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Glossary

Mean field theory A theoretical approximation with an
interaction field that has constant strength and infinite
range. In mean field approximation every domain in-
teracts equally strongly with every other domain, re-
gardless of their relative distance.

Critical point A (phase transition) point in the parame-
ter space of a physical system where the length scale
characteristic of its structure, called the correlation
length � , becomes infinite and the system displays
power law scaling behavior on all available scales. The
associated critical power law exponents are universal,
i. e. they are independent of the microscopic details of
the system.

Universality Power law scaling exponents and scaling
functions near a critical point are the same for a class of
systems, referred to as universality class, independent
of the microscopic details. Universal aspects typically
depend only on a few basic physical attributes, such
as symmetries, range of interactions, dimensions, and
dynamics.

Tuning parameters Parameters such as disorder, tem-
perature, pressure, driving force etc. that span phase
diagrams. Critical values of the tuning parameters de-
scribe critical points of the phase diagrams.

Renormalization group (RG) A set of mathematical
tools and concepts used to describe the change of
physics with the observation scale. Renormalization
Group techniques can be used to identify critical
points of a system as fixed points under a coarse grain-
ing transformation, and to calculate the associated
critical power law exponents and the relevant tuning
parameters. They can also be used to determine what
changes to the system will leave the scaling exponents
unchanged, and thus to establish the extent of the
associated universality class of the critical point.

Earthquake quantities Themost common form of earth-
quake data consists of seismic catalogs that list the
time, location, and size of earthquakes in a given space-
time domain. The size of earthquakes is usually speci-
fied bymagnitudes associated with spectral amplitudes
of seismograms at a given frequency and site-instru-
ment conditions. The seismic potency and moment
provide better physical characterizations for the over-
all size of earthquakes. Additional important quanti-
ties are the geometry of faulting (e. g., strike slip), stress
drop at the source region, and radiated seismic energy.

Seismic potency A physical measure for the size of earth-
quakes given by the integral of slip over the rupture
area during a seismic event.

Seismic moment A physical measure of earthquakes
given by the rigidity at the source region times the seis-
mic potency.

Strike slip fault A style of faulting involving pure hor-
izontal tangential motion, predicted for situations
where the maximum and minimum principal stresses
are both horizontal. Prominent examples include the
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San Andreas fault in California, the Dead Sea trans-
form in the Levant and the North Anatolian fault in
Turkey.

Definition of the Subject

Observations indicate that earthquakes and avalanches
in magnetic systems (Barkhausen Noise) exhibit broad
regimes of power law size distributions and related scale-
invariant quantities. We review results of simple mod-
els for earthquakes in heterogeneous fault zones and
avalanches in magnets that belong to the same universal-
ity class, and hence have many similarities. The studies
highlight the roles of tuning parameters, associated with
dynamic effects and property disorder, and the existence
of several general dynamic regimes. The models suggest
that changes in the values of the tuning parameters can
modify the frequency size event statistics from a broad
power law regime to a distribution of small events com-
bined with characteristic system size events (characteris-
tic distribution). In a certain parameter range, the earth-
quake model exhibits mode switching between both dis-
tributions. The properties of individual events undergo
corresponding changes in different dynamic regimes. Uni-
versal scaling functions for the temporal evolution of in-
dividual events provide similar predictions for the earth-
quake andmagnet systems. The theoretical results are gen-
erally in good agreement with observations. Additional
developments may lead to improved understanding of the
dynamics of earthquakes, avalanches in magnets, and the
jerky response to slow driving in other systems.

