P0: ð13Þ

There is a considerable debate on whether observed values

of ta for small and large earthquakes are statistically the

same [e.g., Ide and Beroza, 2001; Prieto et al., 2004;

Imanishi and Ellsworth, 2006; Yamada et al., 2007], or

whether ta increases with the earthquake size [e.g., Prejean

and Ellsworth, 2001; Richardson and Jordan, 2002; Mori et

al., 2003; Mayeda et al., 2005]. A constant ta implies a

scale-invariant process, whereas increasing ta implies that

large earthquakes are more efficient in radiating seismic

energy (per unit final slip on a fault) than small ones. The

latter may reflect generic changes in the physics of rupture

as the earthquakes grow. Alternatively, it may reflect the

fact that large earthquakes occur on large faults with

different geometrical and material properties than the

myriad of small faults that are the sites of most small

events. Another way of quantifying the mechanical

efficiency of earthquakes is with the radiation efficiency

parameter hR defined [Husseini, 1977] as

hR ¼ ER= ER þ EGð Þ ¼ 2ta=Ds; ð14Þ

where Ds is the static stress drop during the earthquake and

EG is the energy dissipated in fracturing processes. (The

more general parameter seismic efficiency, h, giving the

ratio between the seismic radiation and total change of

elastic strain energy during an earthquake is not an

observable quantity.) Venkataraman and Kanamori [2004]

compiled estimated values of hR for about 30 large

earthquakes from different tectonic environments that vary

in the range 0.1–5. Some of these variations are

undoubtedly statistical, but they may also express (as noted

for ta) physical changes in the rupture process of small and

large earthquakes or events on different classes of faults.

[37] Figure 6 illustrates the relations between rupture

length L, earthquake magnitude, scalar seismic potency,

and radiated seismic energy on the basis of the following

calculations. Events with local magnitude ML 	 6 that do

not saturate the seismogenic zone are assumed to be

circular. The scalar seismic potency of such events is

estimated using a version of equation (9), P0 = (16/7)DeR3,

that corresponds to a circular crack with a radius R = L/2

sustaining a uniform strain drop De [e.g., Ben-Zion, 2003].

The obtained P0 values are converted to ML using the

empirical P0 � ML quadratic scaling relation of Ben-Zion

and Zhu [2002] and assumed De = 10�4. For events with

magnitudes in the range 6–9, the empirical regression

formulas ofWells and Coppersmith [1994, Table 2] are used

to establish the correspondence between rupture length and

moment magnitude Mw. The correspondence between

Mw = 9.2 and L = 1.6 � 106 m is based on estimates

associated with the 2004 great Sumatra-Andaman earth-

quake [Meltzner et al., 2006]. The corresponding values of

potency and radiated energy are obtained assuming nominal

rigidity of 30 GPa and scale-invariant process with ta = ER/

P0 = 10�4. The assumed value for ta is based on the average
upper bound of the data compiled by Ide and Beroza [2001]

with nominal rigidity of 30 GPa and proper changes of

units.

[38] The seismic coupling coefficient c may be defined

[e.g., Pacheco et al., 1993; Ben-Zion and Lyakhovsky, 2006]

in terms of the seismic Deseismic and aseismic Deaseismic

components of the strain release on a fault,

c ¼ Deseismic=Detotal; ð15Þ

where Detotal = Deseismic + Deaseismic. The parameter c
quantifies the fraction of the elastic strain released during a

seismic cycle as brittle deformation. Observational and

theoretical studies suggest that c on oceanic faults is

generally considerably smaller than on continental ones

[e.g., Davies and Brune, 1971; Bird and Kagan, 2004;

Boettcher and Jordan, 2004] and that the seismic coupling

in a region decreases with increasing heat flow and fluid

content [e.g., McCaffrey, 1997; Ben-Zion and Lyakhovsky,

2006; Lohman and McGuire, 2007]. Certain rock types and

minerals such as serpentines and talc [e.g., Moore and

Rymer, 2007] may produce locally creeping fault segments

with c 
 0. Examples include the creeping section of the

San Andreas fault and parts of the Hayward and North

Anatolia faults.

2.1. Frequency-Size and Aftershock Distributions

[39] The frequency-potency statistics of regional earth-

quakes follow the power law probability density function

n P0ð Þ / P
�1�b
0 ð16aÞ

and corresponding power law survivor function (usually

referred to as cumulative distribution)

N P0ð Þ / P
�b
0 ; ð16bÞ

where N(P0) =
R1
P0

n(P0
0)dP0. Similar power law relations hold

for the frequency-moment and frequency-energy statistics

of regional earthquakes [Utsu, 1999, and references there-

Figure 7. Discrete frequency-magnitude statistics of the
earthquakes plotted in Figures 4 and 5.
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in]. A maximum event size can be incorporated into (16a)

and (16b) by multiplying the right sides of the equations

with an exponential tapering function exp(�P0/PC) having a

corner potency PC that characterizes finite-size effects [e.g.,

Kagan, 2002, and references therein]. Theoretical analyses

of critical branching process and critical phase transition

lead (sections 4.1 and 5.2) to frequency-size distributions

consisting of a power law for small and intermediate-size

earthquakes and exponential taper for large events.

[40] Using the potency-magnitude relation (11) in

n(P0)dP0 of (16a) and N(P0) of (16b) leads to the discrete

Gutenberg-Richter frequency-magnitude statistics

log n Mð Þ ¼ a� bM ð17aÞ

and corresponding cumulative distribution

logN Mð Þ ¼ A� bM ; ð17bÞ

where b = ab. Observed b values of regional seismicity

typically fall in the range 0.7–1.3 [e.g., Frohlich and Davis,

1993; Utsu, 1999; Wiemer and Wyss, 2002]. Figure 7 shows

the discrete frequency-magnitude statistics of the southern

California earthquakes plotted in Figure 4. The events with

M < 6 follow closely the Gutenberg-Richter relation with

b 
 1, but the larger earthquakes are enhanced with respect

to that distribution. See also Knopoff [2000].

[41] Large earthquakes are typically followed (Figure 4)

by a period with increased rate of events, referred to as

aftershocks, which occur in a region around the main

rupture zone that expands somewhat with time [e.g., Omori,

1894; Utsu et al., 1995]. The aftershock decay rates are

usually described by the Omori-Utsu law

DN=Dt ¼ K t þ cð Þ�p; ð18Þ

where N is the cumulative number of events, t is the time

after the main shock, and K, c, and p are empirical

constants. Derived values of the exponent p are clustered

around 1 [e.g., Kisslinger and Jones, 1991; Utsu, 2002b].

However, aftershock decay rates can also be fitted with

exponential and other functions [e.g., Mogi, 1962b; Otsuka,

1985; Kisslinger, 1996; Narteau et al., 2002]. Moreover, as

seen in Figure 4 and discussed further below, not all

earthquakes have aftershock sequences. The frequency-size

statistics of aftershocks follow, like other regional earth-

quakes, the Gutenberg-Richter relation. The difference DM

between the magnitude of the main shock and its largest

aftershock is generally independent of the main shock

magnitude and is on the average close to 1.2 [e.g., Båth,

1965]. This is referred to as the Båth law. Shcherbakov et al.

[2005a] combined the Omori-Utsu law, Gutenberg-Richter

relation, and Båth law to a form of (18) where c is a function

of the smallest and largest events in the data, as well as the p

and b values of the aftershock sequence, and applied that

form to California seismicity. See also Helmstetter and

Sornette [2003], Felzer et al. [2004], and Nanjo et al.

[2007]. Traditionally, aftershocks have been assumed to be

limited to a region of size only 2–3 times larger than the

main shock dimension. However, it is now clear that

seismic waves radiated by earthquakes (and especially

unidirectional ruptures with large directivity effects) can

trigger dynamically seismicity over distances larger than 15

times the main shock dimension [e.g., Hill et al., 1993;

Gomberg et al., 2001; Prejean et al., 2004; Hough, 2005;

Felzer and Brodsky, 2006; Hill and Prejean, 2007]. Recent

analyses of seismic waveforms also uncovered early

aftershocks, related to dynamic triggering, that are buried

in the coda of larger events and hence not detected by

traditional techniques [Peng et al., 2006, 2007; Enescu et

al., 2007]. Future analyses of aftershock data should, when

possible, include all these events.

[42] The epidemic-type aftershock sequences (ETAS)

model combines [Ogata, 1999, and references therein] the

modified Omori-Utsu law with the Gutenberg-Richter

frequency-magnitude relation for a history-dependent oc-

currence rate of a point process in the form

l tjHtð Þ ¼ mþ
X
ti<t

K0 exp a Mi �Mcð Þ½ �
t � ti þ cð Þp ; ð19Þ

where m is a constant background rate, Mi is the magnitude

of earthquake at time ti, Mc is a lower-magnitude cutoff, Ht

denotes the history, and the productivity factor K0 exp[a(Mi�
Mc)] gives the number of events triggered by a parent

earthquake with magnitude Mi. The built-in clustering

associated with the Gutenberg-Richter and Omori-Utsu laws

made the ETAS model a standard tool for fitting regional

seismicity [e.g., Ogata, 1988; Helmstetter et al., 2003;

Sornette and Werner, 2005; Gerstenberger et al., 2005;

Ogata and Zhuang, 2006], as well as testing results for

significant deviations from generic expectations associated

with the Gutenberg-Richter and Omori-Utsu laws [e.g.,

Ogata, 2005; McGuire et al., 2005; Matsu’ura and

Karakama, 2005; Hainzl and Ogata, 2005].

[43] While the Gutenberg-Richter relation and Omori-

Utsu law provide good overall descriptions of regional

seismicity, the existing observations show clear deviations

from universal power laws that are unlikely to result from

statistical fluctuations. For example, the estimated b values

of regional and global seismicity exhibit systematic

dependencies on depth, focal mechanisms, and perhaps

other variables [e.g., Frohlich and Davis, 1993; Utsu, 1999,

2002b; Wiemer and Wyss, 2002]. Analyses of laboratory

data and observed seismicity suggest that the b values are

related to strength heterogeneities and the state of stress on a

fault [e.g., Mogi, 1962a; Scholz, 1968; Amitrano, 2003;

Schorlemmer et al., 2005]. Cold continental regions with

low heat flow have high aftershock productivity and long

event sequences associated with low effective power law

decay, while hot continental regions and oceanic lithosphere

have low aftershock productivity and short event sequences

with fast decay [Kisslinger and Jones, 1991; Davis and

Frohlich, 1991; Utsu et al., 1995; Kisslinger, 1996;

Boettcher and Jordan, 2004; McGuire et al., 2005].

Geothermal areas and volcanic regions with high tempera-

ture-fluid conditions have abundant foreshocks or swarms
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of events without clear separation between foreshocks, main

shocks, and aftershocks [Mogi, 1963, 1967; Utsu, 2002b],

while some large earthquakes in regular tectonic domains

(Figure 4) are not followed by an aftershock sequence at all.

See also Richter [1958] and Vidale and Shearer [2006].

Observed b values of individual aftershock sequences can

vary from 0.6 to 1.4 [e.g., Wiemer and Katsumata, 1999],

and observed values of DM associated with the Båth law

can vary from 0.6 to 1.7 or more [e.g., Kisslinger and Jones,

1991; Shcherbakov and Turcotte, 2004]. The frequency-size

statistics of regional earthquakes often have a peak around a

certain large event size (e.g., Figure 7 and Knopoff [2000]).

This is very pronounced in data collected from regions with

relatively uniform seismogenic thickness and fault proper-

ties, such as the zone above the magma chamber of Mount

Saint Helens [Main, 1987] or the Aegean area [Main and

Burton, 1989; Lasocki and Papadimitriou, 2006].

[44] The frequency-magnitude statistics of earthquakes

along individual fault zones or fault sections, occupying

narrow and long spatial domains, often consist (Figure 8) of

Gutenberg-Richter type distribution of small events, com-

bined with enhanced statistics around larger ‘‘characteris-

tic’’ earthquakes that may occur quasi-periodically in time

[e.g., Schwartz and Coppersmith, 1984; Wesnousky, 1994].

The resulting statistics, referred to as the characteristic

earthquake distribution, may be described empirically as a

superposition of two populations [Ben-Zion, 2003]: a

truncated power law distribution of small background

events, which may occur largely around the examined fault

section, and a Gaussian-like (or another peaked) distribution

of larger earthquakes that break most of the fault under

consideration. Examples of peaked statistics compatible

with the characteristic distribution, observed with geologi-

cal and seismic methods along fault sections and ‘‘aspe-

rities’’ of various sizes, include the following. The Carrizo

segment of the San Andreas fault sustained several great

events (M 
 8) in the last millennia [Sieh and Jahns, 1984;

Liu-Zeng et al., 2006], including the historical 1857

earthquake, but it is almost completely devoid (at least

during the last 50 years or so) of intermediate- and small-

size events. Similar observations hold for most of the

rupture zone of the great 1906 earthquake [Hill et al., 1990],

the Mojave [Sieh et al., 1989; Weldon et al., 2004] and

southern [Sieh, 1996; Fumal et al., 2002] sections of the

San Andreas fault, and other large fault sections in Turkey

[Rockwell et al., 2001; Sengor et al., 2005; Hartleb et al.,

2006], New Zealand [Stirling et al., 1996], Israel [Ellenblum

et al., 1998; Marco et al., 2005], and the Himalayan

Frontal Thrust in India [Kumar et al., 2006]. Scaled down

examples of the characteristic distribution, associated with

moderate M 
 6 earthquakes, include the statistics along the

Parkfield section of the San Andreas fault [e.g., Ben-Zion

and Rice, 1993, Figure 15] and the Anza section of the San

Jacinto fault [Rockwell and Seitz, 2008]. Around the main

Parkfield asperity producing the characteristic M6 Parkfield

events, there are numerous small asperities that generate

clusters of highly repeating microearthquakes with peaked

statistics centered on events with M 
 1.0 [e.g., Nadeau and

McEvilly, 1999]. Clusters of repeating microearthquakes

with peaked statistics are also documented in aftershock

zones [e.g., Shearer et al., 2003] and other fault sections

surrounded by dense seismic networks. Examples of the

latter include the Calaveras fault in California [Schaff et al.,

2002] and the Karadere-Duzce branch of the North Anatolia

fault in Turkey [Peng and Ben-Zion, 2006].

[45] As discussed in section 4.3, characteristic event

distributions are also observed in laboratory experiments

of fracture and friction of rocks and avalanches in granular

media. A superposition of many characteristic distributions

on a population of faults and asperities spanning a wide

range of size scales will mask the individual peaks and

move the combined distribution toward power law statistics.

See also Vere-Jones et al. [2001] and Sornette [2004]. We

note that some long data sets covering many earthquake

cycles show [e.g., Marco et al., 1996; Amit et al., 2002] a

‘‘mode-switching’’ behavior consisting of long-term oscil-

lations between periods with peaked statistics of large event

clusters and periods of relative seismic quiescence. This

behavior is discussed in more detail in sections 5.2 and 6.2.

2.2. Temporal Statistics of Earthquakes

[46] The temporal behavior of a sequence of earthquakes

can be classified by calculating the coefficient of variations

of the interevent times Dt, given by Cv = s/m with s and m
being the standard deviation and average values of the

interevent times. If Cv > 1, the distribution is referred to as

clustered in time; if Cv = 1, the interevent times follow a

random Poisson distribution; and if Cv < 1, the distribution

is referred to as quasi-periodic in time. Similar ratios of

statistical parameters and ranges of values can be used

Figure 8. A schematic representation of the characteristic
earthquake distribution in a discrete form for events larger
than some magnitude cutoff Mc with two populations: a
Gutenberg-Richter distribution of events smaller than M1

and a peaked distribution around a large characteristic event
size M2. The region between M1 and M2 may be associated
with a magnitude gap, while outside that region n  1 (i.e.,
n + 1 
 n). From Ben-Zion [2003].
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[Utsu, 2002b] to describe the degree of periodicity of events

associated with the lognormal, Weibull, and gamma

distributions. DiCaprio et al. [2008] suggested that analysis

of the log time intervals is more appropriate for detecting

and quantifying temporal clustering than Cv. More detailed

characterizations of the temporal statistics are given by

specifying the distribution of the time intervals between all

events, or the distribution of the recurrence intervals

between large earthquakes with M bigger than some

magnitude cutoff. The latter have been described using

the lognormal [Nishenko and Bulland, 1987], Brownian

passage time [Matthews et al., 2002], Weibull [Sykes and

Nishenko, 1984; Yakovlev et al., 2006], and Gamma [Udias

and Rice, 1975; Zöller et al., 2007] distributions.

[47] Following earlier works of Bak et al. [2002],

Christensen et al. [2002] and others, Corral [2004a,

2004b] suggested that the distribution of the time intervals

Dt between earthquakes in a region (x, y) can be described

by a universal law that may be used to collapse observed

data by rescaling Dt using the rate of seismicity Rxy in the

region. The resulting probability density function for the

interevent times is

Dxy Dtð Þ ¼ Rxy � f RxyDt
� 	

; ð20aÞ

where f follows the generalized Gamma distribution,

f tð Þ ¼ ctg�1 exp �td=b
� 	

; ð20bÞ

with c, g, d � 1, and b being parameters chosen to fit the

data. The function (20b) combines a power law behavior at

small times compatible with the Omori-Utsu law and a

Poissonian behavior at large times. Corral [2004a, 2004b]

demonstrated that the distribution given by the set (20) can

be used to collapse and fit a broad range of rescaled

observed time intervals t = RxyDt of seismicity in different

relatively homogeneous regions. However, the universality

and interpretation of the distribution have been disputed by

several subsequent works. Molchan [2005] showed math-

ematically that under very general assumptions (i.e., that

seismicity consists of Poissonian main shocks plus triggered

aftershocks and that there are some regions on Earth with

independent seismicity), the distribution of Corral [2004a,

2004b] cannot exist for all times. He also pointed out that

the only universal distribution of interevent times in a

stationary point process is exponential, which is clearly not

valid for the relatively short intervals associated with

aftershocks, and that the parameter 1/b in (20b) reflects the

fraction of main shocks contained in the data.

[48] Hainzl et al. [2006] demonstrated that the distribu-

tion of interevent times of California seismicity can be

explained well by the ETAS model. They showed further

that the distribution of interevent times can be used to

estimate the rates of main shocks in a region through the

parameter 1/b and that the obtained rates can then be used to

reconstruct the frequency-size statistics of the main shocks.

Saichev and Sornette [2007] showed analytically that the

Corral distribution for a homogeneous region can be derived

from the ingredients of the ETAS model and that the earlier

proposed distribution of Bak et al. [2002] and Christensen

et al. [2002] can be obtained by averaging the ETAS-based

analytical results over multiple regions having statistically

self-similar seismicity rates. Zöller et al. [2006] showed that

the distribution of Corral [2004a, 2004b] fits well the

interevent times of California seismicity, excluding a range

of small Dt values probably associated with aftershocks, as

well as intervals between earthquakes generated by a model

of a discrete fault in elastic solid (section 5.2). Enescu et al.

[2008] found that the set (20) fits well the distribution of

interevent times of seismicity from the Vrancea seismic zone

in Romania but that the interevent times in a declustered

version of the data (with several obvious aftershock

sequences removed) follow closely the pure exponential

distribution. Senshu [1959] suggested that the interevent

times of aftershocks can be modeled as a Poisson process

with a variable rate following the Omori-type power law

decay (18). Shcherbakov et al. [2005b] performed such

analysis on aftershock sequences in California and showed

that results from different regions can be collapsed by a scaling

law similar to the generalized Gamma distribution (20b).

Figure 9. Depth distribution of aftershocks of moderate to large southern California earthquakes
marked with boxes in Figures 4 and 5.
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2.3. Spatial Properties of Earthquakes and Faults

[49] As indicated in the introduction and Table 2, many

studies quantified patterns of earthquakes and faults with

various fractal/multifractal dimensions [e.g., Aviles et al., 1987;

Okubo and Aki, 1987; Hirata, 1989; Kagan, 1991, 1994;

Davy, 1993; Scholz et al., 1993; Robertson et al.,

1995; Ouillon et al., 1996; Turcotte, 1997; Harte, 2001].

These studies notwithstanding, it is clear that the spatial

distributions of earthquakes and faults contain, within

overall background complexity, several features that reflect

dominant large-scale structures and characteristic length

scales (Figure 1). The most prominent example is the depth

distribution of tectonic earthquakes, which is limited to the

cold brittle portion of the lithosphere. This is illustrated in

Figure 9 with the depth distribution of aftershocks of the

main shocks indicated in Figures 4 and 5. See also Sibson

[1982] and Marone and Scholz [1988]. The brittle portion

extends typically only over the top 10–30 km and is

correlated with heat flow and rheological properties [e.g.,

Wallace, 1990; Magistrale, 2002; Scholz, 2002]. In

subduction zones, cold brittle material is transported

downward with the subducting plates and produces the

Wadati-Benioff zones of seismicity that may extend to a

depth of several hundred km.

[50] The horizontal distribution of earthquakes in oceanic

lithosphere is highly localized along the major plate bound-

aries and can be described by a simple Euclidian geometry.

The seismicity in continental lithosphere exhibits more diffuse

overall patterns that contain bands of localized seismicity

along the major faults (Figure 5). The localization is illustrated

best by the collapse of high-resolution locations of earthquakes

along large continental faults onto tabular zones with width

comparable to the smallest resolvable dimension or location

error [e.g., Poupinet et al., 1984; Ito, 1985; Nadeau et al.,

1994; Waldhauser and Ellsworth, 2002; Shearer et al.,

2005]. In well-instrumented faults of the San Andreas

system, the location errors and width of seismicity can be as

small as a few tens of meters [e.g., Schaff et al., 2002;

McGuire and Ben-Zion, 2005; Thurber et al., 2006].

[51] Detailed geological studies of exhumed fault zones,

ranging from small faults with total slip of only 10 cm to

large faults with tens to hundreds of km of slip [e.g.,

Chester et al., 1993; Evans et al., 2000; Shipton and

Cowie, 2001; Sibson, 2003], indicate that essentially all the

long-term motion across the structures is accommodated

within extremely narrow zones at a scale of a few cm or

less. Chester et al. [2005] found with thin section analysis

that the width of shear localization in the Punchbowl fault in

California, with exhumation depth of 2–3 km and total slip

of about 44 km, is only 100–300 microns. Heermance et al.

[2003] observed in a shallow borehole site that the width of

the slip zone of the 1999 Chi-Chi earthquake is localized to

within 50 to 350 microns. Wibberley and Shimamoto [2003]

documented at several surface exposures of the Median

Tectonic Line in Japan slip localization zones with widths of

10–100 mm. Rockwell and Ben-Zion [2007] documented

similar degrees of localization in shallow paleoseismic

trenches across rupture zones of several major faults in

southern California. The high slip localization at all these

faults, having cumulative slips and lengths that range over

orders of magnitudes, indicates that localization to a narrow

slip zone occurs at a very early stage of the shear

deformation. An early transition from an initial complex

deformation with a regional network of joints and faults to a

narrow localized zone was observed by Tchalenko [1970] at

several scales of observations, including the rupture zone of

the Dasht-e Bayaz earthquake in Iran and laboratory

experiments with clays, and is also seen in laboratory

fracture experiments with different types of rocks [e.g.,

Wong et al., 1992; Lockner et al., 1992; Stanchits et al.,

2006]. As discussed by Ben-Zion and Sammis [2003], the

observed evolution from a distributed complex initial

deformation toward simple localized structures can be

explained by a positive feedback between strain weakening

rheology and localization.

[52] Wesnousky [1994] and Stirling et al. [1996] used

seismological and geological data to compile frequency-size

statistics of earthquakes and geometrical properties of

individual fault zones in California, New Zealand, and

Japan. They found increasing average segment length and

decreasing fault step density with increasing cumulative

slip. Their results suggest further that the FS statistics of

earthquakes along relatively disordered structures with

many offsets and branches (like the San Jacinto fault in

California) are described by a power law relation up to the

largest events, while earthquakes on relatively regular fault

zones generated progressively with increasing cumulative

slip (such as the San Andreas fault in California) are better

described by the characteristic distribution. Power and

Tullis [1991], Renard et al. [2006], and Sagy et al. [2007]

analyzed the roughness of natural fault surfaces in

numerous locations. They found that the amplitude and

range of scales in the direction parallel to slip are reduced

considerably from those in the normal direction. The above

results and additional evidence summarized by Ben-Zion

and Sammis [2003] indicate that the range of size scales in

the distribution of fault properties evolves during deforma-

tion from a broad range without a preferred length scale to a

narrow one with a characteristic scale. The theoretical

studies discussed in section 5 indicate that the range of size

scales characterizing fault heterogeneities acts as a tuning

parameter for the dynamics of earthquakes on the fault.

2.4. Focal Mechanisms

[53] Important additional constraints on the geometry of

faulting are provided by earthquake focal mechanisms

derived from the distributions of amplitudes and motion

polarities of the radiated seismic waves [e.g., Jost and

Hermann, 1989; Julian et al., 1998; Dahlen and Tromp,

1998; Aki and Richards, 2002]. The focal mechanisms

contain information on tensorial properties of earthquakes

(i.e., potency-moment tensors) and the associated strain-

stress fields. There are various ways of parameterizing and

displaying quantities related to focal mechanisms and

potency-moment tensors. Below we present results from

recent analysis (Bailey et al., submitted manuscript, 2008)
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of �170,000 focal mechanisms of 1984–2002 southern

California earthquakes (Figure 5) in the magnitude range 0 <

ML 	 5.

[54] Figure 10 shows lower hemisphere equal area pro-

jections of first motion polarities (‘‘beach balls’’), and

superposed orientations of the associated principle strain

axes, of normalized summations of potency tensors P̂ij
TOT =

Pij
TOT/kPij

TOTk and source mechanism tensors P̂ij
SM = Pij

SM/
kPij

SMk in seven different tectonic regions of southern

California. Here Pij
TOT =

PN
k¼1

Pij
k and Pij

SM =
PN
k¼1

P̂ij
k with k

being an earthquake index (see also equations (7a)–(7c)). In

earthquake populations with wide range of sizes, observa-

tions associated with P̂ij
TOT are dominated by the largest few

earthquakes (equation (11)), whereas observations based on
P̂ij
SM are dominated by the numerous events in the lowest-

magnitude bin with complete recordings (equations (16)–

(17)). The results of Figure 10 exhibit clear differences

among the different regions. In addition, it is seen that the

principle strain axes associated in each region with P̂ij
TOT

and P̂ij
SM have similar orientations. The results indicate

diverse faulting geometries in southern California as a

whole, but relative internal homogeneity in each of the

tectonic subregions.

[55] Figure 11 provides additional details by plotting in

each of the seven tectonic regions the orientations of the

principle strain axes of P̂ij
TOT and P̂ij

SM for four different

magnitude bins. The results show clear internal consistency

in each region of strain axes orientations based on the

different summation types and different magnitude bins,

along with persistent differences of orientations among the

different regions. Bailey et al. (submitted manuscript, 2008)

found that the non-double-couple components of the

summed P̂ij
TOT and P̂ij

SM in most regions decrease with

increasing magnitude. Since non-double-couple compo-

nents of summed double-couple tensors stem from geome-

trical diversity of the examined population, the results imply

increasing homogeneity of faulting orientations for popula-

tions associated with larger event sizes. Exceptions are

observed in the Owen Valley (OW) region with volcanic

activity and LA region with significant mixing of different

faulting styles. (Bailey et al. (submitted manuscript, 2008)

examined statistical effects associated with larger numbers

and errors in magnitude bins of smaller events and

concluded that these are not responsible for the discussed

patterns.) The observations are consistent with inferences

made in other sections of the paper on persistent differences

in patterns of earthquakes and faults in different tectonic

regions and that larger earthquakes tend to occur on

geometrically simpler structures.

[56] Amelung and King [1997] analyzed potency tensors

of earthquakes in the San Francisco Bay area and found

similarly to the above results that earthquake strain patterns

vary among different subregions and are closely related in

each region to the geometry of the dominant fault. They also

found that summed tensors in different magnitude bins have

principle strain axes with similar orientations. However, in

contrast to our interpretation of such results as manifesta-

Figure 10. Beach ball plots for summations of potency and source mechanism tensors of earthquakes
with magnitudes 0 < ML 	 5 in seven tectonically defined southern California regions (rectangles with
letter codes). The summations are normalized such that the radii of all beach balls are equal. The
orientation of the maximum compressive (P), intermediate (B), and maximum extensive (T) strain axes of
the tensors are overlain as circles, diamonds, and squares, respectively. Reprinted from Bailey et al.
(submitted manuscript, 2008) with permission from Blackwell Publishing.
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tions of persistent regional differences and homogeneity of

faulting at different scales in a given region, they interpreted

the observations as associated with a fractal network of

faults. Kagan [1994] and others concluded that statistical

properties of focal mechanisms of regional seismicity are

compatible with scale-invariant faulting. As mentioned in

the context of frequency-size statistics and section 2.6, these

inferences are likely to be affected by mixing properties of

different populations.

2.5. Additional Patterns

[57] Additional reported patterns that may provide im-

portant information on the underlying physical processes

are temporal changes of geodetic slip rates [e.g., Thatcher,

1983; Ben-Zion et al., 1993; Pollitz et al., 2000; Hearn et

al., 2002; DiCaprio et al., 2008], migrations of large

earthquakes along individual fault zones, interactions

between large nearby faults, and quiescence and activation

over various space-time scales. A well-known example of

earthquake migration is the westward progression of the

large 20th century earthquakes along the North Anatolian

fault [e.g., Stein et al., 1997; Sengor et al., 2005]. Examples

of possible interactions between pairs of neighboring large

faults include the San Andreas and Hayward faults in the

San Francisco Bay area [Ellsworth, 1990] and the San

Andreas and San Jacinto faults in southern California

[Sanders, 1993]. Additional examples of correlations

between large earthquakes on one or several nearby faults

are given by Utsu [2002b], with the comment that such

patterns generally do not repeat.

[58] A basic form of activation process is increasing

rate of events in a relatively narrow space-time neigh-

borhood of future larger earthquakes. Such events, re-

ferred to as foreshocks, occur generally at smaller

frequency, smaller number, and smaller space-time win-

dows than the aftershocks [Jones, 1985; Console et al.,

Figure 11. Equal area projections showing orientations of the three principle strain axes (different
shaped symbols) of summed potency and source mechanism tensors in seven southern California
regions (letter codes above the circles) using earthquakes in four magnitude bins (different sized
symbols). Reprinted from Bailey et al. (submitted manuscript, 2008) with permission from Blackwell
Publishing.
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1993; Ogata et al., 1995]. However, Mogi [1963] showed

that areas with high temperature-fluid conditions and

complex faulting patterns have high foreshock and low

aftershock activity. McGuire et al. [2005] documented high

foreshock activity in oceanic transform faults. Peng [2007]

and B. Enescu et al. (Correlations of seismicity patterns in

southern California with surface heat flow data, submitted

to Bulletin of the Seismological Society of America, 2008)

observed high foreshock activity in southern California

regions with high heat flow or thick sedimentary cover. In

addition, stacked sequences of earthquakes show clear

patterns of foreshocks, with rates that increase toward the

time tM of the main shock in accordance with an inverse

Omori-Utsu law

DN=Dt ¼ K cþ tM � tð Þ�q; ð21Þ

where q 
 1 [e.g., Papazachos, 1973; Jones and Molnar,

1979].

[59] A large class of possible activation processes

involves accelerated seismic release in a broad region of

dimension that generally scales with that of the large event.

During such activation periods, which again appear to occur

only before some large earthquakes, several functions of

various seismicity parameters (e.g., number N and moment

M0) can be fitted by a number of functional forms [e.g.,

Keilis-Borok and Kossobokov, 1990]. One example, which

was the subject of considerable work and may be related to

approaching criticality, is the power law time-to-failure

relation of cumulative Benioff strain

X
ti<t

M
1=2
0 tið Þ ¼ Aþ B tf � t

� 	m
; ð22Þ

where t is time, tf is failure time of the large event

terminating the phase of accelerated seismic release, and

observed values of the exponent m typically fall in the range

0.2–0.4 [e.g., Bufe and Varnes, 1993; Bowman et al., 1998;

Jaumé and Sykes, 1999; Ben-Zion and Lyakhovsky, 2002;

Rundle et al., 2003]. Another potentially important activa-

tion process is based on the idea that earthquakes are

preceded by the development of a large-scale weakening in

the eventual rupture zone, which produces a swarm-like

cascading precursory activity [e.g., Evison and Rhoades,

2002]. The Every Earthquake a Precursor According to

Scale (EEPAS) algorithm of Rhoades and Evison [2004,

2005] is designed to detect such patterns, assuming that

every event represents a weakening process on a larger scale

and that the space-time dimensions of the ongoing

precursory activity correlate with the magnitude of the

future large event.

2.6. Remarks on Phenomenology

[60] Many properties of earthquakes and faults can be

described overall by power law relations. It is clear, how-

ever, that earthquake and fault patterns do not follow

universal power law statistics in all space-time domains.

High-resolution derivations of various quantities and distri-

butions (e.g., ta, hR, Cv, interevent times, hypocenter

locations, geometrical properties of active slip zones,

patterns of focal mechanisms, potency-magnitude scaling

relations, frequency-size statistics, and foreshock and after-

shock statistics) show systematic deviations from strict

invariance over the entire ranges of the examined data. The

available results indicate that earthquake quantities may

depend on geometrical and material properties of existing

fault zone structures, depth, regional lithology, temperature

and fluid regimes, and other possible controlling variables.

Figure 12. A transition in the mode of failure on a fault governed by rate- and state-dependent friction
from slow aseismic slip (marked with red) to dynamic instability and rupture at a critical nucleation size.
From Ben-Zion and Rice [1997].
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[61] Deviations from power laws, or for that matter any

distribution, can of course also be produced as a conse-

quence of statistical artifacts [e.g., Mulargia and Geller,

2003]. See Eneva [1996], Malcai et al. [1997], Harte

[2001], and Libicki and Ben-Zion [2005] for examples of

improper inferences on fractal distributions. Separating

possible statistical and physical reasons for deviations from

a given distribution is difficult because these two potential

classes of deviations have partially conflicting requirements

for resolving genuine properties of a system. In general,

calculations of good statistics require that the examined

population is sufficiently large to suppress statistical

fluctuations not representative of a larger sample of the

population. In studies of earthquakes and faults, this usually

leads to analysis of data associated with large spatial

domains due to the relatively short time intervals covered by

the recorded data. However, since faults evolve over

geological time (e.g., large plate-bounding faults have

different geometrical and physical properties than small

intraplate faults) and there are large-scale property varia-

tions (e.g., oceanic versus continental lithosphere and cold

versus hot regions), using overly large spatial domains will

mix different populations. The choice of observations to be

examined can produce artificial features due to insufficient

data, but it can also suppress genuine physical features due

to mixing of populations.

[62] To avoid suppressing genuine dynamical features by

statistical averaging, it is necessary to have physical criteria

for selecting space-time domains from which high-resolution

statistical properties can be extracted. These may be

developed by joint theoretical and observational studies that

establish, through an iterative feedback loop, causal rela-

tions between physical properties of a deforming system

and response functions. In sections 5 and 6 we review

theoretical studies that attempt to develop such criteria and

provide physical explanations for systematic deviations

from power law relations. First, however, we provide in

sections 3 and 4 additional background material with overall

focus on power law distributions.

3. SCALE INVARIANCE VERSUS CHARACTERISTIC
SCALES

[63] Observed power law distributions, having no scales,

may reflect a genuine lack of a preferred scale in the

underlying system. As noted, however, they may also result

from mixing data of different systems, each having one or

more characteristic scales, which produces collectively

many (and hence no preferred) scales. In section 2 we

discussed several possible characteristic scales in patterns of

earthquakes and faults related to the structure of fault zones

and the lithosphere. It is important to recognize that devia-

tions from scale-invariant response may arise not only from

scales in properties of the system but also from transitions in

the dynamical behavior at some critical size, velocity, or

time interval.

[64] One basic candidate for a general dynamic origin of

power law statistics of earthquake and fault quantities is the

lack of characteristic space and time scales in the equations

governing brittle deformation. For example, equation (4) for

particle motion in a solid sustaining elastic deformation is

scale-free. As mentioned in section 1, however, the Navier

equation (4) describes only infinitesimal motion rather than

finite brittle deformation. The continuum hypothesis on

which equation (4) and related expressions are based is

likely to break down at the rupture scale during faulting

events, which disrupt the physical continuity of the material,

especially in situations leading to fault opening [e.g., Ben-

Zion, 2001, and references therein]. In addition, solutions to

physical problems depend fundamentally on initial and

boundary conditions, which select relevant outcomes from a

family of possible mathematical answers to a given equation

of motion. For long-term collective behavior, associated

with results that persist beyond transients related to the

initial state, the initial conditions are not important.

However, the boundary conditions can have essential

effects on the long-term evolution. As illustrated below

with several examples, length scales in boundary conditions

associated with rheology, existing large-scale structures,

distributed heterogeneities, and interaction of dynamic

processes with these introduce into physical solutions

related scales such as the smallest and largest likely event

sizes and produce additional deviations from a scale-

invariant response at intermediate scales.

[65] An example at a relatively small spatial scale is a

transition from stable aseismic deformation to dynamic

rupture at a nucleation size whose dimension depends on

frictional parameters of the fault and elastic properties of the

surrounding rock. For rate- and state-dependent friction, the

nucleation size for dynamic instability can be written [e.g.,

Rice, 1993] as

h� ¼ Cm L= b� að Þ sn � pð Þ½ �; ð23Þ

where C is a dimensionless constant of order 1, a gives the

amplitude of the initial change of the friction coefficient

following a velocity jump, b gives the amplitude of a

gradual strength evolution over a characteristic slip distance

L (also denoted by Dc) related to the roughness of the

sliding surfaces and thickness of the slip zone, m is the

rigidity, sn is the normal stress, and p is pore pressure.

Figure 12 illustrates this transition with results of computer

simulations of slip on a fault governed by rate-state friction

(section 5.1). During continuous slow loading, regions of

accelerating slip, serving as potential sites for future

hypocenters, grow quasi-statically on the fault. When one

such region reaches a size comparable to h*, there is a

dynamic breakout from the nucleation zone and transition to

seismic rupture that can grow rapidly to a much larger size

before being arrested by strength or stress heterogeneities.

Additional estimates for the nucleation size of dynamic

instability and illustrations of this transition for rate-state

friction are given by Dieterich [1992], Lapusta et al. [2000],

and Ampuero and Rubin [2008]. Similar transitions

characterize deformation processes associated with sub-

critical crack growth [e.g., Atkinson, 1984; Scholz, 2002]
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and slip-weakening friction [e.g., Rice, 1980; Ohnaka,

2003].

[66] The transition from aseismic slip to dynamic rupture

at a finite nucleation size of the type associated with

equation (23) produced hopes that the precursory aseismic

deformation associated with the nucleation process may be

observed geodetically. For such efforts to be useful, the size

of the nucleation zone should scale with the size of the

impending earthquake (to allow differentiation between the

multitudinous ongoing small events and the rare large ones),

and the nucleation process of large events should be large

enough to be detectable. Dieterich [1992] and Ben-Zion

[2003] estimated the equivalent earthquake magnitude of a

nucleation phase associated with lab values of the frictional

parameter in equation (23) to be in the range �2 to �4.

(Note that since ruptures can be arrested at an arbitrarily

small size after nucleation, the existence of a finite

nucleation size is related, but not necessarily equal, to a

minimum earthquake size.) With the present surface and

borehole geodetic instruments, it is not possible to detect

such small nucleation processes at seismogenic depths (e.g.,

7.5 km) where large earthquakes nucleate. There have been

suggestions [e.g., Scholz, 1988; Marone and Kilgore, 1993;

Shibazaki and Matsu’ura, 1998; Ohnaka, 2003] that large

natural fault zones may have much larger L (or Dc) values

than those measured in the lab because of large roughness or

thick inelastic deformation zone and correspondingly much

larger nucleation process. However, the observations

summarized by Ben-Zion and Sammis [2003] and section 2.3

indicate that the roughness of slip surfaces and thickness

of the slip zones in natural fault structures decrease, rather

than increase, with the fault size. Moreover, high-resolution

geodetic measurements [e.g., Johnston and Linde, 2002;

Johnston et al., 2006] and observations of earthquakes with

M < �1 in several large fault zones [e.g., Abercrombie and

Leary, 1993; Nadeau and McEvilly, 1999], including the

San Andreas fault, imply that the nucleation zones on large

faults are not significantly larger than that associated with

lab results. Another complication stems from the develop-

ment of some aseismic slip patches to large episodes of

propagating creep, referred to as silent earthquakes, without

leading to dynamic ruptures [e.g., Sacks et al., 1978; Linde

et al., 1996; Dragert et al., 2001; Cervelli et al., 2002].

[67] Several studies suggested that early signals in radi-

ated seismic waveforms scale with the final earthquake size.

Such scaling, if it exists, can be useful for early warning

systems [e.g., Nakamura, 1988; Kanamori, 2005] that may

be used to shut off critical facilities and initiate evacuation

and relief efforts. Iio [1995] employed the time difference

between the first clear onset in seismograms and the

projected onset if the P wave was a ramp function.

Ellsworth and Beroza [1995] used the time between an

initial low-amplitude arrival and the following large-

amplitude phase. Nakamura [1988] and Olson and Allen

[2005] employed dominant periods, related to measures of

the corner frequency and hence the stress drop, in the early

portion of the seismograms. Wu and Zhao [2006] and Zollo

et al. [2006] used corrected peak displacement, related to

Figure 13. (top) Stress versus distance from the edge of (bottom) ruptures growing in elastic solid.
Ruptures with a critical size Rc produce dynamically stress comparable to the static friction ts, leading to
runaway events.
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measures of the local magnitude, in the early waveforms.

Lewis and Ben-Zion [2007, 2008] examined scaling

between all these signals and event sizes using near-fault

seismograms recorded on the North Anatolian fault and in a

deep South African mine. The results show weak to modest

scaling for the various signals, within large amounts of

scatter. The clearest scaling and smallest scatter were found

for the signals associated with dominant periods [e.g., Olson

and Allen, 2005] and corrected peak displacement [e.g., Wu

and Zhao, 2006]. The observed scaling of these signals has

a simple explanation in terms of a statistical tendency of

stronger initial rupture phases to propagate farther and

produce larger events.