Introduction

Global Statistics and Power Law Scaling

Earthquakes occur in a broad spectrum of sizes, ranging
from unnoticeable tremors to catastrophic events. While
short term earthquake prediction is still beyond reach, un-
derstanding the statistics of earthquakes might facilitate
longer term prediction of large earthquakes and statistical
estimates of seismic hazard. Gutenberg and Richter [29]
found that the frequency of observed regional and global
earthquakes versus magnitude forms a regular function
over a very large range of scales (see Fig. 1). When the
measure for the earthquake size is the seismic potency or
moment (see “Glossary”), the frequency size statistics of
regional and global earthquakes follow a power law distri-
bution. Precise definitions and details on the seismic po-
tency and moment are given in [1] and [3]. (In this paper
we assume a unit nominal rigidity and will therefore use
potency and moment interchangeably.) Omori [57] found
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Histogramof earthquakeswithmagnitude 2.0 or larger recorded
by the Southern California network during 1984–2002. The
earthquake catalog is available at http://www.data.scec.org/
research/SHLK.html

that the decay rate of aftershocks with time follows a power
law distribution. One would expect that there might be
a simple explanation for why earthquakes occur in a broad
range of sizes and follow regular statistical patterns!

In the last two decades it has become increasingly ev-
ident that there are many other systems that respond to
slowly changing external conditions with events on ex-
tremely large ranges of scales (“crackling noise”). An ex-
ample of particular interest here involves magnets, which
respond to a slowly varying external field by changing their
magnetization in a series of bursts or “avalanches” called
Barkhausen Noise. Just like earthquakes, these avalanches
come in many sizes, ranging from microscopic to macro-
scopic and are distributed according to a regular function
over the entire range. The spectra of the source time func-
tion of earthquakes is approximately flat up to a corner
frequency related to the rupture size, followed by a power
law decay at higher frequencies [1,3]. Similarly, the spec-
tra of the number of spins flipping per time during an
avalanche in magnets has high frequency power law de-
cay with a low frequency roll off [68]. For certain values of
tuning parameters, earthquake and magnet quantities are
associated with scale invariant functions (power laws). In
such cases each individual magnetic avalanche or earth-
quake slip has fractal spatial structure (see Fig. 2 for mag-
nets and Fig. 5a for earthquakes). Other systems with sim-
ilar “collective events” of all available sizes include, among
others, superconductors, charge density waves, and group
decision making [66].

While there are several interesting recent reviews,
pointing out the similarities between systems with power
law event size distributions, the goal of this paper is to de-
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Systems, Physics of, Figure 2
Fractal spatial structure of a medium sized avalanche of 282785
domain flips in the 3 dimensional random field Ising model [66].
Fractal structures and power laws are characteristic of systems
at their critical point. The shading represents time of the do-
main flips: the first domains to flip are at the right end of the
avalanche, the last towards the left. The short range of the ferro-
magnetic interactions causes the avalanche to be spatially con-
nected (see [66])

velop in detail some of the connections and analysis meth-
ods in earthquake and magnetic systems. Expanding on
some of our earlier results, we focus especially on the role
of disorder and dynamic changes in the strength thresh-
old as potential tuning parameters to drive the system to-
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Some scaling features that are similar formagnets and earthquakes.More details on the various properties are given in the indicated
sections

Earthquake system Magnetic system
Frequency size
statistics

Power law near criticality, characteristic distribution away from
criticality (Sect. “Results on the Monotonic Version of the Model”)

Same as earthquakes (Sect. “Results on
the Monotonic Version of the Model”)

Scaling of source
shape functions

Parabola for moment rate shape of events with fixed duration T in
simulations, scaling function skewed to the left for observational data
(Sect. “Moment Rate Shapes for Monotonic Models”)

Same as earthquakes (Sect. “Moment
Rate Shapes for Monotonic Models”)

Spatial properties of
individual events

Fractal near criticality, compact away from criticality
(Sect. “Non-monotonic Models” and Fig. 5)

Same as earthquakes
(Sects. “Non-monotonic Models””
and “Phase Diagram”” and Fig. 2)

Spectral decay of
source function of
individual events

Flat up to a corner frequency followed by power law decay
(Sect. “Introduction”)

Same as earthquakes
(Sect. “Introduction”)

ward power law scaling behavior or away from it. Table 1
summarizes some of the similarities between magnets and
earthquakes that are discussed in this review.

In Sect. “Models” we describe several magnet and
earthquake models that are simple enough to make the
connections transparent and easy to recognize. In Sect.
“Theoretical Results” we review theoretical results ob-
tained from these models and their comparison to exper-
imental or observational data. Finally in Sect. “Summary”
we summarize the results and discuss future work, both
observationally and theoretically, that can help to improve
our understanding of the dynamics of earthquakes and
magnets.