[68] A different type of nucleation preceding dynamic

frictional instability has been observed in recent experi-

ments with high-resolution imaging of the sliding process

[Rubinstein et al., 2004, 2006]. In these experiments a slow

front of aseismic slip propagated over the entire sample,

preparing the conditions (probably through dilation and

partial separation of the surfaces) for macroscopic dynamic

rupture. This process may be related to a spectrum of slow

slip events that are sometimes reported to occur before

earthquakes [e.g., Okal and Stewart, 1982; Ihmlé and

Jordan, 1994; Hirose and Obara, 2005]. The same process

may also be associated with clusters of nonvolcanic tremors

[e.g., Ide et al., 2007; Shelly et al., 2007] and the regional

precursory seismicity patterns that are detected by the

swarms-based EEPAS algorithm [e.g., Evison and Rhoades,

2002; Rhoades and Evison, 2004, 2005].

[69] In a rock volume without an existing frictional

surface or dominant crack under compressive shear stress,

the nucleation process leading to dynamic instability does

not consist of evolving slip on a surface as discussed above.

In such cases, progressive loading produces distributed

microcracks that at some stage begin to coalesce onto a

volumetric ‘‘seed’’ region of concentrated damage. When

Figure 14. (a) Cumulative and (b) discrete frequency-size statistics of earthquakes in a model of a
segmented fault zone in elastic solid with fault heterogeneities characterized by a narrow range of size
scales. Region 1 is self-similar with a b value of about 1, region 2 shows enhancement in frequency of
intermediate-size events with a peak at rupture area having the dimension of the seismogenic zone
thickness, and region 3 has a peak for events with the size of the entire fault section. The deviations from
self-similarity beyond region 1 are generated by runways events, leading to statistics compatible with the
characteristic distribution. (c and d) Same as Figures 14a and 14b in a model with fault heterogeneities
characterized by a wide range of size scales. The heterogeneities stop runaway events and the statistics
are compatible with the Gutenberg-Richter distribution. From Ben-Zion and Rice [1995].
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the concentrated damage approaches a critical level, there is

a transition to instability that leads to localization and

creation of a throughgoing rupture. Such a process is

observed in acoustic emission studies [e.g., Lockner et al.,

1992; Reches and Lockner, 1994; Stanchits et al., 2006] and

is incorporated in the damage rheology model discussed in

section 6. Additional nucleation mechanisms may be

generated or modified by a variety of fluid and thermal

effects [e.g., Keilis-Borok, 1990; Regenauer-Lieb and Yuen,

2003; Afferrante et al., 2006; Rice, 2006; Hillers and Miller,

2007].

[70] A second example of a dynamical transition breaking

scale-invariant response at a larger spatial scale stems from

the scaling of stress concentration in elastic solid with the

rupture dimension [Ben-Zion and Rice, 1993, 1995]. As

illustrated in Figure 13, the long-range elastic stress transfer

from a slipping zone to the edge of the rupture area is

proportional to the square root of the rupture dimension

[e.g., Lawn, 1993; Ben-Zion, 2003]. When a rupture

surrounded by elastic solid reaches a critical size Rc, for

which the stress transfer to the edge is comparable to a

typical stress drop, it can generate dynamically at the

propagating edge sufficient stress to produce a failure at an

area that just sustained a stress drop. Such ruptures can

become ‘‘runaway events’’ that continue to grow (statisti-

cally) to a size limited by strong heterogeneities or the

overall fault dimensions. On a smooth continuum fault

(section 5.1) the critical size Rc is comparable to the

nucleation size h*, and essentially every successful

nucleation phase becomes a runaway failure that grows to

a system-size event [e.g., Rice, 1993; Ben-Zion and Rice,

1997; Lapusta et al., 2000; Hillers et al., 2006]. In a

segmented fault zone consisting of a collection of discrete

slip patches in a surrounding elastic solid (section 5.2), the

critical size Rc is related to the range of size scales

characterizing the fault heterogeneities and is orders of

magnitudes larger than h* [Ben-Zion and Rice, 1993; Ben-

Zion, 1996]. In relatively mature fault zones with a narrow

range of size scales, the runaway events produce peaks in the

FS statistics at rupture areas corresponding to large-scale

dimensions of the fault, and the resulting statistics are

compatible with the characteristic distribution (Figures 14a

and 14b). On the other hand, in highly disordered fault

zones with heterogeneities characterized by a wide range of

size scales (not necessarily following a power law

distribution), the runway events are suppressed, and the

FS statistics are power law distributed over the entire

range of event sizes (Figures 14c and 14d). The results

summarized in section 5.2 indicate that the range of size

scales of fault zone heterogeneities is a tuning parameter of

the event statistics. Progressive regularization of geome-

trical heterogeneities is also expected to change properties

of individual dynamic ruptures and produce in large mature

faults higher mechanical efficiency associated with higher

rupture velocity, higher ta (equation (13)), and higher hR
(equation (14)).

[71] A third example, related to material properties, is

associated with major differences in properties of dynamic

ruptures on faults that separate similar or dissimilar materi-

als. Small faults, on which the majority of the ongoing

seismicity occurs, may be considered to be surrounded by a

nominally homogeneous solid. However, plate boundaries

and other major faults, which are the sites of the large

earthquakes, have prominent bimaterial interfaces that sep-

arate different media. These are generated progressively by

the creation of damage during the faulting process and the

juxtaposition of different rock bodies across large displace-

ment faults. Large faults also tend to nucleate and grow

along preexisting geological sutures that separate different

blocks. Geological studies show that the active slip zone in

large fault structures is often localized along the overall

lithology contrast and/or the boundary of a damaged fault

zone layer [e.g., Sibson, 2003; Sengor et al., 2005; Dor et

al., 2006, 2008]. There are fundamental differences between

rupture along a bimaterial interface and corresponding

rupture in a homogeneous solid [Weertman, 1980; Adams,

1995; Andrews and Ben-Zion, 1997; Ben-Zion, 2001;

Ranjith and Rice, 2001]. The differences stem from the

fact that slip along a bimaterial interface induces dynamic

changes of normal stress near the propagating tip, whereas

in a homogeneous solid these two quantities are not

coupled. The interaction between slip and normal stress

along a bimaterial interface can reduce dynamically the

frictional strength to zero and may lead to local fault

opening [e.g., Weertman, 1980; Ben-Zion and Huang,

2002]. This makes bimaterial interfaces mechanically

favored surfaces for rupture propagation [Ben-Zion and

Andrews, 1998; Brietzke and Ben-Zion, 2006]. Detailed

parameter space studies indicate that ruptures on a

bimaterial interface tend to evolve during propagation from

initial symmetric cracks with relatively low mechanical

efficiency to slip pulses with preferred propagation direction

and high mechanical efficiency [e.g., Shi and Ben-Zion,

2006; Brietzke et al., 2007; Dalguer and Day, 2007;

Ampuero and Ben-Zion, 2008; G. B. Brietzke et al.,

Importance of bimaterial interfaces for earthquake dynamics

and strong ground motion, submitted to Geophysical

Journal International, 2008]. Local permeability contrast

across the fault can also produce asymmetric rupture as well

as asymmetry of aseismic slip [Rudnicki and Rice, 2006;

Yamashita, 2007]. The progressive development of bima-

terial interfaces in fault zone structures is expected to

change over geological time the mode of earthquake

ruptures on the fault, the energy partition during the

faulting process, the ability of the fault to localize future

earthquake ruptures, and a variety of related dynamic and

evolutionary phenomena [Ben-Zion and Andrews, 1998;

Ben-Zion, 2001]. These differences are likely to contribute

to the deviations noted in section 2 of various dynamic

quantities (e.g., ta and hR) associated with large earthquakes

from the approximate scale invariance scaling characteriz-

ing the small events.

[72] A final well-known example, already mentioned in

section 2.3, is the transition from predominantly brittle to

predominantly ductile behavior at a depth (generally around

10–20 km in California) where the pressure and tempera-
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ture are high enough to favor viscous-plastic yielding on

initiation of brittle instabilities [e.g., Brace and Kohlstedt,

1980; Sibson, 1982; Shimamoto, 1986; Rutter, 1986]. This

is manifested by the limited depth distribution of hypo-

centers (Figure 9) which defines the seismogenic zone. The

corner magnitude that modifies the power law regime of

frequency-size statistics of regional earthquakes at large

scale [e.g., Wyss, 1973; Kagan, 2002] and several other

observed length scales in fault properties [e.g., Scholz,

1991; Ouillon et al., 1996] are probably related to the depth

extent of the seismogenic zone. We note that once

earthquake ruptures are initiated by hypocenters, they may

penetrate below the brittle-ductile transition depth while

sustaining in that region small or negative stress drops that

ultimately limit their depth penetration [e.g., Sibson, 1980;

Ellis and Stockhert, 2004; Ben-Zion and Lyakhovsky, 2006].

The distribution of rupture depths (or widths) is thus

expected to have a larger upper bound, and to be more

diffuse, than the corresponding hypocenter distribution

[e.g., Heimpel, 2006; Hillers and Wesnousky, 2008].

[73] The above examples of length scales may lead to

corresponding time scales (e.g., of large earthquake cycles

and triggering effects) via characteristic velocities (e.g., of

far-field plate motion, seismic waves, viscous relaxation,

and fluid migration). We emphasize again that while indi-

vidual fault zones with given rheology, structure, and other

existing conditions are likely to have a number of charac-

teristic length scales, broad regions with a collection of

many faults (having different sizes, different dip angles,

etc.) may no longer have characteristic scales because of

statistical averaging. Therefore, statistics of regional earth-

quakes are likely to follow approximately power law dis-

tributions even if the statistics associated with individual

fault zones have genuine deviations from scale-invariant

response.

4. PHASE TRANSITIONS AND CRITICALITY

[74] An important physical mechanism that can produce

multiple power law distributions is proximity of dynamic

variables to values associated with a critical phase transi-

tion. The standard terminology of phase transitions [e.g.,

Yeomans, 1992; Binney et al., 1993] was developed for

systems in thermal equilibrium. Earthquakes are far-from-

equilibrium phenomena; however, the slow loading and

healing deformation phases that precede and follow the

earthquake episodes, and make up most of the ‘‘earthquake

cycles,’’ are associated with metastable situations that might

be treated as near-equilibrium states. In addition, it has been

shown that statistical physics terminology and techniques of

systems in equilibrium can be used to analyze the dynamics

of systems that are far from equilibrium [e.g., Kadanoff,

1999; Sethna et al., 2001, and references therein]. Numerous

studies provide examples of such analyses associated with

systems of earthquakes and faults [e.g., Chen et al., 1991;

Cowie et al., 1993; Miltenberger et al., 1993; Saleur et al.,

1996; Fisher et al., 1997; Klein et al., 2000; Rundle et al.,

2003; Dahmen and Ben-Zion, 2008].

[75] As a brief introduction to phase transitions, recall the

first law of thermodynamics governing the conservation and

partition of energy. During an evolving process (in our case

rock deformation), the energy balance in a system can be

expressed as

dW=dt þ dQ=dt ¼ d K þ Uð Þ=dt; ð24Þ

where W, Q, K, and U are mechanical work, heat, kinetic

energy, and internal energy, respectively, all per unit mass or

volume. The internal energy is an intrinsic potential such as

gravity, magnetic field, chemical potential, and (most

relevant to us) elastic strain energy. If the internal energy

is known as a function of strain e and entropy S, it forms a

complete equation of state, and all other equilibrium

properties of the system, like specific heat, magnetic

susceptibility, and stress-strain relation, can be obtained

from it by differentiation. For some applications it is

preferable to use the strain and temperature T as

independent thermodynamic variables. In that case, the

complete equation of state is associated with the Helmholtz

free energy F defined as F = U � TS, where F, U, and S are

per unit mass or volume.

[76] The stress tensor sij and moduli tensor cijkl of elastic

deformation can be obtained from the strain energy density

function W and strain tensor eij by the following derivatives:

sij ¼ r0 @W=@eij ð25aÞ

Figure 15. A phase diagram for a solid-liquid-gas system
with discontinuous (first-order) transitions across the
boundary lines and a continuous (second-order) transition
at the point associated with critical values of temperature
and pressure. See related text in section 4 for additional
explanations.
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and

cijkl ¼ @2W=@eij@ekl; ð25bÞ

where r0 is mass density ifW is energy density per unit mass

or 1 if it is energy density per unit volume [e.g., Malvern,

1969; Ben-Zion, 2003]. For deformation under adiabatic

conditions the appropriate choice for W is U, while for

isothermal deformation it is F. Rice [1999] gives an

overview of stress-strain relations and energy functions

for a class of rheologies satisfying instantaneous elasticity

including elastic, viscoelastic, viscoplastic, and elastoplastic

behaviors. Lyakhovsky et al. [1997a, 1997b] provide

expressions for the energy function and stress-strain relation

for a cracked solid governed by a thermodynamically based

continuum damage rheology with evolving elastic moduli

(section 6).

[77] A phase transition occurs when there is a singularity

or loss of convexity in F, U, or one (or several) of their

derivatives (referred to collectively as response functions).

If one or more of the first derivatives of F or U has a finite

discontinuity, the transition is called first-order, or dis-

continuous transition. If the first derivatives are continuous

but one or several of the second (or higher) derivatives are

discontinuous, the transition is termed second (or higher)

order, continuous, or critical transition. Figure 15 shows a

schematic phase diagram for a gas-liquid-solid system. The

dynamic variables that span the phase diagram (here

temperature T and pressure P) are referred to in this context

as tuning or control parameters. Phase transitions at general

values of the tuning parameters (i.e., across lines of the

phase boundaries) are discontinuous (or first-order) and are

associated with finite energy barriers (e.g., latent heat) and

jumps of various macroscopic properties and response

functions (e.g., density, compressibility, viscosity, and

specific heat). For special values of the tuning parameters,

referred to as critical points of the phase diagram (e.g., Tc
and Pc), different phases can coexist with the same

macroscopic properties (e.g., density and viscosity), and

transitions between the phases are continuous or critical

(i.e., without the energy barriers and jumps that characterize

the discontinuous transitions).

[78] An important variable in the context of phase tran-

sitions is the correlation length that quantifies the size of the

largest fluctuation in the system from the macroscopic

background state. Away from critical points, the correlation

lengths in space and time are small. For example, the gas,

liquid, and solid phases are characterized macroscopically

by more or less uniform states of relative disorder, inter-

mediate order, and largest order, respectively. The fluctua-

tions in each phase from the background state occur over

very short spatiotemporal scales, and their correlation

lengths are correspondingly very short. As a critical point

is approached, however, fluctuations occur over larger and

larger spatiotemporal scales. At the critical point itself the

correlation lengths diverge in space and time, and fluctua-

tions occur over all available scales. An important manifes-

tation of the wide range of fluctuations near criticality is that

the system response in such a state is scale-independent, and

various variables follow, asymptotically as the critical point

is approached, power law distributions (Figure 15). An

important manifestation of the diverging correlation lengths

is that near criticality a local perturbation in any part of a

system can cascade to a system-size event (i.e., the suscep-

tibility of a system near a critical point becomes unbounded).

[79] The proximity of a system to a critical point can be

quantified in terms of the tuning parameters, which reflect

the applied fields, or internal properties (response functions)

that are discontinuous at first-order transitions and contin-

uous at critical transitions. Differences in the values of such

internal properties at the different phases are called order

parameters. These are finite for discontinuous transitions

and vanish as a critical point is approached. Examples of

order parameters for the gas-liquid-solid system are density,

compressibility, and latent heat. Corresponding examples of

possible order parameters for a phase transition associated

with a brittle fracture of rock (section 7) are the mass

density, elastic moduli, and fracture surface energy density.

[80] Discontinuous phase transitions occur physically

through a nucleation process in which a nucleus of one

phase grows inside the other phase while absorbing or

releasing a certain amount of energy barrier associated with

the transition. Familiar examples are melting or evaporation

at noncritical P and T conditions (lines in Figure 15) through

the absorption of latent heat. This process is similar

qualitatively to the nucleation of frictional instability,

discussed in the context of equation (23), which grows

along an internal surface in a rock from an aseismic nucleus

to a dynamic rupture while absorbing fracture energy from

the elastic strain energy stored in medium. In contrast,

critical transitions occur physically through the progressive

development of a coexisting mixture of scale-invariant

domains of both phases (i.e., ‘‘islands’’ and ‘‘lakes’’ of solid

and liquid phases characterized by long-range correlations

and power law frequency-size statistics), without a

dominant nucleation phase that spreads across the system.

Ben-Zion et al. [2003] showed with model calculations

(discussed in more detail in section 5.2) that a correspond-

ing situation develops along an inherently discrete fault in a

3-D elastic solid during a large earthquake cycle. In this

case the approach to criticality is associated with the

progressive occurrence of slip events leading to a wide

range of stress deficit fluctuations, long-range correlations,

and increasing power law range of frequency-size event

statistics. Similar results were found in the context of block-

spring and other earthquake models [e.g., Sammis et al.,

1996; Rundle et al., 2003, and references therein].

[81] Another type of criticality is a spinodal transition

associated with combined first- and second-order transitions

[e.g., Debenedetti, 1996]. Figure 16 shows isotherms of the

van der Waals equation of state for fluids (equation (3)). At

high temperatures T > Tc, the isotherms are monotonic, and

for each value of P there is a single value of V; that is, only

one phase (gas) exists. For low temperatures T < Tc, the

isotherms have a nonmonotonic structure with local extrema

(e.g., minimum at point 2 and maximum at point 4). The
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segment 2–4 between the local extrema is mechanically

unstable since in that region, @P/@V > 0 and the fluid tends

to compress itself. For such isotherms with T < Tc, there are

several possible solutions of V (e.g., points 1, 3, and 5) for

each value of P. The horizontal line connecting the possible

solutions, referred to as the ‘‘Maxwell construction,’’ has

the property that the areas between its separate segments

(i.e., 1–3 and 3–5) and the van der Waals isotherm are

equal. The middle solution in the region @P/@V > 0 (point 3)

is unstable, while solutions 1 and 5 are stable and

correspond to liquid and gas phases, respectively. The

transitions between the different phases along the horizontal

lines (e.g., 1–5) at constant temperature and pressure are

discontinuous or first-order and involve absorption or release

of latent heat. The segments between the stable solutions for

the liquid and gas phases and the unstable region (2–4) are

metastable; that is, along 1–2, there is a metastable liquid,

and along 5–4, there is a metastable vapor. A fluid under

metastable conditions can undergo an abrupt transition to the

other phase with a small perturbation.

[82] At the critical temperature Tc, the local extrema

coalesce to a saddle point, and the transition between the

two phases becomes continuous or critical. Such a critical

point, associated with coalescence of local extrema and

metastable and unstable regions of a phase diagram, is

called a spinodal criticality, and it has signatures of both

discontinuous (e.g., finite energy barrier) and critical (e.g.,

development of long-range correlations and power law

distributions) transitions [e.g., Klein and Unger, 1983;

Debenedetti, 1996]. The dashed line in Figure 16, called a

spinodal line, encloses the region of the phase diagram

where two separate phases (gas and liquid) can coexist. The

maximum of the spinodal line lies at the saddle point of the

isotherm T = Tc, i.e., at the spinodal criticality. The phase

transition near a spinodal criticality occurs through a

process (akin to that of a critical transition) involving the

development and coalescence of many nuclei of different

sizes, rather than the growth of a dominant nucleus [e.g.,

Monette and Klein, 1992]. This is somewhat similar to the

nucleation process of brittle fracture of rock without a

preexiting dominant failure zone, described in section 3,

through the coalescence of distributed damage in the bulk.

Rundle and Klein [1989], Selinger et al. [1991], Zapperi et

al. [1999], and Shcherbakov and Turcotte [2003] discuss

possible connections between ruptures and spinodal criti-

cality. Klein et al. [2000, and references therein] studied

extensively the relations between earthquakes and spinodal

criticality with various types of block-spring models. Nagel

[1992] suggested that the dynamics of avalanches in

granular material may be associated with a spinodal

criticality. Aharonov and Sparks [1999] observed in

numerical simulations with granular material a rigidity

transition at a critical packing with signatures of spinodal

criticality. Similar signatures are seen in jamming transitions

Figure 16. A phase diagram for a gas-liquid system with isotherms (solid lines) of the van der Waals
equation. The spinodal line encloses the region where both phases can coexist, and its maximum point
marks the conditions associated with a spinodal criticality. See related text in section 4 for additional
explanations.
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of granular media [e.g., O’Hern et al., 2003]. The

theoretical and observational results discussed in this paper

suggest (section 7) that brittle instability of damaged rocks

is associated with a spinodal-like transition between

continuum/solid and discrete/granular states of material.

[83] Since various properties and response functions of a

system change gradually across a critical phase transition,

the approach to criticality can be tracked in principle by

following the evolution of appropriate variables. Examples

of seismicity variables that may be used to track the

approach of large earthquakes are seismicity rate [e.g.,

Keilis-Borok and Kossobokov, 1990; McGuire et al.,

2005], cumulative Benioff strain [e.g., Bufe and Varnes,

1993; Bowman et al., 1998; Jaumé and Sykes, 1999;

Papazachos et al., 2006; Mignan, 2007], b value of

frequency-size statistics [e.g., Wiemer and Wyss, 2002;

Schorlemmer et al., 2004] or more generally the ratio of

the number of events in large- and small-magnitude ranges

[e.g., Eneva and Ben-Zion, 1997a, 1997b], changes in

hypocenter locations [e.g., Frohlich and Davis, 1990;

Eneva and Ben-Zion, 1997a, 1997b; Zöller and Hainzl,

2002; Tyupkin and Di Giovambattista, 2005; Yuen et al.,

2008], deviations from predictions associated with the ETAS

model [e.g., Ogata, 2005; Matsu’ura and Karakama, 2005;

Hainzl and Ogata, 2005], and functions of such variables

[e.g., Rundle et al., 2003; Rhoades and Evison, 2005;

Console et al., 2006; Papadimitriou et al., 2006; Helmstetter

et al., 2006]. However, efforts to use these and other signals

for practical forecasting purposes have met so far with little

success.

[84] One class of problems for analysis of seismicity is

the crude state of the available earthquake catalogs, even in

the best instrumented area, due to the relatively short

recording time (typically a fraction of a single large earth-

quake cycle), limited resolution (typically above magnitude

M = 1–2), and various errors generated during network

operation and construction of the catalogs [e.g., Habermann,

1987; Eneva et al., 1994]. A second class of problems

involves numerous analysis artifacts, some of which may

be subtle because of the inherent complexity of the

earthquake process combined with the limited and noisy

available data. Examples include correlations generated by

integration of noise [Huang et al., 2000; Harte, 2001] and

(in analysis of a somewhat different problem) interpolation

of data points [Kirchner and Weil, 1998], improper

accounting for expectations associated with random fluctua-

tions [e.g., Eneva et al., 1994; Johnson and Sheridan, 1997;

Hardebeck et al., 2008], finite-size effects at small and large

scales associated with catalog errors and overall size of the

examined data [e.g., Eneva, 1996; Harte, 2001; Kagan,

2007], and the general nonuniqueness of interpretation

which is especially pronounced in analysis of complex data.

For more on earthquake forecasting, see Lomnitz [1996],

Main [1996], Evans [1997], the 1999 Nature debate on

earthquake forecasting (available at http://www.nature.com/

nature/debates/earthquake/), Kagan [1999], Mulargia and

Geller [2003], Keilis-Borok and Soloviev [2003], Rundle et

al. [2003], Hough and Olsen [2007], and Vere-Jones [2008].

4.1. Stochastic Branching

[85] Vere-Jones [1976, 1977] and Kagan [1982] devel-

oped stochastic branching models that reproduce, for critical

values of parameters, several statistical properties of

regional patterns of earthquakes and faults. See also Otsuka

[1972], Saito et al. [1973], and Libicki and Ben-Zion

[2005]. The mathematical theory of stochastic branching

[e.g., Harris, 1963] has been developed to provide a

statistical description of ‘‘family trees’’ generated by

biological and physical processes, like genetic evolution

and nuclear reactions, involving propagation (‘‘offspring’’)

and termination (‘‘death’’) events of a cascading process.

The applications of Vere-Jones [1976, 1977] and Kagan

[1982] employ results of the general branching theory for

cases where the size of the domain or event population is

unbounded, there are no large-scale heterogeneities, and the

number of offspring events for each ‘‘parent’’ is governed

by a Poissonian distribution that is independent of previous

history, number of current ‘‘neighbors,’’ etc.

[86] Vere-Jones [1976] assumed that populations of

‘‘micro’’ flaws in a rock may be described by family trees

of a Poissonian branching process with a rate parameter m

giving the mean number of offspring per parent. Different

conditions (e.g., stress level) are assumed to be associated

statistically with different m values, and linked chains of

branches are assumed to represent ‘‘macro’’ failures of

different sizes. If m < 1, the evolution is subcritical, only

small macroevents are generated, and the process terminates

at a finite time after producing a narrow range of event

sizes. If m > 1, the evolution is unstable or supercritical,

there is a finite probably for the occurrence of an unbounded

macrofailure (or system-size event in a finite domain), and

the process again generates a narrow range of events and

ceases to evolve after a finite time. For the intermediate

transition case of m = 1, the evolution is critical and the

process continues to evolve in an unbounded system

indefinitely, producing a wide range of event sizes.

[87] Vere-Jones [1976, 1977] showed that for m 	 1 the

probability of a macrofailure of size x is given asymptoti-

cally as

Prob macro size ¼ xf g � x�1�b exp �dxð Þ; ð26Þ

where b = 1/2 and d approaches zero as m approaches 1

from below. For the critical case m = 1, the probability

density of event size x and probability of events larger than

x are given (for the discussed model assumptions) by power

laws with exponents �3/2 and �1/2, respectively. Assum-

ing that x represents the area of a macroevent, using a scaling

relation between the failure area and radiated seismic energy

ER = xg and using the energy magnitude scaling relation

log10ER = cM + d lead to frequency-size statistics of

macrofailure events compatible with the Gutenberg-Richter

distribution (equations (17a) and (17b)).The resulting b value

is related to the other constants and exponents as b = bc/g.
Setting c = 1.5 in agreement with the empirical results of

Gutenberg and Richter [1956] given in equation (12) and

assuming that g = 1, Vere-Jones [1976] obtained a
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predicted b value of 0.75. The results summarized in

section 2 indicate that the value g = 1 assumed by Vere-

Jones [1976] is expected for a fractal-like slip on a plane

(equation (10)) combined with a scale-invariant process for

which ER � P0 or ta 
 const (equation (13)).

[88] Fisher et al. [1997] found analytically that an

inherently discrete fault in a 3-D elastic solid (section 5.2)

has a critical point of phase transition and that for

parameters near the critical point the frequency-moment

statistics have the same form as (26), with exponential

tapering for large events associated with finite-size effects

or with the distance from the critical point. The associated

frequency-magnitude statistics are again compatible with

the Gutenberg-Richter distribution with b = 0.75. Main and

Burton [1984] obtained a similar functional form from

maximum entropy considerations. The results of Fisher et

al. [1997] suggest that statistics of events on a collection of

faults with different sizes or different proximity to criticality

may be given by a superposition of power laws with

different exponential tapers. Vere-Jones et al. [2001] discuss

statistics associated with such superpositions.

[89] It may be informative to estimate the b values that

are predicted by the critical process with b = 0.5 for other

representative cases of g and c. Using the crack-type scaling

relation g = 3/2 (equation (9)), assuming ta 
 const, and

keeping c = 1.5 lead to b = 0.5. However, the crack-like

value g = 3/2 is not appropriate for a critical process [Fisher

et al., 1997]. Since the exponent g = 1 for fractal-like slip

on a plane is smaller than the 3/2 value for the crack-like

case, it is reasonable to expect that g < 1 for a volumetric

branching process with highly disordered nonplanar rup-

ture. If g = 0.75 and c = 1.5, the predicted b value is 1.0. If

the value of c is reduced from 1.5 to 1.35, as suggested by

the observations of Ben-Zion and Zhu [2002] for southern

California earthquakes with M < 6, the predicted b values

for g = 1, 1.5, and 0.75 (with critical exponent b = 0.5 and

ta 
 const) are 0.9 times the previous corresponding

results. Frohlich and Davis [1993] found that stable b

values of earthquakes shallower than 50 km in the Harvard

catalog with thrust, strike-slip, and normal focal mechan-

isms are about 0.85, 0.75, and 1.05, respectively. The results

of Vere-Jones [1976, 1977] and Fisher et al. [1997] for

critical stochastic branching and critical phase transition are

thus compatible with the observations, especially for values

of g 	 1 corresponding to highly disordered ruptures.

[90] Kagan [1982] simulated spatiotemporal patterns of

earthquakes and faults in a stochastic branching model

consisting of elementary slip patches governed by one

temporal and six spatial probability distributions. The

elementary slip patches were combined to form macroe-

vents using a family tree of a branching process with a

critical parameter m 
 1. The properties of the combined

macroevents were based on attributes prescribed to the

elementary slip patches according to the following rules.

(1) The position of each ‘‘offspring’’ patch is shifted

randomly along the patch of the ‘‘parent.’’ (2) The fault

surfaces and slip vectors of offspring patches are rotated from

those of the parent events using concentrated power law or

Cauchy distributions, so the simulated fault traces appear in

‘‘low-resolution’’ views approximately planar. (3) The time

intervals between offspring events follow a power law

distribution similar to the Omori-Utsu law. The properties of

the simulated earthquakes depend further on an ‘‘earthquake

discrimination’’ algorithm, mimicking a recording filter,

which determines the beginnings and endings of the

simulated events on the basis of assumed detection

thresholds. With the above ingredients, the simulation

results of Kagan [1982] resemble visually natural patterns

of faults, and they incorporate (by construction) the known

statistical properties of regional earthquake catalogs in

space, time, and magnitude domains (frequency-size

statistics, foreshock-main-shock-aftershock temporal se-

quences, and spatial distributions of hypocenters and

rupture traces). Libicki and Ben-Zion [2005] discuss several

assumptions in the model of Kagan [1982] and examine

quantitatively geometrical properties of the simulated

branching structures. The results indicate that the fractal

dimension of a complex volumetric fault structure may not

be inferred from cross sections such as fault traces,

projections like epicenters, or a sparse number of repre-

sentative points such as hypocenters. See also Eneva [1996]

and Harte [2001] for problems associated with inferring

fractal dimensions of a set of points from typical earthquake

data and Malcai et al. [1997] for additional examples of

improper inferences on fractal distributions.

4.2. Related Frameworks

[91] The critical stochastic branching model of Vere-

Jones [1976, 1977] is closely related to statistical physics

of critical phase transitions and associated earthquake

models, as illustrated by the results of Fisher et al.

[1997]. The stochastic branching assumption that the

offspring distribution is identical for all parents is equivalent

to assuming that the distribution is scale-independent. A

similar assumption is used in the renormalization group

approach [e.g., Binney et al., 1993; Turcotte, 1997; Fisher,

1998; Sornette, 2004] to identify critical points of phase

transitions (and other fixed points of the renormalization

transformation). As mentioned in section 1.1, cellular

automata models have been widely used for earthquake

(and many other) problems. One may expect intuitively that

the ‘‘evolution’’ rules in these models can be mapped to

underlying probabilities, as in the works by Vere-Jones

[1976] and Kagan [1982], for propagation and termination

of events. Langton [1991] analyzed quantitatively the

relations between cellular automata rules, their underlying

probability for propagation of a given state (denoted by

Langton with l), and phase transitions. He showed that

simulated cellular automata behaviors fall, in general, into

one of several possible dynamical classes (static, periodic,

complex, and chaotic) as a function of the underlying value

of l and that for a critical value lc the simulated behavior

exhibits characteristics of a critical phase transition.

Wolfram [2002] provides a comprehensive treatment of

cellular automata. Allègre et al. [1982], Fukao and

Furumoto [1985], Narkunskaya and Shnirman [1990],
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Narteau et al. [2000], Gabrielov et al. [2000], Mulargia et

al. [2004], Zaliapin et al. [2006], Ide and Aochi [2005], and

others developed hierarchical branching models for earth-

quake and fault phenomena, related to cellular automata,

with various analytical and numerical results.

[92] Percolation models have been used extensively to

study phase transitions and other phenomena. From a

computer implementation point of view, they may be

considered as certain types of cellular automata. In general,

percolation models attempt to clarify properties of ‘‘macro-

scopic’’ clusters of ‘‘microscopic’’ elements (‘‘sites’’ or

‘‘bonds’’) on a lattice and properties of the global system

to which they belong [e.g., Stauffer and Aharony, 1992;

Sahimi, 1994; Turcotte, 1997; Sornette, 2004; Chelidze et

al., 2006]. Examples of relevant systems and problems

include elastic and electrical networks, hydrological and oil

reservoirs, spread of epidemics and fires, and (as noted

above) phase transitions in such systems. Typically, the

systems of interest are heterogeneous and complex, so the

behavior of the microscopic elements is modeled with

random variables, and the problems are studied with

computer simulations of corresponding cellular automata.

The results depend on the site (or bond) ‘‘occupation’’

probability p, the geometry and dimension of the lattice, and

various other simulation and output-processing details. In

general, as p is raised through a critical level pc that depends

on some model details, there is a phase transition in the

global system properties. For p < pc, there are only small

disconnected clusters of occupied (or unoccupied) sites or

bonds. For p > pc, there is a system-size cluster with a

regular geometric shape. For p = pc, there are fractal clusters

on all available scales (including one system-size cluster)

following power law frequency-size statistics.

[93] Bebbington et al. [1990] reviewed results of a

standard percolation model with a common p for all sites

(‘‘Bernoulli percolation’’) and discussed their relations to

the stochastic branching model of Vere-Jones [1976, 1977]

and earthquake statistics. They summarized values of

various critical exponents of the Bernoulli percolation on

different lattices and noted that the stochastic branching

model is formally equivalent to a Bernoulli percolation on a

Bethe lattice with infinite degrees of freedom. Bebbington et

al. [1990] also pointed out several ambiguities with

interpreting percolation results in terms of frequency-size

statistics of earthquakes. One fundamental ambiguity stems

from the way events included in the catalog are selected

(random cluster versus random site). The selection choice

also affects the b value that is predicted by the percolation

and related stochastic branching models [Otsuka, 1972;

Bebbington et al., 1990; Chelidze et al., 2006]. A random

selection of clusters may correspond physically to rupture

areas, while a random selection of sites may represent

hypocenters. The differences between results obtained with

these two selection choices may be related to the different

geometrical properties obtained by Libicki and Ben-Zion

[2005] with different sampling choices of the entire

branching structure.

[94] While some details of the obtained statistics depend

on certain model ingredients, the discussed results also

illustrate that general aspects of the statistics and patterns

of a dynamical system (here of earthquakes and faults) can

be obtained using different modeling approaches. This

holds as long as the models belong to the same universality

class sharing a set of key ingredients. What the key

ingredients of a given universality class are has to be

determined for the problem at hand, but once found they

may be incorporated in various ‘‘coarse-grained’’ (or low-

resolution) forms [e.g., Wilson, 1979; Yeomans, 1992;

Binney et al., 1993]. For collective behavior of earthquakes

and faults, such key ingredients include the dimensionality

of the system, symmetry properties, range of interaction of

model elements, and overall aspects of the dynamical laws

governing the initiation and propagation of events [e.g.,

Fisher, 1998; Klein et al., 2000; Dahmen and Ben-Zion,

2008].

4.3. Self-Organized Criticality

[95] Bak et al. [1987, 1988] proposed the existence of a

new generic critical state which they called self-organized

criticality. They performed cellular automata simulations of

sandpile models with uniform random loading, nearest-

neighbor interactions, and several variations on the initial

and boundary conditions. On the basis of analysis of the

results from those simulations they made the general

assertion that the dynamics of nonlinear dissipative systems

with many degrees of freedom drift on their own, after some

transients, to a stationary critical behavior and remain there

apart from statistical fluctuations. Since most natural and

man-made systems are dissipative, nonlinear, and with

many degrees of freedom, SOC was proposed as a general

‘‘attractor’’ for the long-term behavior of many systems in

physics, astronomy, earth sciences, biology, and social

sciences [Bak, 1996]. If correct, this assertion can have far-

reaching implications for understanding the behavior of

many complex systems, and following the publications of

Bak et al. [1987, 1988], there were many SOC studies in

numerous scientific disciplines. Extensive reviews of these

studies, with overall positive outlooks, are given by Bak

[1996], Jensen [1998], Turcotte [1999], and Sornette

[2004]. A critical examination of the available experimental

and theoretical results indicates, however, that the ambitious

generic claims associated with the premise of SOC are not

justified and that results attributed to SOC are better

understood as manifestations of standard old criticality.

[96] Critical phase transitions have precise definitions

and rigorous theoretical and experimental foundations

[e.g., Yeomans, 1992; Binney et al., 1993]. At present,

there is no accepted definition for SOC, reflecting the

ambiguity associated with the concept (see Jensen [1998]

for a summary of various employed definitions). Never-

theless, it is clear that if SOC is indeed a new type of

behavior that requires different terminology and interpreta-

tion than those associated with standard criticality, the

involved physics must include (1) lack of tuning parameters

and (2) lack of any coherent dynamic structures (like
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periodicities) other than power law distributions. If the long-

term behavior of a system exhibits under variable conditions

different dynamic regimes, some of which having preferred

spatiotemporal scales, and scale-invariant response occurs

only for a special subset of parameters and conditions, the

dynamics may be understood (and better analyzed) in terms

of phase diagrams, tuning parameters, and standard

criticality.

[97] Avalanches in granular media and earthquakes have

been labeled as prime examples of SOC behavior. As

discussed in section 2.1, the FS statistics of earthquakes

along individual fault zones can follow a power law relation

(for highly heterogeneous fault zones having wide range of

sizes scales) but are associated more typically with the

characteristic distribution. These observations are compati-

ble with results of laboratory fracture and friction experi-

ments. Acoustic emission events in fracturing experiments

of intact rocks and other materials have a range of power

law scaling that increases with increasing heterogeneity of

the samples [e.g., Mogi, 1962a; Scholz, 1968; Guarino et

al., 1999]. However, stick-slip failures on throughgoing

(mature) surfaces in friction experiments with rocks and

granular material consist of nearly repeating characteristic

events [e.g., Wong and Zhao, 1990; Tullis, 1996; Anthony

and Marone, 2005].

[98] Jaeger et al. [1989] performed laboratory experi-

ments of avalanches with smooth glass beads and rough

aluminum oxide particles under several experimental

conditions (loading by sprinkling grains on a flat surface

from above or rotating a cylindrical drum with a cut through

which grains can fall and experiments with different

amounts of vibrations). In all cases they observed quasi-

periodic system-size events with few other avalanches, a

response that is similar overall to the characteristic

distribution. Held et al. [1990], Bretz et al. [1992], and

Rosendahl et al. [1993] measured avalanches in various

other experiments and observed a limited power law range

of small events combined with quasi-periodic system-size

events, statistics that are again similar to the characteristic

distribution. Frette et al. [1996] performed experiments

with several types of rice grains having different aspect ratio

of length over width. Grains with an aspect ratio of about 2

produced avalanches with a preferred event size, while

elongated grains with aspect ratios larger than 2.5 produced

avalanches with some range of power law statistics. Katz

and Aharonov [2006] generated avalanches in a box with

wet cohesive sand excited by horizontal and vertical

accelerations. Experiments with horizontal excitations led

to system-size events, while experiments with vertical

excitations led to a range of power law size distribution.

Malamud et al. [2004] found that regional avalanches and

landslides follow, like regional earthquakes, power law

event statistics. As noted in sections 2 and 3, power law

distribution of regional events may result, at least partially,

from mixing different population rather than being a

genuine consequence of dynamics.

[99] Lomnitz-Adler [1993] studied the response of 40

classes of cellular automata earthquake models having

different types of loading, stress transfer function, hetero-

geneities, nucleation process, and degree of stress con-

servation on the fault. He found that only a small subset of

these models, with ingredients that essentially limit the

effectiveness of stress concentrations, produce power law

distributions of event sizes with realistic scaling. In contrast,

models generating large effective stress concentrations as

expected for rupture in elastic solid (Figure 13) led to the

characteristic or hybrid earthquake distributions. Many

other studies also found that a critical-like response in

cellular automata and block-spring earthquake models

occurs only in ranges of the employed stress transfer

function, heterogeneities, boundary conditions, and other

model ingredients [e.g., Carlson et al., 1994; Olami et al.,

1992; Rundle and Klein, 1993; Corral et al., 1995;

Middleton and Tang, 1995; Lise and Jensen, 1996; Langer

et al., 1996; Schmittbuhl et al., 1996; Kumagai et al., 1999;

Steacy and McCloskey, 1999; Sammis and Smith, 1999;

Klein et al., 2000].

[100] The available observations and parameter space

studies indicate clearly that earthquakes and avalanches

exhibit a richer variety of responses than the limited

behavior of SOC. The observations and theoretical results

suggest that the dynamics of these systems may have critical

points, but a proper understanding of these systems requires

detailed analyses of phase diagrams, with different dynamic

regimes around the critical points spanned by appropriate

tuning parameters. In sections 5 and 6 we discuss such

analyses using results of models of earthquakes in surround-

ing elastic solids.

5. SEISMICITY PATTERNS ON INDIVIDUAL FAULT
ZONES WITH DIFFERENT PROPERTIES

[101] The results covered in sections 2–4 highlight the

importance of understanding the ranges of parameters that

can produce different dynamic regimes. As discussed in

section 2, geometrical and material properties of fault zones,

as well as properties of the surrounding environment like

heat and fluid regimes, evolve over geological time. We

assume that earthquake processes are nonergodic on time

scales smaller than the 108–109 years associated with

rotation of crustal block and reorganization of tectonic

plates (Figure 1). In other words, we assume that over such

time scales, temporal sequences of earthquakes from fault

zones at different evolutionary stages or from different

tectonic domains are not statistically equivalent, nor are

they equivalent to spatial ensembles of earthquakes from

regions containing collections of different fault zones and

tectonic domains. In this section and section 6 we review

results of systematic parameter space studies of earthquake

and fault patterns in regions having different sets of prop-

erties. The studies employ models associated with the

following three hierarchies of space-time scales: long de-

formation history on a smooth continuum fault in elastic

solid (section 5.1), seismicity in inherently discrete fault

zones with strong quenched heterogeneities in elastic solid

(section 5.2), and coupled evolution of earthquakes and
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faults in a regional model with seismogenic crust governed

by damage rheology over a viscoelastic substrate (section

6). As noted in section 1, we focus on self-consistent

analytical and numerical results that emerge from all three

frameworks and are compatible with multidisciplinary field

observations, laboratory data, and additional theoretical

approaches.