Models

Models for Barkhausen Noise in Magnets

Hysteresis and avalanches in disordered magnetic materi-
als have been modeled using several variants of the non-
equilibrium, zero-temperature random-field Ising model
(RFIM), which is one of the simplest models of mag-
netism, with applications far beyond magnetic systems
(for a review, see [66], and also [15,56,58]). In contrast to
some other hysteresis models, like the Preisach model [44]
and the Stoner–Wohlfarth model [33], where interactions
between the individual hysteretic units (grains) are not in-
cluded and collective behavior in the form of avalanches
is not addressed, in the RFIM the inter grain coupling is
an essential feature and cause for hysteresis and avalanche
effects.

The Random Field Ising Model (RFIM) The equilib-
rium RFIM was originally introduced to study disor-
dered magnetic materials in thermal equilibrium. We
study the nonequilibrium version, to model hysteresis and



5024 J Jerky Motion in Slowly Driven Magnetic and Earthquake Fault Systems, Physics of

avalanches observed far from thermal equilibrium. Even
though the model is a toy version of the microscopic de-
tails in a magnet, near the critical point it correctly de-
scribes the large scale behavior of systems with the same
general properties such as symmetries, dimensions, inter-
action ranges and dynamics [15], as follows from renor-
malization group arguments.

In the RFIM, to each site i in a simple cubic lat-
tice is assigned a variable si, a so called “spin”, which
can take two different values, si D C1 (“up”) or si D �1
(“down”). (This corresponds to a real magnet where
a crystal anisotropy prefers the magnetic moments or ele-
mentary domains, represented by the spins, to point along
a certain easy axis.) Each spin interacts with its nearest
neighbors on the lattice through a positive exchange inter-
action, Jnn, which favors parallel alignment. (For the be-
havior on large scales the exact range of the microscopic
interaction is irrelevant, so long as it is finite.) Some varia-
tions of the RFIM also include long range interactions due
to the demagnetizing field and the dipole-dipole interac-
tions. A general form of the Hamiltonian can be written
as [37]

H D �
X

nn
Jnnsi s j �

X

i

Hsi �
X

i

hi si

C
X

i

Jinf
N

si �
X

fi; jg

Jdipole
3 cos(�i j) � 1

r3i j
si s j ; (1)

where H is the homogeneous external magnetic driving
field, hi is a local, uncorrelated random field, that mod-
els the disorder in the system, Jinf is the strength of an in-
finite range demagnetizing field, N is the total number of
spins in the system, and Jdipole is the strength of the dipole-
dipole interactions. The power laws of generated events
are independent of the particular choice for the distribu-
tion �(hi ) of random fields, for a large variety of distribu-
tions. Usually a Gaussian distribution of random fields is
used, with a standard deviation (“disorder”) R. As a sim-
ple approximation the model is studied at zero tempera-
ture, far from equilibrium, to describe materials with suf-
ficiently high barriers to equilibration, so that temperature
fluctuations are negligible on experimental time scales. As
the magnetic field is adiabatically slowly changed between
H D �1 to H D C1 two different local dynamics have
been considered:

(1) in the first (“bulk”) dynamics, each spin si flips
while decreasing its own energy. We have studied this dy-
namics for the original RFIM without long range inter-
actions, i. e. for Jinf D Jdipole D 0 [15,58]. This dynamics
allows for both domain nucleation (when a spin si sur-
rounded by equal valued spins flips in the opposite di-

rection), and for domain wall motion (when a spin flips
on the surface of a preexisting cluster of uniform spins in
a background of opposite valued spins). A spin flip can
trigger neighboring (or more generally, coupled) spins to
flip as well, leading to an avalanche of spin flips, analogous
to a real Barkhausen pulse. During an avalanche the exter-
nal field is kept constant until the avalanche is finished, in
accordance with the assumed adiabatic limit. The model is
completely deterministic – two successive sweeps through
the hysteresis loop produce the exact same sequence of
avalanches (since the temperature is set to zero). This dy-
namics may be appropriate to describe for example hard
magnetic materials with strong anisotropies. The analogue
earthquake system may be associated with fault regions or
fault networks that have strong geometrical and material
heterogeneities.