5.1. Long Deformation History on a Smooth
Continuum Fault in Elastic Solid

[102] Geometrical and material heterogeneities are ubiq-

uitous in fault zone structures. However, before examining

effects of heterogeneities on the seismic response of fault

zones, it is important to understand the behavior of a smooth

homogeneous fault. This is discussed here on the basis of

modeling results for a strike-slip fault governed by rate- and

state-dependent friction (Figure 17). In general, rate- and

state-dependent friction laws characterize the dependency of

the friction coefficient on slip, slip velocity, history (repre-

sented by state variables), and normal stress [e.g., Dieterich,

1979, 1981; Ruina, 1983; Blanpied et al., 1991; Linker and

Dieterich, 1992; Dieterich and Kilgore, 1996; Marone,

1998; Ben-Zion, 2003]. In a ‘‘standard’’ form of rate- and

state-dependent friction, with a single state variable q and

no dependency of the friction coefficient on normal stress,

the friction coefficient can be written as

f ¼ f0 þ a ln v=v0ð Þ þ b ln v0q=Lð Þ; ð27aÞ

Figure 17. A schematic diagram illustrating the main features of rate- and state-dependent friction in
laboratory experiments with sliding velocities in the range 10�6–10�3 m/s. (top) Response to velocity
jumps. (bottom) Steady state frictional behavior in a velocity-weakening regime and evolution around the
steady state behavior corresponding to the velocity jumps. From Ben-Zion [2001].
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where f0 is the nominal friction coefficient, v and v0 are the

current and reference values of sliding velocity, a quantifies

the amplitude of instantaneous response to a velocity jump,

and b gives the amplitude of gradual strength alteration over

a characteristic slip distance L (also denoted by Dc)

following a velocity jump. There are two common versions

that describe the evolution of the state variable [e.g., Ruina,

1983; Beeler et al., 1994]. In the ‘‘slowness’’ version, the

state variable satisfies

dq=dt ¼ 1� vq=L; ð27bÞ

whereas in the ‘‘slip’’ version,

dq=dt ¼ � vq=Lð Þ ln vq=Lð Þ: ð27cÞ

In both cases, during steady state sliding with constant

velocity and slip distance larger than L, the state variable is

q = L/v, and the steady state dependency of the friction

coefficient on the sliding velocity is

fSS ¼ f0 þ a� bð Þ ln v=v0ð Þ: ð27dÞ

Expression (27a) as written is not appropriate for very low

and very high values of sliding velocities. A simple

regularization near v = 0, motivated by Arrhenius thermal

activation of creep at asperity contacts [e.g., Chester and

Higgs, 1992], is to invert the equation to an exponential

form for v and then replace exp(f/a) by 2sinh(f/a) [Rice and

Ben-Zion, 1996; Ben-Zion and Rice, 1997]. This leads to

f ¼ a sinh�1 v=2v0ð Þ exp f0 þ b ln v0q=Lð Þð Þ=a½ �f g: ð27eÞ

In addition, v should be replaced by jvj in (27b) and (27c) to

allow velocity of either sign, and there should be an upper

limit cutoff at some high slip velocity.

[103] If a > b, the overall change of f with increasing

sliding velocity is positive, the friction is velocity

Figure 18. A vertical strike-slip fault in elastic half-space and assumed reference depth variations of the
a and b parameters of rate- and state-dependent friction. From Ben-Zion and Rice [1997].
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strengthening, and the typical response consists of stable

sliding. On the other hand, if a < b, the overall change is

negative, the friction is velocity weakening, and dynamic

instabilities can occur. The situation a < b provides a

necessary but not a sufficient condition for instability. The

occurrence of instability requires a rate of weakening that is

larger than the rate of stress reduction (stiffness of the

system) on a slipping patch. For a given material under

fixed pressure, temperature, surface roughness, and other

relevant conditions, the rate of weakening is constant and is

given approximately by (b � a)(sn � p). The rate of stress

reduction depends on the size of the zone that is slipping

coherently. Infinitesimally small slip patches are infinitely

stiff and are always stable, but as a slipping zone grows

larger, its stiffness decreases and it can turn unstable. This

happens when the slip patch reaches a critical ‘‘nucleation’’

size [e.g., Ruina, 1983; Dieterich, 1992; Rice, 1993;

Lapusta et al., 2000; Ben-Zion, 2003; Ampuero and Rubin,

2008] for which the rate of stress reduction is first equal

(from above) to the rate of weakening. A commonly used

estimate [Rice, 1993] of the nucleation zone size for a

failure process governed by rate-state friction, written in

section 3 as equation (23), is h* = 2Lm/[p(b � a)(sn � p)].

[104] As mentioned in section 1.1, the underlying math-

ematical structure of a continuum is fundamentally smooth,

and all functions describing deformation processes in a

continuum must vary gradually. When the constitutive law

includes a finite slip distance for continuous strength

degradation, like L of (27) or analogous distances in other

rheologies, the model has an associated finite zone for

nucleation of instabilities, like h*, and a well-defined

continuum limit. The finite nucleation zone provides a

region in space that can be discretized with numerical cells

h � h*, so that each failure involves a gradual and

cooperative behavior of groups of neighboring numerical

cells. When, however, the strength drops discontinuously

with slip (a situation corresponding formally to L = 0 and

h* = 0), numerical cells can fail individually for any grid

size, there are abrupt fluctuations of fields in contrast to

the continuum requirement, and the model is referred to as

inherently discrete [e.g., Rice, 1993; Ben-Zion and Rice,

1995; Rice and Ben-Zion, 1996].

Figure 19. Results of elastodynamic calculations of slip on a smooth continuum fault governed by rate-
and state-dependent friction. (a) Slow deformation with stable slip in regions having velocity-
strengthening friction. (b) Final stage of a nucleation phase (red) and dynamic rupture in the brittle region
having velocity-weakening friction. Note the different time scales. From Ben-Zion and Rice [1997].
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[105] Figure 18 shows a model of a vertical strike-slip

fault with a seismogenic zone governed by rate- and state-

dependent friction in a 3-D elastic half-space. Figure 19a

displays slip evolution during 100 years of slow stable

deformation along the planar strike-slip model of Figure 18,

obtained with full elastodynamic calculations [Ben-Zion and

Rice, 1997] incorporating the slip version (equation (27c))

of the rate-state friction and numerical grid h = 0.25h*.

The slip is constrained to vary only with depth z and time t,

so the calculations correspond to the 2-D antiplane frame-

work. During the portion of model evolution shown in

Figure 19a, the shallow and deep velocity-strengthening

regimes (b < a) have ongoing stable slip, while the brittle

velocity-weakening regime (b > a) is locked. After some

additional loading due to the constant plate motion at the

downward continuation of the fault (jzj > 24 km), a model

earthquake is initiated in the brittle seismogenic zone. The

earthquake begins with a nucleation phase (Figure 12) of

accelerating creep that expands in space. When the size of

the nucleation zone is approximately equal to h*, slip

instability occurs, and rupture propagates dynamically from

the nucleation zone (Figure 19b). As pointed out in section 3,

this type of nucleation process, and transition from stable

slip to dynamic rupture at a critical slipping zone size, occur

with any failure process on a preexisting surface governed

by a constitutive law with a finite (slip) length scale for

strength degradation.

[106] Figure 20a presents ‘‘low-resolution’’ profiles of

slip versus depth extracted from fully dynamic simulations

by the same model leading to Figures 19a and 19b. The

profiles are plotted every 5 years for about 1000 model

years to examine general features of long deformation

Figure 20. Slip versus depth in elastodynamic simulations of long deformation history on a smooth
continuum fault governed by rate- and state-dependent friction. (a) Results for the model leading to
Figure 19. (b) Results for a model realization with strong heterogeneities of pore pressure with depth.
From Ben-Zion and Rice [1997].
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history on a planar fault within the continuum framework.

The results exhibit large stick-slip events in the brittle

seismogenic zone (details of the first event are given in

Figures 12 and 19b) and ongoing stable slip in the shallower

and deeper sections (details of the first such deformation

phase is given in Figure 19a). The key aspect of Figure 20a

is that each brittle instability leads to a system-size event.

This type of limit cycle response on a homogeneous fault in

the continuum limit is a characteristic feature of various

other 2-D, 3-D, quasi-static, quasi-dynamic, and fully dy-

namic simulations [e.g., Tse and Rice, 1986; Rice, 1993;

Ben-Zion and Rice, 1995; Lapusta et al., 2000; Hillers et

al., 2006]. The growth of each instability in such cases to a

system-size event (and resulting lack of small- and

intermediate-size failures) is a simple manifestation of the

stress concentration at the front of a rupture propagating in

elastic solid (Figure 13). As discussed in section 3,

overcoming the stress concentrations in elastic solid (which

increase with the rupture size) requires a strong form of

heterogeneities.

[107] Ben-Zion and Rice [1997] performed various other

calculations with the slowness version of the rate-state

friction (equation (27b)) and strength heterogeneities.

Figure 20b gives an example obtained by a model

realization with strong heterogeneities of pore pressure with

depth. In this case, p has four abrupt steps to sn � 10 MPa

at depths of 4, 8, 12, and 16 km, and between the steps,

p follows a hydrostatic gradient. The calculations show

more complexity than the homogeneous case, with some

population of small events related to the smaller length

scales in the assumed distribution of p. The results suggest

that modeling a broad range of length scales of hetero-

geneities might produce a more realistic seismic response.

This has been verified by Hillers et al. [2006, 2007] using

3-D quasi-dynamic simulations with a continuum model of

a strike-slip fault governed by rate-state friction with

heterogeneous distributions of the critical slip distance L.

Model realizations with L distributions having a broad range

of size scales produced frequency-size event statistics

following the Gutenberg-Richter distribution. The simula-

tions of Hillers et al. [2006, 2007] with realizations

representing strong heterogeneities have several other

realistic features of seismicity, including potency-area

scaling relations compatible with observations (Figure 21).

More realistic responses still, with various patterns in space,

time, and magnitude domains compatible with observations,

are generated by the inherently discrete class of models

discussed in section 5.2.

[108] Dieterich [1994] analyzed the response of deforma-

tion rate to a stress step, using the equations of rate- and

state-dependent friction along with an assumed distribution

of state variables on a population of noninteracting

nucleation sites. The solution for the induced deformation

rate follows an exponential function of time which may be

Figure 21. Scaling relations between potency and area of earthquakes simulated on a heterogeneous
continuum fault governed by rate- and state-dependent friction with spatial variations of the critical slip
distance associated with different ranges (Rmic) of size scales. Modified from Hillers et al. [2007] with
permission from Blackwell Publishing.
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fitted by 1/t behavior, compatible with the Omori-Utsu law

for aftershocks decay, between the short and long time

asymptotes. We note that the results of Dieterich [1994] are

based on the assumption that the seismicity occurs on quasi-

independent fault segments. This assumption is incorpo-

rated explicitly in the inherently discrete class of models.

See Ziv and Rubin [2003] and Y. Kaneko and N. Lapusta

(Earthquake nucleation processes and their aftershock rates

due to static triggering in continuum models of rate and

state faults, submitted to Bulletin of the Seismological

Society of America, 2008) for additional theoretical results

on aftershocks in models with rate-state friction.

[109] Carlson and Langer [1989] simulated broad

distributions of events in a 1-D block-spring model

governed by a spatially uniform velocity-weakening fric-

tion, without a slip length scale for strength evolution and

hence h* = 0. Since the frictional threshold was uniform,

they assumed that the model is homogeneous and attributed

the simulated complexity to the inclusion of inertia in the

calculations. Carlson et al. [1994] and related works used

more elaborate 1-D and 2-D models with various friction

laws and concluded that realistic slip complexity is a

generic outcome of inertial dynamics on a homogeneous

fault governed by nonlinear friction. As discussed above,

however, those models do not represent homogeneous faults

since they incorporate strong heterogeneities in the form of

inherent discreteness. Shaw [1995], Langer et al. [1996],

and others obtained broad event distributions in subsequent

dynamic simulations with finite length scales for strength

evolution and argued that realistic slip complexity is indeed

a generic outcome of inertial dynamics on a homogeneous

fault. As summarized by Ben-Zion [2001], however, these

studies employed special constitutive laws and special

parameters that limit the development of stress concentra-

tion at the rupture front. The contrary examples of Ben-Zion

and Rice [1997], Lapusta et al. [2000], and others

demonstrate that inertial effects do not provide a generic

mechanism for slip complexity. In fact, inertial dynamics

can simplify the response by producing larger stress

concentrations than those generated by corresponding

quasi-static and quasi-dynamic calculations. While it is

possible to have slip complexity on a homogeneous fault,

this requires special choices of constitutive laws and model

parameters [e.g., Cochard and Madariaga, 1996; Nielsen et

al., 2000; Shaw and Rice, 2000]. In general, those choices

involve large strength drop behind the rupture front

followed by rapid healing, constitutive laws with several

weakening mechanisms that are fine tuned to produce event

Figure 22. A planar representation of a 3-D strike-slip fault zone by a strongly heterogeneous 2-D fault
embedded in a 3-D elastic half-space. The geometrical heterogeneities of the fault zone are modeled by
inherent discreteness of the slip patches and spatial variations of constitutive parameters along the fault.
The stress and slip fields along the computational grid (region II) evolve in response to assumed
boundary conditions at the other fault regions. Modified from Ben-Zion and Rice [1993] and Ben-Zion
[1996].
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populations in different size ranges, and/or truncation or

saturation of the growth of stress concentrations. This is

consistent with the parameter space study of Lomnitz-Adler

[1993] and related results mentioned in section 4.3. As

discussed in section 5.2, inherent fault discreteness does

provide a generic mechanism for realistic earthquake

complexities.

5.2. Seismicity on Inherently Discrete Fault Zones
in Elastic Solid

[110] Earthquakes are macroscopic ruptures that propa-

gate in recycled damaged rocks, with internal cracks and

other material discontinuities, over distances that are gen-

erally orders of magnitude larger than the size of the

nucleation zones (Figures 1 and 6). Fault zone structures

are segmented and can also have strong material hetero-

geneities. The successful propagation of earthquakes in

segmented fault zones and heterogeneous damaged rocks

must involve stresses that operate at some distances ahead

of the rupture front, where slip can renucleate at noncon-

tiguous locations across strong heterogeneities. Such rup-

tures consist physically of cascading subevents, having

discontinuities over various space-time scales, and cannot

be described fully by a smooth continuous process. Ben-

Zion and Rice [1993, 1995] and Ben-Zion [1996] suggested

that a model of an inherently discrete fault in a 3-D elastic

solid can be used to study large-scale aspects of cascading

events in realistic fault zones, with fundamental segmenta-

tion length (much larger than h*) represented approximately

by the employed grid size h. The Ben-Zion and Rice (BZR)

model assumes that a narrow irregular fault zone may be

represented (Figure 22) by a collection of discrete slip

patches on a 2-D plane surrounded by a 3-D elastic solid,

with the grid discreteness and spatial variations of

constitutive parameters representing the fault zone disorder.

The model provides a simple representation for a large

universality class of hybrid discrete-continuum models with

heterogeneities, evolving threshold dynamics, and long-

range interaction. The results exhibit a broad range of

realistic phenomena including space-time distributions of

slip and hypocenters on a fault, complex evolving large

earthquake cycles, frequency-size and temporal event

statistics, aftershocks, accelerated seismic release, scaling

of source time functions, and more [e.g., Eneva and Ben-

Zion, 1997a, 1997b; Ben-Zion et al., 2003; Dahmen and

Ben-Zion, 2008; Zöller et al., 2008]. As discussed below,

the results can be organized in several different dynamic

regimes associated with ranges of tuning parameters.

[111] The BZR model contains a computational grid

(region II of Figure 22 (bottom)) where evolving fields

are generated in response to ongoing loading imposed as

slip boundary conditions on the other fault regions (chosen

by Ben-Zion and Rice to represent deformation along the

central San Andreas fault). Regions III and V of the fault

creep at constant plate velocity Vpl = 35 mm/a, while

regions I and IV follow staircase slip histories with

recurrence times of 150 years. The stress along the fault,

generated by the imposed boundary conditions and failing

grid cells, is computed with a discretized form of a

boundary integral equation

t i; j; tð Þ ¼
X
k;l

K i; j; k; lð Þ Vplt � u k; l; tð Þ

 �

; ð28Þ

where the ‘‘stiffness matrix’’ K(i, j, k, l), calculated from the

static solution of Chinnery [1963] for dislocations in a 3-D

elastic half-space, gives the stress at cell (i, j) due to a

uniform unit right-lateral slip at cell (k, l), and the ‘‘source

term’’ in the square bracket is the slip deficit of cell (k, l) at

time t with respect to the plate motion. The stress transfer

associated with K(i, j, k, l) falls with distance r from the

source like 1/r3, producing strong stress concentrations near

the boundaries of a slipping patch. In the model version of

Ben-Zion [1996], deformation at each computational cell is

the sum of slip contributions from a slow creep process

operating between earthquakes and rapid brittle failures

producing seismic events. The creep process is governed by

a power law dependency of creep velocity on the local stress

and space-dependent coefficients that increase exponen-

tially with depth and with distance from the southern edge

of the computational grid. The brittle process is governed by

spatial distributions of static friction ts, dynamic friction td,
and arrest stress ta. The static friction characterizes the

brittle strength of a cell until its initial failure in a given

model earthquake. When the stress at a cell reaches the

static friction, the strength changes abruptly to the dynamic

friction for the remaining duration of the event. The stress at

a failing cell drops to the arrest level ta, which may be

lower than td to accommodate dynamic overshoot. The

static friction, dynamic friction, and arrest stress are

connected via a dynamic overshoot coefficient

D ¼ ts � tað Þ= ts � tdð Þ: ð29Þ

An important related quantity is the strength change

parameter

eD ¼ ts � tdð Þ=ts: ð30Þ

If ts > td, as in cases modeling unstable friction, eD
quantifies the relative amplitude of the dynamic weakening.

In cases with td > ts, representing induced deformation off

main faults, eD quantifies dynamic-strengthening effects. A

brittle stress drop at a cell (i, j) leads to local slip given by

Du i; jð Þ ¼ t i; jð Þ � ta i; jð Þ
K i; j; i; jð Þ ; ð31Þ

where K(i, j, i, j) is the self-stiffness of cell (i, j). A failure

episode at any cell produces a regional stress transfer

governed by (28). If the stress transfer from slipping patches

increases the stress at other cells to their static or dynamic

strength thresholds, as appropriate, these cells fail, generat-

ing additional local slip episodes governed by (31), and the

event grows. When the stresses at all cells are below the

brittle failure thresholds, the model earthquake ends, and the

strength at all failing cells recovers back to ts. The scalar
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potency of the event and other earthquake quantities are

computed from the seismic slip distribution on the fault.

[112] Ben-Zion and Rice [1993, 1995] and Ben-Zion

[1996] suggested that the key physical parameter that

quantifies the effects of heterogeneities on earthquake

dynamics is the range of size scales (ROSS) in the

distribution of fault properties. This has a clear physical

interpretation in terms of structural properties of faults at

different evolutionary stages and is supported by the

observed earthquake and fault data discussed in section 2.3.

We note that segmentation of a fault into different sections

requires correlated chains of heterogeneities (barriers), as in

stepovers that extend to depth, and that isolated local

heterogeneities are not effective in stopping ruptures in

elastic solids [e.g., Das and Kostrov, 1988; Rice et al.,

1994]. As mentioned in section 3, the scaling of stress

concentration in elastic solid with rupture dimension can

produce a critical event size (Figure 13) that terminates the

power law regime of earthquake statistics. In simulations

with the BZR model employing a narrow ROSS to represent

highly slipped mature fault zones, runaway events (larger

than the critical size) enhance the frequency of earthquakes

with characteristic large-scale fault dimensions (Figures 14a

and 14b). The large events in such cases occur quasi-

periodically in time (Figure 23, left). In model realizations

with heterogeneities characterized by a wide ROSS,

representing strongly disordered immature fault zones, the

probability of suppressing the runaway events becomes high.

Such model realizations produce FS statistics following the

Gutenberg-Richter relation over the entire range of simulated

events (Figures 14c and 14d) and random or clustered

temporal distribution of large earthquakes (Figure 23, right).

[113] Figure 24 summarizes the different forms of fre-

quency-size and temporal statistics of earthquakes in a

phase diagram with variable ROSS. Small earthquakes

follow in all cases power law FS distribution and are

clustered in time. The statistics of large earthquakes, how-

ever, change from power law distributions in systems with

wide ROSS to quasi-periodic characteristic events on fault

zones with narrow ROSS. As discussed by Ben-Zion

Figure 23. Distributions of time intervals (Delt) between successive earthquakes along segmented fault
zones in elastic solid with fault heterogeneities characterized by (left) narrow and (right) wide ranges of
size scales. The mean and standard deviations of the time intervals between events are denoted by m and
s, respectively. (top) Results including small earthquakes. (bottom) Statistics for system-size events.
From Ben-Zion [1996].
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[1996], cases with a wide ROSS provide a bridge between

strongly disordered individual fault zones (like the San

Jacinto fault zone or the eastern California shear zone) and

broad regions with a diverse population of faults. Zöller et al.

[2004, 2005a, 2006] demonstrated with extensive numerical

simulations that the results summarized in Figure 24 are

stable with respect to various model modifications, including

quasi-dynamic calculations of stress transfer with finite

communication speed, gradual healing from the dynamic

friction to the static strength, and more. Hillers et al. [2006,

2007] showed that the ROSS plays the role of a tuning

parameter also in simulations with the continuum class of

models of section 5.1. The results imply that extrapolations

of statistics based on low-magnitude seismicity to behavior

of large events are valid only for disordered systems with a

wide ROSS. Another tuning parameter of the dynamics is

the strength change parameter eD of equation (30). The

value of eD for a given fault may be related physically to the

ROSS that characterizes the geometry of the failure zone.

Relatively straight slip surfaces of large displacement faults

are expected to exhibit dynamic weakening (eD > 0) during

failure, whereas regions in the surrounding crust with high

geometric disorder may be associated with strengthening/

hardening behavior (eD < 0).

[114] Fisher et al. [1997], Dahmen et al. [1998], and

Mehta et al. [2006] studied a simplified version of the BZR

model, with a constant mean field stress transfer instead of

Figure 24. A phase diagram summarizing the frequency-
size and temporal statistics of earthquakes along inherently
discrete fault zones with heterogeneities characterized by
different ranges of size scales. FS and T denote frequency-
size and temporal statistics, respectively. GR, CE, CL, RN,
and QP denote Gutenberg-Richter, characteristic earth-
quake, clustered, random, and quasi-periodic statistics,
respectively.

Figure 25. A phase diagram summarizing different dynamic regimes of earthquakes along inherently
discrete fault zones with different values of the strength change parameter (eD) and conservation of elastic
stress transfer (c). Modified from Dahmen and Ben-Zion [2008] with kind permission of Springer Science
and Business Media.

Figure 26. Slip distribution of large earthquakes along an
inherently discrete fault in elastic solid for cases associated
with (top) dynamic weakening and (bottom) critical zero
strength change parameter eD. Reprinted with permission
from Fisher et al. [1997], copyright 1997.
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the 1/r3 elastic dependency and creeping boundary condi-

tions everywhere outside the computational grid. Using

renormalization group theory, analysis of the Bernoulli

process, and computer simulations, they mapped analyti-

cally and numerically the dynamics of the model to a phase

diagram (Figure 25) spanned by the strength change

parameter eD and a conservation parameter c related to

dissipation of stress transfer and the size of the system.

Fisher et al. [1997] showed analytically that the model has

an underlying critical point at eD = 0 and full conservation

of stress transfer. The proximity of the tuning parameters to

the critical point has dramatic effects on various response

functions of the model. When eD > 0 (Figure 26, top) the

large events have crack-like ruptures, the slip distribution is

compact, and P0 � A3/2 (equation (9)). On the other hand, at

the critical value eD = 0 (Figure 26, bottom) the ruptures

consist of disconnected patches, the slip distributions are

fractal, and P0 � A (equation (10)). When eD > 0 (Figure 27,

top) the temporal evolution of the average stress on the fault

has an overall cyclical structure related to the times of the

large events (circles). In contrast, when eD = 0 (Figure 27,

bottom) the average stress on the fault exhibits scale-

invariant low-amplitude statistical fluctuations with no

correlation to the large events. When eD > 0 (Figures 28a

and 28c) the FS statistics evolve with time during large

earthquake cycles and follow overall the characteristic

distribution. At the critical point eD = 0 (Figures 28b and

28d) the FS statistics follow the Gutenberg-Richter

distribution, modified by finite size effects associated with

the minimum and maximum simulated events, without

evolutionary changes in time. The corresponding frequency-

moment statistics have the same form as equation (26),

obtained by Vere-Jones [1976] for a critical stochastic

branching and Main and Burton [1984] on the basis of

maximum entropy considerations. Similar differences in the

character of various response functions are produced in

simulations with narrow versus wide ROSS [Zöller et al.,

2005a].

[115] Mehta et al. [2006] examined cases with dynamic

strengthening eD < 0 that represent regions off the main

fault which are in an early deformation stages. In these

cases, following an initial slip at any position on the fault,

the failure thresholds of all cells are strengthened by an

amount that is proportional to eD. Once the earthquake is

complete the failure thresholds of all cells are lowered back

gradually to the original values. The events that are

triggered as the failure stresses are lowered to the original

values are referred to as aftershocks. In model realizations

with eD < 0, the FS statistics of both the primary events (main

shocks) and the triggered aftershocks follow (Figure 25,

bottom left) a power law distribution up to a moment cutoff

that scales as 1/eD
2 . Mehta et al. [2006] showed analytically

that if the increased failure thresholds are lowered with time

as log(t) toward their original values and the stresses are

distributed over a wide range of values, the temporal decay of

aftershock rates at long time is proportional to 1/t, as in the

Omori-Utsu law with p = 1. Zöller et al. [2005b] showed that

model realizations with dynamic weakening eD > 0, which

include creeping barriers along the fault that are locked

during rapid brittle failures and then relax gradually, also

produce aftershocks that follow the Omori-Utsu law.

[116] We note that the ROSS of fault heterogeneities has

an analogous role to that of the temperature T in equilibrium

magnetic (and other) phase transitions, over the ranges

where both ROSS and T can be varied in parallel. (As

discussed in sections 2.3 and 3, the temperature also plays a

direct role of a tuning parameter in the transition from brittle

to ductile modes of rock deformation.) At very low ROSS

or T, the elastic or magnetic interaction potentials between

different parts of the system dominate over entropic terms,

Figure 27. Average stress and large earthquakes (circles) along an inherently discrete fault in elastic
solid over 150 years for cases associated with (top) dynamic weakening and (bottom) critical zero
strength change parameter eD. The insets illustrate the similarity of the stress evolution with dynamic
weakening toward the end of cycles to that of the critical case eD = 0. From Ben-Zion et al. [2003].
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and all nucleation phases (initiators) tend to become system-

size events. Indeed, slip histories on a smooth continuum

fault consist mostly of quasi-periodic large events (section 5.1),

and seismicity patterns on heterogeneous faults with

narrow ROSS are associated with the characteristic earth-

quake behavior (Figure 24). As the ROSS or T increase, the

effects of the entropic terms increase, and the distribution of

event sizes becomes broader. For a wide ROSS or critical

temperature Tc, the interaction potentials and entropic terms

are balanced, and there are power law distributions of event

sizes over the entire available range. In magnetic systems

with T  Tc, the entropic terms dominate over the

interaction potential, all initiators tend to be arrested, and

there are only small events. On a finite fault in elastic solid a

corresponding regime of ROSS does not exist, since the

ROSS can increase only to a maximum value related to the

system size. As the density of strong barriers increases

beyond the level where they start to coalesce, the barriers

and regular fault patches interchange their roles, and the

dynamics moves back to the characteristic earthquake

behavior with stress drops and recurrence times associated

with properties of the barriers [Zöller et al., 2005a]. The

strength change parameter eD has a fuller correspondence to

the temperature in the context of phase diagrams, including

the regime above Tc. The weakening regime eD > 0

corresponds to T < Tc, the value eD = 0 corresponds to T =

Tc, and the strengthening regime eD < 0 corresponds to T >

Tc. Rundle et al. [1995], Leary [1997], Ciliberto et al.

[2001], Sornette [2004], and Toussaint and Pride [2005]

provide additional discussions on the analogy between fault

disorder and temperature. Dahmen and Sethna [1996]

demonstrated that property disorder plays the role of a

tuning parameter in avalanches of spins (Barkhausen noise)

in magnetic systems. Dahmen and Ben-Zion [2008] provide

a detailed review on corresponding dynamic regimes of

avalanches in magnetic and fault systems.

[117] When the fault is characterized by dynamic weak-

ening eD > 0, the average stress on the fault develops

increasing fluctuations as the time of a large earthquake is

approached. This is illustrated in the insets of Figure 27,

where it is seen that late in the cycles, both the shape and

scale of stress fluctuations for eD > 0 are similar to those

generated (at all time intervals) by the model with eD = 0.

Ben-Zion et al. [2003] showed that similar evolutionary

behavior exists for various other functions of stress and

seismicity. The results for eD > 0 consist of cyclical

development, saturation, and destruction of fluctuations and

long-range correlations on the fault, punctuated by the

system-size events. The development stage involves evolu-

tion of stress and seismicity to distributions having broad

ranges of scales, evolution of response functions toward

scale-invariant behavior, increasing seismicity rate and

event sizes, and increasing hypocenter diffusion. The large

earthquake cycles appear to be associated in these cases

with intermittent criticality, produced by evolution of stress

heterogeneities toward a critical level of disorder having a

broad ROSS. Additional results on intermittent criticality

are discussed by Sammis et al. [1996], Rundle et al. [2003],

and references therein. Rubinstein et al. [2007] observed in

high-resolution sliding experiments increasing disorder and

fluctuations before large events which may be related to the

discussed evolutionary changes. We emphasize that inter-

mittent criticality is different from self-organized criticality

(section 4.3) by the existence of cyclical evolution and

tuning parameters, both of which can be important for

understanding seismicity and possible prediction of large

events.

[118] Dahmen et al. [1998] showed analytically and

numerically that the BZR model exhibits for realistic ranges

of eD and c (Figure 25) a mode-switching behavior,

consisting of spontaneous fluctuations between time inter-

vals associated with overshoot and undershoot responses.

The overshoot response involves relatively high seismic

release and the characteristic earthquake distribution, while

the undershoot mode is associated with relatively low

seismic release and truncated power law FS statistics. The

mode-switching activity results from episodic global

reorganization of the configurational entropy of the stress

states on the fault. This, in turn, is generated by a statistical

Figure 28. (a) Cumulative frequency-size statistics of
events stacked from different portions of large earthquake
cycles in the noncritical model with eD > 0. Results of
stacked events from 0 to 25%, 25 to 50%, 50 to 75%, and
75 to 100% of the time intervals between large earthquakes
withM � 5.5 are denoted by circles, squares, diamonds, and
crosses, respectively. The statistics show increasing a values
(arrow 1), decreasing b values (arrow 2), and increasing
maximum and range of events (arrow 3) as the large
earthquake cycles progress. (b) Same as Figure 28a for the
critical model eD = 0 with large events having M � 5.4. The
results from all time intervals are similar and do not show
evolutionary changes. (c) Cumulative frequency-size statis-
tics of all events in 150-year history for the noncritical
model with eD > 0. (d) Same as Figure 28c for the critical
model eD = 0. From Ben-Zion et al. [2003].
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competition between a tendency for a synchronized

response associated with the large earthquakes and a

tendency for disordered response involving the small- and

intermediate-size events. The persistence time of each mode

scales with (and is a large multiple of) the recurrence time of

system-size earthquakes. For large faults this can be 104–

106 years or more, but for small active fault sections (or

asperities) the time intervals for mode switching may be

considerably shorter. Dynamic regimes with mode-switching

activity have also been also found in simulations with the

full elastic stress transfer [Zöller et al., 2004], results of a

cellular automata model [Weatherley et al., 2002], analysis

of cascades governed by Boolean functions [Zaliapin et al.,

2003], and simulations employing the damage rheology

model discussed in section 6 [Ben-Zion et al., 1999;

Lyakhovsky et al., 2001; Lyakhovsky and Ben-Zion, 2008].

[119] A number of observational results covering rela-

tively long time intervals appear to be compatible with

mode-switching activity. These include long paleoseismic

records along the Dead sea transform in Israel [Marco et al.,

Figure 29. (a) A collapse of averaged observed source time functions of 5–10 earthquakes having final
moment M0 within 10% of the four sizes indicated in the legend. The thick black line shows the
theoretical mean field scaling fmf(x) = Axe�Bx2=2 with x = t/M0

1/2, A = 4, and B = 4.9. The insets illustrate
the steps associated with the collapsing procedure starting with the raw observed data. (b) A collapse of
averaged observed source time functions of 2–10 earthquakes having final duration Twithin 10% of the
three values indicated in the legend. The thick black line shows the theoretical mean field scaling gmf(x) =
Ax(1 � x) with x = t/T and A = 80. The insets illustrate the steps associated with the collapsing procedure.
Reprinted with permission from Mehta et al. [2006], copyright 2006, American Physical Society.
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1996; Leonard et al., 1998; Amit et al., 2002; Begin et al.,

2005] and the Anza section of the San Jacinto fault in

California [Rockwell and Seitz, 2008], historical records of

earthquakes along the North Anatolian fault in Turkey

[Ambraseys and Finkel, 1995; Sengor et al., 2005], several

widely separated periods with and without large earth-

quakes in the new Madrid, eastern U.S., seismic zone

[Sexton and Jones, 1986], changes in the character of

activity along faults in the basin and range, western U.S.,

province [Wallace, 1987], and geological data combined

with recent geophysical measurements showing changes in

the character of accumulation and release of seismic energy

on the San Miguel fault, Mexico [Hirabayashi et al., 1996].

The mode-switching regime may be relevant, along with

spatial variations of the seismic coupling coefficient

(equation (15)), for reported discrepancies between ob-

served seismic moment rates, geodetic measurements, and

estimated long-term motion from geological data [Ward,

1998a, 1998b; Field et al., 1999; Meade and Hager, 2005;

Jenny et al., 2004, 2006]. We note that mode-switching

activity is also likely to be present in the response of other

systems with many degrees of freedom and nonlinear

dynamics such as communication networks [e.g., Gibbens

et al., 1990], climate [e.g., Appenzeller et al., 1998], the

Earth’s magnetic field [e.g., Lund et al., 1998], mantle

dynamics [Landuyt and Bercovici, 2008], and biological

organisms (e.g., I. Osorio et al., Epileptic seizures: Quakes

of the brain?, submitted to Physical Review Letters, 2008).

[120] Mehta et al. [2006] analyzed the scaling of source

time functions, giving the rate of potency-moment release

during earthquakes (equation (7b)) in the BZR model near

the critical point eD = 0. Establishing a mapping to

expressions derived earlier for Barkhausen noise in

magnets, Mehta et al. [2006] obtained the following two

scaling functions

dm0 tjM0ð Þ=dth i=M1=2
0 � f t=M

1=2
0

� �
ð32Þ

and

dm0 tjT0ð Þ=dth i=T0 � g t=T0ð Þ; ð33Þ

where hdm0(tjM0)/dti is the temporal evolution of the

average moment rate of events with final moment M0 and
hdm0(tjT0)/dti is the temporal evolution of the average

moment rate of events with final duration T0. In mean field

theory, equation (32) has a universal scaling function fmf(x) =
Axe�Bx2=2 with nonuniversal constants A and B, and

equation (33) has a universal scaling function gmf(x) =

Ax(1 � x) with nonuniversal constant A. Figure 29a shows a

collapse of observed source time functions of several

hundred large global earthquakes for four values of M0 onto

an underlying universal function, using equation (32) and

fexp(x) where the subscripts exp denote observations and x =

t/M0
1/2. The observed source time functions were obtained by

Bilek [2001] with a procedure that can be applied to a large

data set at the price of limited resolution. The deviation of

the mean field predictions from the observations at early

time probably reflects the limited data resolution. The

overall successful collapse of the data suggests that the

observational results belong to the universality class

represented by the BZR earthquake model.

[121] Figure 29b presents a collapse of the observational

data using equation (33) and gexp(x) with x = t/T for three

values of T0. While the results collapse again, the observed

moment rates appear to rise faster than they fall, in contrast

to the symmetric theoretical mean field curve (solid line).

The discrepancy may be a statistical artifact of the small

available data set. Alternatively, the observed asymmetry

may result from a tendency of ruptures to start with a failure

of a strong asperity, slowing down of ruptures once they

saturate the shorter dimension of the fault, or contributions

of early aftershocks to the observed moment rates.

Interestingly, a similar discrepancy exists between the mean

field scaling associated with (33) and laboratory measure-

ments of source time functions of avalanches in magnets

[Durin and Zapperi, 2000; Zapperi et al., 2005; Dahmen

and Ben-Zion, 2008]. Alternative scaling of observed

moment rate shapes, based on equations associated with

crack-like ruptures (e.g., equation (9)) and related expecta-

tions, are given by Houston [2001] and Tocheport et al.

[2007]. More tests with higher-resolution data are needed to

determine which scaling functions describe better the

moment rates of earthquakes and whether the apparent

asymmetry in Figure 29b is a genuine feature or statistical

artifact.

6. COUPLED EVOLUTION OF EARTHQUAKES AND
FAULTS IN A DAMAGED SOLID

[122] As mentioned in sections 2 and 5, the rocks in the

cold brittle portion of the lithosphere are damaged and have

internal distributions of joints, cracks, and other flaws over

wide ranges of scales. This is especially the situation in

active tectonic regions with high deformation rates. Inspec-

tions of regions undergoing brittle deformation always

reveal complex fault geometries with intersections (often

of conjugate-type systems like the San Andreas and Garlock

faults in Figure 5), stepovers, and many other deviations

from planarity. The material around such geometrical irreg-

ularities is subjected to large stress concentrations, which

inevitably lead during long-term deformation to evolution

of the elastic properties and geometry of the deforming

regions. Thus, the models discussed in section 5 may be

used to study the seismic response of individual fault zones

over time scales of several large earthquake cycles, but they

become increasingly inappropriate as the spatiotemporal

scales of interest increase. A quantitative understanding of

seismicity over broad regions of space and time requires a

framework that accounts for fault networks with evolving

geometrical and material properties, as well as time-dependent

interactions between the seismogenic zone and underlying

viscoelastic substrate.

[123] Building on earlier works, Lyakhovsky et al. [1997a,

1997b] developed a thermodynamically based continuum

damage model for evolving elastic properties of rocks

RG4006 Ben-Zion: PHYSICS OF EARTHQUAKES AND FAULTS

44 of 70

RG4006



sustaining irreversible brittle deformation. The develop-

ments are done within the frameworks of continuum

mechanics and irreversible thermodynamics [e.g., Onsager,

1931; Malvern, 1969; Ziegler, 1983]. The results are

applicable to volumes with a sufficiently large number of

cracks that allow quantitative description through properties

of the crack distribution rather than those of the individual

cracks [Lyakhovsky and Myasnikov, 1984, 1985; Kachanov,

1986]. Discrete damage models associated with fiber

bundles or individual cracks lead to some similar results

in the limit of a large number of elements [e.g., Krajcinovic,

1996; Newman and Phoenix, 2001; Shcherbakov and

Turcotte, 2003; Turcotte et al., 2003; Alava et al., 2006].

In sections 6.1 and 6.2 we review results associated with

these and related studies. In section 7 we discuss

connections between brittle rock damage and phase

transitions in the context of earthquake and fault dynamics.

6.1. A Viscoelastic Continuum Damage Rheology
Model

[124] The damage rheology of Lyakhovsky et al. [1997a,

1997b] accounts for three general aspects of brittle rock

deformation: (1) mechanical aspects associated with the

dependency of the elastic moduli on the existing crack

density (damage) and loading conditions, (2) kinetic aspects

associated with the evolution of the crack density and elastic

moduli with the ongoing deformation and related conver-

sion of elastic strain to permanent inelastic deformation

during gradual material degradation, and (3) dynamic

aspects associated with macroscopic brittle instability at a

critical level of damage. The mechanical aspects of existing

damage are modeled by generalizing the strain energy

function of a solid to the form

U ¼ 1

r
l
2
I21 þ mI2 � gI1

ffiffiffiffi
I2

p� 
; ð34Þ

where I1 = ekk and I2 = eijeij are the first and second

invariants of the elastic strain tensor eij, r is the mass

density, l and m are the Lamé parameters, and g is a third

modulus of a damaged solid. The first two terms of (34)

give the classical strain potential of linear elasticity [e.g.,

Malvern, 1969]. The third term may be derived using the

effective medium theory of Budiansky and O’Connell

[1976] for noninteracting cracks that dilate and contract in

response to tension and compression [Lyakhovsky et al.,

1997b] or by expanding the strain energy potential as a

general second-order function of I1 and I2 and eliminating

nonphysical terms [Ben-Zion and Lyakhovsky, 2006]. The

corresponding stress-strain relation is

sij ¼ r
@U

@eij
¼ lI1 � g

ffiffiffiffi
I2

p� 	
dij þ 2m� g

I1ffiffiffiffi
I2

p
� 

eij: ð35Þ

Equation (35) describes nonlinear elasticity for a damaged

solid (g > 0), with asymmetric response to loading under

tension and compression conditions compatible with

observations [Weinberger et al., 1994; Hamiel et al.,

2006], and it reduces to linear elasticity for an undamaged

solid (g = 0).

[125] The kinetic aspects of the damage rheology are

accounted for by making the elastic moduli functions of a

nondimensional damage state variable 0 	 a 	 1

representing the local crack density and deriving an

equation for the evolution of a. An undamaged material

with a = 0 is the ideal solid governed by 3-D linear

elasticity, while a material with a = 1 cannot support any

load. Lyakhovsky et al. [1997a] showed that the leading

term of the damage evolution equation, satisfying energy

conservation and nonnegative entropy production, can be

written as

da
dt

¼
CdI2 x � x0ð Þ; for x � x0

C1 � exp
a
C2

� 
I2 x � x0ð Þ; for x < x0:

8<
: ð36Þ

where x = I1/
ffiffiffiffi
I2

p
is referred to as the strain-invariants ratio.