(2) The second dynamics is a “front propagation dy-
namics” in which only the spins on the edge of an existing
front (interface between up and down spins) flip if that de-
creases their energy. This dynamics can be used to model
soft magnetic materials with a single or several nonin-
teracting advancing domain walls and negligible new do-
main nucleation, due to antiferromagnetic demagnetizing
fields. The front propagation model without long range in-
teractions (Jinf D Jdipole D 0) was originally introduced by
Robbins et al. to model fluids invading porous media [43].
The analogue earthquake system for this case may be asso-
ciated with a single fault zone.

Simple Models for Inhomogeneous Earthquake Faults

Much of the previous work on simple earthquake models
has involved variants of the Burridge–Knopoff (or “slid-
erblock”) model, in which complex behavior is generated
in a systemwithmany degrees of freedom, and where iner-
tia, friction laws and inherent discreteness play important
roles [11,38,61]. These systems appear to exhibit power-
law statistics over some range with a cutoff beyond some
magnitude, and with most of the slip occurring in larger
system-size events. However the understanding of the ori-
gin of the power law behavior is limited. Our approach
here is to obtain an analytic understanding of a class of
models and then to add in various additional features by
analytic scaling arguments using tools from the theory of
phase transition and the renormalization group, aided by
numerical studies. There are interesting related studies us-
ing tools from statistical physics [12,63]. Some studies sug-
gest that the power law scaling is connected to a spin-
odal [34]. Various cellular automatamodels have also been
used for modeling earthquakes [40]. Rather than review-
ing a large number of models, we will focus on a subgroup
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of models, that we found particularly well suited to clarify
the connection between earthquake and magnetic systems
with a jerky response to slowly changing external condi-
tions.

The Ben-Zion and Rice Model A representative of the
class of models that we consider is a model developed orig-
inally by Ben-Zion and Rice [2,5,6], referred to below as
the BZR model. The model assumes that a narrow irregu-
lar strike-slip fault zone of horizontal length L and verti-
cal depth W may be represented by an array of N � LW
cells in a two dimensional planar region of length L and
width W, with long range interaction, abrupt transitions
in the threshold dynamics during failure, and constitutive
parameters that vary from cell to cell to model the disorder
(offsets etc.) of the fault zone structure (Fig. 3).

The cells represent brittle patches on the interface be-
tween two tectonic blocks that move with slow transverse
velocity v in the x direction at a great distance from the
fault. The interaction between cells during slip events is
governed by 3-D elasticity and falls off with a distance r
from the failure zone as 1/r3. The cells remain stuck while
the stress �i on each cell is increased gradually as a re-
sult of the external loading which grows adiabatically (that
is we take the limit v ! 0). When the stress on a cell i

Jerky Motion in Slowly Driven Magnetic and Earthquake Fault
Systems, Physics of, Figure 3
Illustration of the Ben-Zion and Rice (BZR) model: projection of
a 3D fault zone (top) onto a 2D interface embedded in a 3D elas-
tic halfspace (bottom). The geometrical inhomogeneities of the
physical fault zone aremodeled by spatially varying constitutive
parameters of the brittle patches (see [46])

reaches its local failure threshold �s;i , the cell slips until the
stress is reduced to its local arrest stress �a;i . Both failure
stress and arrest stress are distributed according to some
bounded probability distribution. The stress drop result-
ing from a cell failure is redistributed to the other cells ac-
cording to the long range elastic stress transfer function.
The resulting stress increase on the other cells can cause
some of them to slip as well, leading to an avalanche of cell
slips, or a model earthquake. A review of extensive numer-
ical simulations with various versions of the BZRmodel, in
relation to observed features of seismicity, criticality, and
other dynamic regimes, is given in [75].

Dynamical Weakening The model includes dynamic
weakening effects during the failure process [2,5,6]: after
an initial slip in an earthquake, the strength of a failed cell
is reduced to a dynamical value:

�d;i � �s;i � �(�s;i � �a;i); (2)

with 0 � � � 1 parametrizing the relative importance of
the dynamical weakening in the system. This weakening
represents the transition from static friction to dynamic
friction during the rupture. The strength of a failed cell
remains at its dynamic value throughout the remainder of
the earthquake. In the time intervals between earthquakes
all failure thresholds heal back to their static value �s;i .