The parameter x0 is a yielding threshold separating states of

deformation involving material degradation (positive da-

mage evolution) and healing (negative damage evolution),

and it may be related to the internal friction in Mohr-

Coulomb yielding [Agnon and Lyakhovsky, 1995; Lyakhovsky

et al., 1997a]. Equation (36) was derived assuming for

simplicity that the moduli m and g are linear functions of

a and that l is constant. Hamiel et al. [2004] showed that a

power law dependency of the modulus g on a improves the

fit between model predictions and laboratory acoustic

emission and stress-strain data. In this case the model has

also a transitional regime xtrans < x < x0 of stable fracturing
below the threshold x0 for unstable degradation, and it

accounts for the well-known Kaiser effect. The coefficient

Cd gives the rate of positive damage evolution for x > x0,
and the value of Cd defines a time scale for the occurrence

of macroscopic brittle failure beyond the yielding threshold

x = x0. Infinitely large Cd reduces the response to the

instantaneous failure of the ideal elastoplastic behavior. The

rate of damage recovery for states of strain x < x0 (or x <

xtrans) associated with high confining pressure and low shear

stress is assumed in (36) to depend exponentially on a. This
produces logarithmic healing with time in agreement with

the behavior observed in laboratory experiments [e.g.,

Dieterich and Kilgore, 1996; Marone, 1998; Scholz, 2002;

Johnson and Sutin, 2005] for wide ranges of materials and

conditions. Lyakhovsky et al. [2005] showed that the above

damage model reproduces the main phenomenological

features of rate- and state-dependent friction and constrained

the healing parameters C1 and C2 by comparing model

calculations with laboratory frictional results.

[126] Examination of data measured at different stages of

rock fracturing experiments indicates that the onset of

acoustic emission and positive damage evolution also

initiates a gradual accumulation of irreversible (inelastic)

strain that precedes the brittle macroscopic failure. Hamiel

et al. [2004] assumed that the rate of accumulation of such
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gradual inelastic strain components eij is proportional to the

rate of positive damage evolution da/dt > 0,

eij ¼ Cv

da
dt

tij; ð37Þ

where Cv � da/dt is an effective damage-related ductile

compliance, or the inverse of an effective damage-related

viscosity, and tij is the deviatoric stress tensor. The value of
the effective viscosity increases with decreasing damage

rate, and it becomes infinitely large (associated with zero

viscous deformation) when the positive damage evolution

approaches zero at the transition to healing. The physical

unit of Cv is inverse stress, so the time scale of all the

damage-related processes during material degradation is

controlled by the damage rate parameter Cd.

[127] As a increases, the damage modulus g increases,

the shear modulus m decreases, and the Poisson ratio n
increases. These changes lead to increasing asymmetry of

the effective elastic moduli for loading under tension and

compression. The process of damage increase becomes

unstable at a critical level of a that produces loss of

convexity of the energy function U of (34), leading to

macroscopic brittle failure. As mentioned in section 4, the

loss of convexity of the energy function is a signature of a

phase transition [e.g., Yeomans, 1992; Binney et al., 1993].

Mathematically, the loss of convexity of U leads to loss of

uniqueness of response functions of the deforming solid

[e.g., Bazant and Cedolin, 1991; Schreyer and Neilsen,

1996a, 1996b]. The increasing asymmetry of the effective

elastic moduli under tension and compression during the

approach to instability indicates increasing similarity to the

mechanical behavior of granular material. We discuss this in

more detail in section 7. In the results shown below, the

local deviatoric stress drops during brittle instability to a

level that corresponds to dynamic friction (which may be

zero). The stress drop is assumed to occur instantaneously,

in analogy with static-kinetic friction, so the model is

inherently discrete in the sense of sections 5.1 and 5.2. The

stress drop during the brittle instability produces a rapid

conversion of elastic strain to plastic deformation that

corresponds to slip in simpler models with planar faults.

[128] The discussed effects are illustrated in Figures 30a

and 30b with schematic stress-strain curves (Figure 30a) for

Figure 30. Schematic diagrams of (a) stress-strain curves and (b) corresponding evolution of elastic
modulus during deformation cycles that include irreversible brittle damage. See related text in section 6.1
for additional explanations.
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large deformation involving multiple brittle failures and

related evolution (Figure 30b) of the effective elastic mod-

ulus for continuing (upgoing) deformation. The stress-strain

curves represent uniaxial and triaxial lab experiments under

brittle conditions, and they ignore small initial nonlinear

parts associated with closures of preexisting cracks and

adjustments between the sample and loading machine

[e.g., Jaeger and Cook, 1979]. We also recall that at

pressure-temperature conditions corresponding approxi-

mately to 10–20 km in typical continental crust, there is a

brittle-ductile transition that replaces the abrupt stress drops

in the stress-strain curves of Figure 30 with gradual

weakening or hardening and limits the depth extent of

hypocenters (Figure 9). The curves in Figures 30a and 30b

marked with points 1, 2, and 3 and angle Q1 correspond to a

rock that did not yet sustain a large-scale shear failure

involving the cooperative failures and coalescence of many

microcracks. We label such a case as ‘‘first macroscopic

failure.’’ A damage-free rock is an end-member of this

class, but it also includes damaged rocks without a

throughgoing failure zone. The other curves, associated

with points 30, 4, and 5 and angles Q2, Q3, and Q4, represent

deformation of rocks that sustained one or more macro-

scopic shear failures. We call such cases ‘‘cycled fault

zones.’’ The levels corresponding to the initiation of

positive damage evolution at x = x0 (points 1 and 4) and

macroscopic brittle failure (points 2 and 5) are labeled ‘‘first

yielding’’ and ‘‘ultimate stress,’’ respectively. The initial

modulus, strength, stress drop, and inelastic strain eP are

larger in the first macroscopic failure than in later cycles,

but the main deformation stages remain the same. For

simplicity, we show identical deformation cycles after the

first macroscopic failure, with Q2 = Q3 = Q4 and eP3 = eP2

in Figure 30a and a repeating 3-4-5 trajectory in Figure 30b.

It is easy to generalize the description to nonrepeating cases

(e.g., Q2 > Q3 > Q4, eP3 > eP2 , variable stress drops, and a

spiraling inward 3-4-5 trajectory for an overall continuing

weakening), but these details are not important for our

purpose here.

[129] Below the first-yielding points 1 and 4, the stress-

strain curves are linear, there is no change in the state of the

material, the modulus is constant, the upgoing and down-

going slopes are the same, and the deformation is reversible.

Points 1 and 4, associated in lab experiments with bursts of

acoustic emission, mark the initial deviation from linear

elasticity (Figure 30a) and modulus evolution (Figure 30b)

at a given deformation cycle. Above these points (x > x0),
new microcracks are generated, the state of the material

evolves, the modulus for continuing deformation decreases,

Figure 31. A regional lithospheric model for coupled evolution of earthquakes and faults with a
sedimentary cover and brittle seismogenic zone governed by damage rheology over a viscoelastic
substrate. The numerical simulations employ various model parameters and boundary conditions. See
related text in section 6.2 for additional explanations.

Figure 32. Scaling relations between potency and area of
earthquakes in simulations with a seismogenic zone
governed by damage rheology over a viscoelastic substrate.
Modified from Lyakhovsky and Ben-Zion [2008] with
permission from Blackwell Publishing.
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and the deformation is no longer reversible. At any stress-

strain states beyond points 1 and 4, the downgoing slope

and effective modulus under compression are larger,

respectively, than the upgoing slope and effective modulus

under tension (equation (35)). The degree of moduli

asymmetry increases with increasing proximity to the

ultimate stress levels points 2 and 5, which are followed

by localized brittle failures and abrupt stress drops. For the

illustrated example with approximately 1-D axial deforma-

tion, the modulus is zero at the ultimate stress level.

However, for general 3-D cases the energy function may

lose convexity with one or more positive moduli [Lya-

khovsky et al., 1997a; Lyakhovsky and Ben-Zion, 2008].

Following a brittle failure and reduction of the deviatoric

stress, x < x0 and the material strengthens or heals

(equation (36)). Since healing is logarithmic in time, most of

the healing takes place under conditions close to those at the

end of the brittle failures (segments 3–30). However, the

recovery of the elastic moduli continues until the next first

yielding occurs (point 4), after which the material begins to

weaken again.

6.2. Dynamic Regimes of Earthquakes and Faults

[130] Ben-Zion et al. [1999], Lyakhovsky et al. [2001],

and Ben-Zion and Lyakhovsky [2002, 2006] simulated

coupled evolution of earthquakes and faults in a regional

lithospheric model consisting (Figure 31) of a seismogenic

crust governed by the damage rheology of Lyakhovsky et al.

[1997a, 1997b] over a viscoelastic substrate. The simula-

tions employed large-scale parameters (e.g., dimensions,

plate velocity, background elastic properties, and viscosity)

constrained by data associated with the San Andreas fault

and laboratory observations, along with various combina-

tions of damage rheology parameters and boundary

Figure 33. Map views of damage distribution at four snapshots in simulations of coupled evolution of
earthquakes and faults with damage healing time scale following the middle curve in the inset of
Figure 34. Further structural evolution alternates between patterns similar to those of the last three
snapshots. Reprinted from Ben-Zion et al. [1999], copyright 1999, with permission from Elsevier.

RG4006 Ben-Zion: PHYSICS OF EARTHQUAKES AND FAULTS

48 of 70

RG4006



conditions. Numerical simulations with a finite-size model

of the type shown in Figure 31 usually assume either

constant stress or constant velocity at the vertical edges

parallel to the plate motion. Lyakhovsky et al. [2001]

showed that these seemingly equivalent conditions generate

very different velocity and stress distributions in the model

[see also Zeller and Pollard, 1992].

[131] The following considerations imply that the con-

stant stress and constant velocity edge boundary conditions

provide appropriate limit loadings for the late and early

stages of large earthquake cycles, respectively. A small

initial crack or creeping patch will begin to grow dynam-

ically when the stress concentration at its front becomes

equal to the brittle strength (e.g., critical stress intensity

factor Kc, critical energy release rate Gc, or static friction).

Since the stress concentration increases with the size of the

failure zone [e.g., Lawn, 1993; Broberg, 1999; Ben-Zion,

2003], constant stress boundary conditions (which inhibit

the possibility of internal stress relaxation) lead to an

accelerated failure process. In contrast, the growth of a

failure zone under constant displacement or velocity

boundary conditions is accompanied by internal stress

relaxation, leading to a stable process. Thus, constant stress

boundary conditions provide appropriate loading for studies

concerned with the development of throughgoing localiza-

tions and system-size events (i.e., analysis of processes

preceding main shocks), whereas constant displacement or

velocity boundary conditions provide appropriate loading

for studies concerned with distributed relaxation processes

following system-size events (i.e., aftershock sequences and

other postseismic signals). Lyakhovsky and Ben-Zion [2008]

used variable boundary forces at the model edges,

proportional to the slip deficit between the far-field plate

motion and displacement of the boundary nodes, to perform

long-term simulations consistent with a constant plate

motion at infinity. Simulations with the damage model

using such boundary conditions produce earthquake scaling

relations compatible with observations (Figure 32).

[132] For cases with constant stress remote loading,

analytical and numerical parameter space studies indicate

[Ben-Zion et al., 1999; Lyakhovsky et al., 2001] that the

types of generated fault structures and earthquake statistics

are governed by the ratio Q = tH/tL, where tH is the time

scale for material healing and tL is the time scale for

loading. Relatively low values of Q (i.e., fast strength

recovery or ‘‘short memory’’) lead to the development of

disordered fault zones, FS statistics of earthquakes compa-

tible with the Gutenberg-Richter distribution, and temporal

clustering of intermediate and large events. Relatively high

ratios of Q (i.e., slow strength recovery and ‘‘long

memory’’) lead to the development of geometrically regular

fault zones, FS statistics compatible with the characteristic

earthquake distribution, and quasi-periodic temporal occur-

rence of large events. Intermediate values of Q produce a

mode-switching response (Figures 33 and 34) in which the

fault zone structures and seismicity patterns alternate, over

long time intervals compared to large earthquake cycle,

between the foregoing two modes of behavior. The results

support the generality of the different dynamic regimes

discussed in section 5.2 on the basis of inherently discrete

models of individual fault zones in elastic solid with

different levels of quenched heterogeneities.

[133] Ben-Zion and Lyakhovsky [2002] used the above

damage model to analyze the conditions that lead to and

properties of accelerated seismic release before large

earthquakes. In a 1-D model with a uniform positive

damage evolution, equation (36) reduces to

_a ¼ Cd e2 � e20
� 	

; ð38Þ

Figure 34. Evolution of seismicity in the simulations producing the damage patterns shown in Figure 33.
The seismicity exhibits mode switching between periods lasting a few large earthquake cycles T separated
by relatively quiet intervals of similar length. The gap around M = 6.5 is a numerical discretization effect.
From Ben-Zion et al. [1999].
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where e is the elastic strain and e0 is the threshold for positive
damage evolution. The stress-strain relation in this case is

s ¼ 2m0 1� að Þe; ð39Þ

where 2m0(1 � a) is the effective elastic modulus with 2m0

being the initial modulus of the undamaged solid. Integrating

(38) under constant stress using (39) and replacing (e � e0)
2

with e2 for analysis in the final stages of deformation before a

system-size failure (e  e0), gives

a ¼ 1� 1� 3Cs2=4m2
0

� 	
t

� �1=3
: ð40Þ

Substituting (40) back into (39) and rearranging terms leads

to strain accumulation in the power law form

e tð Þ ¼ s=2m0ð Þ 1� t=tf
� 	�1=3¼ s=2m0ð Þ Dt=tf

� 	�1=3
; ð41Þ

where tf = (2m0)
2/3Cs2 and Dt = tf � t. Using the above

expressions to calculate the elastic strain energy U and the

energy release rate, Ben-Zion and Lyakhovsky [2002]

obtained a cumulative Benioff strain release of the form

�
Z

@U=@tð Þ1=2dt � Dt=tf
� 	1=3

: ð42Þ

Figure 35. Cumulative Benioff strain for model realizations with three different ratios Q of healing time
scale tH to loading time scale tL. (a) High ratio Q leading to the characteristic earthquake distribution.
(b) Intermediate ratio Q producing mode switching activity. (c) Low ratio Q with Gutenberg-Richter
frequency-size statistics. The cumulative Benioff strain exhibits accelerated seismic release before large
events only in Figure 35c. The accelerated release phase in Figure 35c is fitted with three power law time-
to-failure relations represented by A1 + A2t + A3(tf � t)m. The long dashed line corresponds to equation
(41) with m = �1/3, A1 = 1.4 1015, A2 = 0, and A3 = 8 1013. The solid line corresponds to equation (42)
with m = 0.2, A1 = 1.6 1015, A2 = 0, and A3 = �1.0 1014. The short dashed line corresponds to equation
(43) with m = 1/3, A1 = 1.6 1015, A2 = 1.2 1012, and A3 = �8.2 1013. Reprinted from Ben-Zion and
Lyakhovsky [2002] with kind permission of Springer Science and Business Media.
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The 1-D version of the damage model thus predicts a power

law time-to-failure relation for the cumulative Benioff strain

(equation (22)) with an analytical exponent 1/3. Turcotte et

al. [2003] obtained similar results using a fiber bundle model.

Rundle et al. [2000] derived a time-to-failure equation for a

spinodal phase transition with an exponent of 0.25.

Applications of the simple analytical results for cases having

many ‘‘damage degrees of freedom’’ require modifications.

The simplest generalization is obtained by adding to the right

side of (42) a linear function representing a stationary release

associated with background regional seismicity [see also

Main, 1999]. With this, the expected cumulative Benioff

strain in regional deformation has the form

X
M

1=2
0 tð Þ ¼ A1 þ A2t þ A3 Dt=tf

� 	1=3
; ð43Þ

where A1, A2, and A3 are constants.

[134] Figure 35 shows cumulative Benioff strain simulated

by the regional lithospheric model of Figure 31 for cases

producing the characteristic earthquake distribution, mode

switching activity, and Gutenberg-Richter statistics. In

Figure 35a with the characteristic distribution, the deviations

from linear cumulative Benioff strain before the large events

are abrupt and cannot be approximated well by a power law

relation. Figure 35b exhibits a sharp transition in the

cumulative Benioff strain release when the mode of seismic

response switches (around 32 years) from a period with an

undershoot release to a period with an overshoot release. In

Figure 35c with seismicity having Gutenberg-Richter sta-

tistics, there is a clear phase of accelerated seismic release

before the largest event. As illustrated in Figure 35, the

cumulative Benioff strain in that phase can be fitted well by

the singular power law time-to-failure equation (41), the

nonsingular relation (42), and the generalized nonsingular

equation (43). The good fit obtained by the three different

functions highlights the nonuniqueness associated with

fitting such data. See also Gross and Rundle [1998], Vere-

Jones et al. [2001], and Hardebeck et al. [2008].

[135] To improve the ability to detect and analyze phases

of accelerated seismic release, it is useful to examine

whether they are accommodated by increasing seismicity

rates, increasing event sizes, or both. Figure 36 shows the

average time interval and average event size in the 10 years

prior to the time tf of the large event culminating the

accelerated seismic release in Figure 35c. The results

indicate that the accelerated release begins with increasing

rates of moderate events and followed a few years later by a

shorter phase of increasing event sizes. Ben-Zion and

Lyakhovsky [2002] demonstrated that similar trends exist in

additional simulations, where different types of seismicity

patterns (including mode switching) are generated by

variations in the thickness of the crustal layer rather than

rheological properties. The discussed progression of evolu-

tionary changes during accelerated brittle deformation

before system-size events has been observed recently in

acoustic emission data of laboratory fracturing experiments

with granite [Wang et al., 2008].

[136] To analyze aftershock properties in different cir-

cumstances, Ben-Zion and Lyakhovsky [2006] studied the

relaxation response of a damaged solid under displacement

boundary conditions. In a simple 1-D case of uniform

positive damage evolution (e > e0), equation (37) for the

damage-related inelastic strain rate is

e ¼ Cv _as: ð44Þ

If the boundaries are held at constant displacement, the sum

of the elastic and inelastic strain in the solid remains the

same. This implies that the rate of elastic strain relaxation is

equal to the viscous strain rate, i.e., 2 _e = �e. Using this

condition in (44) and (39) gives

de
dt

¼ �Cvm0 1� að Þ � e da
dt

: ð45Þ

Integrating (45) and using the result in (38) leads to

da
dt

¼ Cd � e2s exp R 1� að Þ2�R 1� asð Þ2
h i

� e20
n o

; ð46Þ

where R = m0Cv is a nondimensional material parameter and
es and as are the initial values of the strain and damage

variable, respectively. Ben-Zion and Lyakhovsky [2006]

showed that the material parameter R plays a fundamental

role in governing the properties of aftershock sequences.

This may be understood intuitively by noticing that R can

also be written as the ratio R = tD/tM, where tD = 1/[Cd(e
2�

e0
2)] is the time scale for brittle damage and tM = h/m is the

Maxwell time scale for viscous relaxation with h = 1/Cv _a.
Ben-Zion and Lyakhovsky [2006] showed further that the

degree of seismic coupling c, quantifying the fraction of the

Figure 36. Average time interval between M � 6 events
(thick line) and average event magnitude (diamonds and
thin line) during the accelerated release phase in Figure 35c.
Reprinted from Ben-Zion and Lyakhovsky [2002] with kind
permission of Springer Science and Business Media.
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elastic strain energy that is released in brittle deformation

(equation (15)), is inversely proportional to R and given by

c = 1/(1 + R). The quantitative connections between R and

aftershock properties on one hand, and R and c on the other,

open up the possibility of estimating the degrees of seismic

coupling in various regions from aftershock properties.

Examples of such an analysis for several regions in southern

California are given by W. Yang and Y. Ben-Zion

(Observational analysis of correlations between aftershocks

productivities and regional conditions in the context of a

damage rheology model, submitted to Geophysical Journal

International, 2008).

[137] To convert the evolution of a in (46) to a change in

the number of aftershocks N, it is convenient to assume (for

simplicity) a linear scaling relation a = as + fN. This gives

f
dN

dt
¼ Cd � e2s exp R 1� as � fNð Þ2�R 1� asð Þ2

h i
� e20

n o
:

ð47Þ

The corresponding solution for a 3-D volume with many

interacting subregions is expected to be associated with a

sum of exponentials similar to (47). Seismological observa-

tions indicate that average changes of seismic velocities in

aftershock regions are very small [e.g., Leary et al., 1979;

Poupinet et al., 1984; Peng and Ben-Zion, 2006], so the

parameter f has a very small numerical value (e.g., 10�6). If
fN is sufficiently small so that the (fN)2 term in (47) can be

neglected,

f
dN

dt
¼ Cd � e2s exp �2fNR 1� asð Þ½ � � e20

� �
: ð48Þ

If the initial strain es induced by the main shock is large

enough so that e0
2 � es

2exp[�2fNR(1 � as)], the rate of

events with time is

dN

dt
¼ Cde2s

2fR 1� asð ÞCde2s t þ f
ð49aÞ

or

dN

dt
¼

_N0

2fR 1� asð Þ _N0

� 1

t þ 1=2fR 1� asð Þ _N0

; ð49bÞ

where _N0 = Cdes
2/f is the initial aftershocks decay rate.

Equation (49b) provides an approximate mapping between

parameters of the Omori-Utsu power law relation

(equation (18)) and parameters of the damage rheology: k =

1/[2fR(1 � as)], c = 1/[2fR(1 � as) _N0] = k/ _N0, p = 1.

Shcherbakov et al. [2005a] obtained a power law relation for

the decay rate of events in a 1-D damagemodel similar to that

associated with equations (38) and (39), by assuming a

power law dependency of the rate coefficient Cd on the

stress above a yielding stress level. See also Nanjo et al.

[2005].

[138] The conditions leading to the power law approxi-

mation (49) of the more general exponential solution (47)

cannot hold for a long period of time, since N grows with

time and eventually becomes large enough to violate one

of the employed assumptions. However, Ben-Zion and

Lyakhovsky [2006] showed that the exponential decay rate

of equation (47) can be fitted well over some time intervals

by the modified Omori-Utsu relation (Figure 37). In the

examples given, the exponential decay for R = 0.3 can be

fitted over the examined 100 days using a single set of

parameters for the Omori-Utsu law (dotted black line),

while obtaining a good fit for R = 1 with the Omori-Utsu

relation requires changing the power law parameters with

time. We note that analyses of various observed aftershock

sequences also imply the need for effective power law

parameters that change with time [e.g., Mogi, 1962b;

Otsuka, 1985; Davis and Frohlich, 1991; Narteau et al.,

2002; Peng et al., 2006, 2007; Enescu et al., 2007; Nanjo et

al., 2007].

[139] The results of Figure 37 indicate that increasing R

values reduce the productivity and duration of the after-

shocks. Ben-Zion and Lyakhovsky [2006] confirmed with

3-D simulations the dominant role of R on these properties,

as well as on the FS statistics and depth of aftershock

sequences, and concluded that sufficiently high R values

produce a transition from a clear main shock–aftershocks

response to a swarm-type behavior. Since R is inversely

proportional to the effective viscosity, the degree of seismic

coupling and the productivity and duration of aftershock

Figure 37. Analytical results based on the exponential
equation (47) for aftershock decay rates for different R
values (lines with different colors). The dotted black lines
show least squares fits to the exponential solution with the
Omori-Utsu power law relation (equation (18)). The fit for
R = 0.3 is done with the Omori-Utsu parameters K = 1800,
c = 15 days, and p = 0.8. The fit for R = 1 is done with K =
1120, c = 5.3 days, and p = 1 for the first 40 days andK = 800,
c = 3 days, and p = 1.1 for the following 60 days. Reprinted
from Ben-Zion and Lyakhovsky [2006] with permission from
Blackwell Publishing.
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sequences are expected to decrease for lithological and

ambient conditions that reduce the viscosity. These include

increasing temperature, increasing fluid content, and

existence of thick sediments or other rock units that have

relatively low viscosity. Recent analyses of seismological

and geodetic data support the above inferences [Lohman

and McGuire, 2007; Peng, 2007; Enescu et al., submitted

manuscript, 2008; Yang and Ben-Zion, submitted manu-

script, 2008].

[140] The high strain rates generated by main shocks

below the seismogenic zone in the 3-D simulations of

Ben-Zion and Lyakhovsky [2006] produce a transient

deepening of the brittle-ductile transition depth. This is

manifested by maximum hypocenter depths that are initially

higher than the background seismicity and then decrease

gradually with time to the background level [Ben-Zion and

Lyakhovsky, 2006, Figure 8]. These results are compatible

with temporal evolution of the depth of well-located

aftershocks following moderate and large California earth-

quakes [Schaff et al., 2002; Rolandone et al., 2004] and

geological observations of localized rupture surfaces within

mylonitic rocks exhumed from the nominal ductile section

of the crust [e.g., Sibson, 1980; Ellis and Stockhert, 2004].

7. CONTINUUM-DISCRETE PHASE TRANSITIONS

[141] The results discussed in sections 5 and 6 indicate

that the dynamics of earthquakes and faults may be grouped

into several different regimes that may be represented by

phase diagrams. Various previous works associated earth-

quakes with some type of a phase transition [e.g., Smalley et

al., 1985; Bak et al., 1987; Rundle and Klein, 1993;

Lomnitz-Adler, 1993; Sornette and Sammis, 1995; Fisher et

al., 1997; Buchel and Sethna, 1997]. However, the physical

phases associated with the transitions have not been

identified, and, hence, the assumed transitions lacked a

concrete physical context. On the basis of the material

covered in the previous sections, we argue that collective

behavior of earthquakes and faults is associated with two-

way transitions between continuum (or solid) and discrete

(or granular) states of material, which we refer to as

continuum-discrete transitions. This designation can be

understood intuitively by considering the results presented

in section 6.1 on the physical changes that occur in the

properties and response functions of rocks during and

between brittle failure episodes. The increasing asymmetry

of the effective elastic moduli under compression or tension

with increasing rock damage indicates that the mechanical

behavior of a strongly damaged solid approaches that of a

granular material. The loss of convexity of the energy

function at a critical level of damage leading to brittle

failure is a signature of a phase transition. As mentioned in

earlier sections, an ideal continuum/solid state is associated

physically with lack of internal surfaces or other disconti-

nuities (and smoothness of properties and response func-

tions). In contrast, a discrete/granular state is associated

with internal surfaces that divide the material into a

collection of quasi-independent units (and strong hetero-

geneity of properties and response functions). Since brittle

failures create new fracture surface area, each failure

episode moves the state of the rock away from that of a

continuum solid and toward that of a discrete granular

medium. On the other hand, the healing processes in the

interseismic periods reduce the internal surface area and

move the state of the material in the opposite direction.

[142] The two-way continuum-discrete transitions, and

earthquake cycles of which they are part, are not symmetric

in time or in the operating physical processes. The brittle

failures producing the transitions from a continuum to a

discrete state are preceded by a long gradual loading phase

(segments 3–5 in Figures 30a and 30b) that may last for

hundreds to thousands of years and a gradual weakening

phase (4–5 in Figures 30a and 30b) that may persist for

years or tens of years. The brittle fracture culminating the

transition is abrupt, occurring over seconds (segment 5–3 in

Figure 30b), and the healing phase that brings about the

reversed transition from a discrete to continuum state is

again gradual (3–4 in Figures 30a and 30b) and may last for

years to many hundreds of years. An important question

with possible implications for earthquake prediction and

other issues is whether the continuum-discrete transition

belongs to the class of discontinuous or first-order transi-

tions [e.g., Buchel and Sethna, 1997; Zapperi et al., 1997;

Kun and Herrmann, 1999], continuous or critical transitions

[e.g., Fisher et al., 1997; Gluzman and Sornette, 2001], or

spinodal transitions associated with a combination of both

[e.g., Rundle and Klein, 1989; Selinger et al., 1991; Klein et

al., 2000]. The rigidity and jamming transitions of granular

material [Aharonov and Sparks, 1999; O’Hern et al., 2003]

have signatures of spinodal criticality. The phase diagrams

shown in section 5.2 imply that the type of phase transition

associated with earthquake dynamics is expected to vary,

and can be any of the above, for different values of tuning

parameters.

[143] As mentioned in section 4, the mass density, elastic

moduli, and density of fracture surface energy can provide

order parameters that may be used to clarify the class of

transition associated with brittle failure. As illustrated in

Figure 30, the evolution of the elastic moduli in lab

fracturing experiments [e.g., Sammonds et al., 1992;

Lockner et al., 1992; Stanchits et al., 2006] during the

approach to brittle failure is asymptotic with a decreasing

rate, suggesting a possible continuous transition. However,

it is not clear whether the moduli undergo additional finite

changes during the transition itself. The dashed lines in

Figure 30a following the initiation of brittle instabilities

(i.e., segment 2–3) signify the lack of precise knowledge on

the evolution of the stress-strain curves and effective elastic

moduli during the brittle failures. Future information on

properties of the elastic moduli during brittle instabilities

may clarify the condition for which the continuum-discrete

transition is continuous and/or discontinuous. Laboratory

friction data suggest that the log(t) functional form of

healing begins to operate from about t = 1 s after the failures
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[Nakatani and Scholz, 2004; J. Dieterich, personal commu-

nication, 2006]. More detailed measurements on the nature

of the healing process close to t = 0 are needed to clarify if

the reversed discrete-continuum transition is continuous or

not. Similar remarks can be made on the mass density of the

deforming rock.

[144] The fracture surface energy density generated dur-

ing propagation of earthquake ruptures vanishes asymptot-

ically [e.g., Freund, 1990; Broberg, 1999; Ben-Zion, 2003]

as the rupture speed approaches the limiting subsonic

velocity of the rupture mode (Rayleigh wave speed for

modes I and II and shear wave speed for mode III).

Unfortunately, detailed information on earthquake rupture

velocities is not available. However, inferred values of

average speeds over earthquake rupture areas are about 70–

90% of the limiting velocities [e.g., Somerville et al., 1999;

Venkataraman and Kanamori, 2004]. Small earthquakes

growing from quasi-static nucleation phases of the types

discussed in section 3, and propagating on rough immature

faults (or in a rough stress field on a mature fault that

prevents them from becoming large), may have relatively

low speeds and produce relatively high fracture energy

density. In contrast, large earthquakes propagating on large

smooth faults, during time intervals when the stress field is

relatively high and smooth over large wavelengths [e.g.,

Ben-Zion et al., 2003], are likely to be associated with

relatively high rupture speeds and relatively low fracture

energy density. The numerous small events that occur

throughout large earthquake cycles may reduce collectively

the cohesion over parts of the eventual large failure area and

allow the large events to propagate with higher velocities

and lower fracture energy densities. These expectations

should be tested with future high-resolution results on

rupture velocities of small and large events on a given fault.

The above considerations suggest that small earthquakes

may be associated with a discontinuous transition, while

large earthquakes may be associated with a near-critical

transition. The entire process of large earthquake cycles

may correspond to spinodal transitions. As discussed in

section 4, the association of large earthquakes with near-

critical transition is supported by the development of

various power law distributions before (e.g., power law

time-to-failure of cumulative Benioff strain, correlation of

hypocenters and foreshocks) and after (e.g., FS statistics and

aftershock decay rates) large events.

[145] Since rocks in the brittle upper crust contain in

general a mixture of continuum/solid and discrete/granular

phases, the crust as a whole may be said to be in a state of a

continuum-discrete duality. This contributes significantly to

the complexity of earthquake and fault systems. The con-

tinuum-discrete duality also provides a natural explanation

for the lack of agreement on whether earthquake dynamics

should be modeled with continuum or discrete frameworks

[e.g., Ben-Zion and Rice, 1993, 1995] and the fact that

hybrid continuum-discrete frameworks produce a rich

variety of realistic results [e.g., Mikumo and Miyatake,

1983; Fukao and Furumoto, 1985; Ben-Zion, 1996; Zöller

et al., 2006]. A given region may be in a predominantly

continuum or a predominantly discrete state, and the

existence of one dominant state versus the other may

depend on time. Confining pressure and temperature favor

healing, and both increase with depth, so the crust is likely

to be overall predominately discrete at very shallow depth

(e.g., in the top 100–500 m) and predominately continuum

over most of the seismogenic zone (e.g., depth > 3 km).

Relatively low values of the nondimensional ratios Q and R

of section 6 will increase locally the fracture density and

effective discreteness, while relatively high values will lead

to a more continuum-like region. In space-time domains

sufficiently far from faulting events, deformation fields in

the crust (e.g., geodetic data) may be considered to a good

approximation as occurring in a continuum solid. On the

other hand, detailed understanding of brittle deformation in

space-time domains very close to faulting events, with high

rock damage, discontinuous geometrical and material

properties, possible opening modes of rupture, etc., is likely

to require frameworks that incorporate discreteness. The

critical branching process discussed in section 4.1 may be

viewed as associated physically with a process that

granulates a solid to a collection of blocks following power

law frequency-size statistics. The solid-fluid transitions may

be viewed as limiting cases of extreme solid granulation.

This provides an intuitive explanation for the fact that the

mechanical behavior of a granular material has a mixture of

solid-like and fluid-like features. We note that while the

focus of this paper is on earthquake cycles and the brittle

crust, the continuum-discrete transitions occur on a variety

of larger space and time scales. Over very long scales these

transitions are involved in the creation of continents,

tectonic plates, and planets from amalgamation of different

blocks and fragmentation of continents, plates, and planets

in rifting and impact events.

8. DISCUSSION

[146] The physics of earthquakes and faults is a young

scientific discipline. Earth sciences as a whole became a

modern field of scientific inquiry only in the early 19th

century following the pioneering works of Hutton and Lyle.

Quantitative seismology was initiated in the late 19th and

early 20th centuries with the first recordings of modern

seismometers by Milne, Wiechert, and Galtzin. The quan-

titative association of earthquakes with faults begins with

the elastic rebound theory of Reid [1910]. This was

followed by the development of classical methods for

analyzing faulting in homogeneous solid, including notably

the Mohr diagram and the criteria of Anderson [1951] for

the creation of normal, strike-slip, and reverse faults. The

establishment of plate tectonics and deployment of global

seismic networks in the 1960s led to a flurry of productive

developments of basic quantitative models for earthquakes

and fault phenomena in terms of continuum mechanics,

fracture mechanics, and friction [e.g., Maruyama, 1963;

Chinnery, 1963; Burridge and Knopoff, 1964; Jaeger and

Cook, 1979; Rice, 1980; Scholz, 2002; Aki and Richards,

2002].
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[147] With the continuing accumulation of data, it became

progressively clearer that the basic existing frameworks do

not account for the diversity and complexity of the observed

phenomena. Stimulating contributions associated with cha-

os, fractals, statistical physics, turbulence, etc. [e.g., Lorenz,

1969; Mandelbrot, 1983; Bak et al., 1988; Turcotte, 1997]

led to a growing realization that earthquake and fault

dynamics belong to the class of complex physical

phenomena and motivated additional developments of

theoretical models and analysis techniques. In contrast to

basic sciences like classical mechanics and chemistry,

which deal with problems that are dominated by one or a

small number of processes and are therefore amenable to

reductionism, collective behavior of earthquakes and faults

and other complex sciences involve a large number of

inseparable processes that interact over large regions of

space and time (Figure 1). Such problems can generally not

be studied with pure reductionism and require additional

tools that can quantify emergent behavior associated with

the numerous simultaneous interactions across the whole

system [e.g., von Bertalanffy, 1968; National Research

Council, 2003]. The development of such tools remains an

important continuing challenge with significant potential

benefits to many fields.

[148] The central question addressed in this paper is

whether the complex brittle deformation associated with

earthquakes and faults is in a statistical steady state, which

may be understood essentially with a single dynamic

regime, or whether there are greater richness and complex-

ity associated with persistent evolutionary processes and

different dynamic regimes. The discussed observational and

theoretical results point clearly to the latter and suggest that

the evolution of earthquake and fault systems involves

cyclical granulation and cohesion-gaining coalescence pro-

cesses over broad ranges of space-time scales. These

evolutionary processes may be understood in terms of phase

transitions between continuum and discrete states of mate-

rial. The ongoing multiscale two-way transitions imply that

the state of various rock volumes at various time intervals,

and the crust as a whole, is associated with a continuum-

discrete duality. This duality contributes significantly to

both the real and the apparent complexity of earthquake

and fault patterns. The discussed results highlight further the

importance of several evolutionary processes associated

with the development of large individual fault zones, with

different dynamic regimes characterized by phase diagrams

with boundary lines and critical points at specific values of

tuning parameters.

[149] Multidisciplinary information on the geometrical

and mechanical properties of fault zones indicate that brittle

failure of rock has an initial transient phase associated with

local hardening/strengthening, distributed deformation, and

continual creation of new structures. With increasing defor-

mation, however, the response is replaced by weakening

rheology and localization to relatively simple tabular zones

that become the main carriers of subsequent deformation

[Ben-Zion and Sammis, 2003]. This structural evolution is

accompanied by changes in the mechanical behavior of

faults. Laboratory studies indicate that the static coefficient

of friction for many crustal rocks is around 0.7 [Byerlee,

1978], in agreement with stress measurements away from

major faults [e.g., McGarr and Gay, 1978; Brudy et al.,

1997; Zoback and Zoback, 2007]. However, heat flow

measurements along the San Andreas and other major faults

in California [e.g., Brune et al., 1969; Lachenbruch and

Sass, 1992] and additional evidence summarized by Ben-

Zion [2001] indicate that large faults slip under considerably

lower stress compatible with a dynamic coefficient of

friction of 0.2 or less. The basic mechanical ingredients

associated with Coulomb-Byerlee friction and the faulting

criteria of Anderson [1951] appear to apply generally away

from large faults but lead to several paradoxes in the context

of major faults.

[150] The progressive regularization of geometrical het-

erogeneities and development of bimaterial interfaces with

ongoing slip reduce over geological time the range of size

scales in fault zone structures and increase the degree of

dynamic weakening. The existence of bimaterial interfaces

produces strong dynamic dilation that can lead to material

opening near the tip of propagating ruptures and additional

important dynamic phenomena [e.g., Weertman, 1980; Ben-

Zion, 2001; Rudnicki and Rice, 2006; Ampuero and Ben-

Zion, 2008]. (Transient opening during rupture propagation

may also be generated by collision of gouge particles and

rough surfaces [Melosh, 1979; Lomnitz-Adler, 1991] and

various fluid-assisted effects [e.g., Sibson, 1973; Rice,

2006].) The detailed parameter space studies of section 5

indicate that the range of size scales and the strength change

parameter eD are key tuning parameters that control the

properties of seismicity patterns on large individual faults.

While the range of size scales of fault zone heterogeneities

evolve on geological time scale, the ROSS characterizing

stress heterogeneities on a given fault evolves within large

earthquake cycles and may produce intermittent criticality

[e.g., Heimpel, 1997; Ben-Zion et al., 2003; Rundle et al.,

2003]. The analytical and numerical results of section 6

demonstrate that the ratio Q = tH/tL of the time scales for

healing of rock damage to tectonic loading, and the ratio

R = tD/tM of the time scales for generation of brittle damage

to aseismic relaxation, are fundamental nondimensional

parameters that govern the coupled evolution of earthquakes

and faults in a region. The above parameters are associated

with different measurements and capture some different

aspects of the response, but they are not entirely independent.

If tH is zero, there is no dynamic weakening, and as the

former increases so does the latter. As the values of Q and R

increase, the geometric disorder decreases. Thus relatively

high Q, relatively high R, relatively large dynamic

weakening (eD > 0), and relatively low geometric disorder

are generally associated with the same dynamic regime.

[151] The observational and theoretical results reviewed

in the paper indicate that brittle rock failure in early

evolutionary stages is characterized by complex branching

structures, relatively high stress, low mechanical efficiency
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(associated with high dissipation in the form of heat and

creation of rock damage), and ruptures with relatively low

velocity (e.g., 	0.75CR with CR being the Rayleigh

velocity). The earthquake population in such disordered

rock volumes consists of small- and intermediate-size

events with random or clustered temporal occurrence,

power law frequency-size distribution over the entire

magnitude range, and accelerated seismic release before

large earthquakes. In contrast, brittle failure on mature

large-displacement faults is characterized by localized

deformation, relatively low stress, relatively high mechan-

ical efficiency (i.e., low dissipation and high seismic

radiation), and ruptures with relatively high velocity (e.g.,

�0.9CR). Such faults, which sustain the largest earthquakes,

have event population with power law distribution only for

small- to intermediate-size events and enhanced statistics

for more regularly occurring large earthquakes without

precursory accelerated release. For ranges of parameters

producing comparable tendencies for regularization and

disordering, a fault system may be associated with a mode-

switching response. This is characterized by spontaneous

long-term fluctuations between relatively quiet periods with

power law distribution of small- to intermediate-size events

and highly active time intervals with clusters of large

earthquakes following the characteristic distribution.

Regions with low R values (associated with relatively low

temperature, relatively low fluid content, and competent

crystalline rocks) have few foreshocks but long aftershock

sequences with high productivity and power law FS event

statistics. In contrast, regions with high R values have

increased foreshock activity but short aftershock sequences

with low productivity and peaked statistics, or swarms

without clear separated earthquake sequences.

[152] The discussed results may help organizing earthquake

and fault data in separate classes that are associated with

different dynamic regimes. Analysis of multidisciplinary

(seismicity, geodetic, and geological) data characterizing the

various dynamic regimes with parameters that reflect evolving

behavior in different domains (space, time, and energy or

magnitude) may be used to design improved algorithms for

earthquake prediction and seismic hazard assessment. Addi-

tional fundamental topics for continuing research include

clarifying details associated with the two-way continuum-

discrete transitions, adding to the general framework of plate

tectonics granulation and coalescence processes on various

scales along with progressive evolution of fault zone proper-

ties, and developing models for dynamic rupture that include

opening modes and generation of rock damage.
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N. Gorur, X. Le Pichon, and C. Rangin (2005), The North Ana-
tolian Fault: A new look, Annu. Rev. Earth Planet. Sci., 33, 37–
112, doi:10.1146/annurev.earth.32.101802.120415.

Senshu, T. (1959), On the time interval distribution of aftershocks
(in Japanese), Zisin, Ser. 2, 12, 149–161.

Sethna, J. P., K. A. Dahmen, and C. R. Myers (2001), Crackling
noise, Nature, 410, 242–250, doi:10.1038/35065675.

Sexton, J. L., and P. B. Jones (1986), Evidence for recurrent fault-
ing in the New Madrid seismic zone, Geophysics, 51, 1760–
1788, doi:10.1190/1.1442224.

Shaw, B. E. (1995), Frictional weakening and slip complexity in
earthquake faults, J. Geophys. Res., 100, 18,239–18,251,
doi:10.1029/95JB01306.

Shaw, B. E., and J. R. Rice (2000), Existence of continuum com-
plexity in the elastodynamics of repeated fault ruptures, J. Geo-
phys. Res., 105(B10), 23,791–23,810.

Shcherbakov, R., and D. L. Turcotte (2003), Damage and self-
similarity in fracture, Theor. Appl. Fract. Mech., 39, 245–258,
doi:10.1016/S0167-8442(03)00005-3.

Shcherbakov, R., and D. L. Turcotte (2004), A modified form of
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