Dynamical Strengthening The model can be expanded
further to include dynamic strengthening represented by
� < 0. Multidisciplinary observations indicate [7] that
brittle failure of rock has an initial transient phase asso-
ciated with strengthening, distributed deformation, and
creation of new structures. Detailed frictional studies also
show an initial strengthening phase associated with the
creation of a new population of asperity contacts [3,19].
In mean field studies of our model (Fig. 3) discussed in
Sect. “Results on Aftershocks”, we associate � < 0 with re-
gions off the main fault segments that are in an early de-
formation stage. The events that are triggered as the failure
stresses are lowered back in the following weakening pe-
riod are referred to as aftershocks. The Omori law [3,69,70]
is obtained if we assume that the increased failure stress
thresholds � f ;i are slowly lowered with time as log(t) to-
wards their earlier static values �s;i , and that the stresses
are distributed over a wide range of values [46].

Related General ContinuumEquations of Motion The
above model is a special case of a more general class of
models for infinite systems driven by a constant drive
force F [27]. We consider general equations of motion of
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the form:

�@u(r; t)/@t
D F C �(r; t) � fR[u(r; t); r; fu(r; t0 < t)g] (3)

where

�(r; t) D
tZ

�1

dt0
Z

dd r0 J(r� r0; t � t0)

� [u(r0; t0) � u(r; t)] (4)

is the stress and f R is a quenched random “pinning” force
crudely representing inhomogeneities in the friction, as-
perities, stepovers etc., which in general can depend on the
local past history (e. g. as in velocity dependent friction).
The dynamical variables u(r; t) are assumed to represent
the discontinuity across the fault plane in the component
of the displacement in the direction of slip. The dynam-
ics depend on the local history dependence of the pinning
force, the stress transfer function J(r; t), and the coeffi-
cient � that represents the fault impedance. (In an elas-
tic medium, the impedance depends on mass density, the
elastic parameters, and directional parameters [1].) Equa-
tion (3) can be considered a continuum description of the
rules of the BZRmodel. Integrating out the degrees of free-
dom due to the bulk material on either side of the d=2 di-
mensional fault plane leaves us with effective long range
static stress transfer: Js(r) �

R
dtJ(r; t) � 1/rdC� � 1/r3.

For a planar fault in an elastic half space, d D 2 and
� D 1 [2,6]. The correlations in f R are generally assumed
to be short-range in u and r. (For results on the BZRmodel
with long range correlations in the disorder, see [2,27,77]
and Sect. “Theoretical Results”.) In a version of the BZR
earthquake model with a constant driving force F, the
loading may be replaced by driving through a weak spring
with spring constant K � 1/L coupled to the slowly mov-
ing continents far away (i. e. replacing F in Eq. (3) by
F(r; t) D K[vt � u(r; t)], with v ! 0).

Monotonic Models Substantial simplifications occur if f R
is history independent and J(r; t) � 0 for all (r; t); lead-
ing to monotonic models [27]. Related monotonic mod-
els have been studied extensively in various other con-
texts [25,53]. Examples include elastic depinning models
for contact lines, vortex lines, liquids invading porous ma-
terials, and elastic charge density waves. Their crucial sim-
plifying feature is that the steady state velocity v � h@u/@ti
is a history independent function of F [48]. In the context
of the BZR model this corresponds to the case with zero
weakening (� D 0) and non-negative J. A crucial feature of
monotonic models is that the slip profile
u(r) of a quake

is independent of the dynamics [48]. However, several in-
teresting dynamical issues discussed below are associated
with the effects left out of the monotonic models that can
make this feature break down.

Non-monotonic Models (a) Weakening: We first con-
sider including some weakening effects of sections which
have already slipped in a given quake. This is best studied
in the discrete model. In analogy to the dynamic weaken-
ing in the BZR model discussed above, we choose [27]

fR D f̃R[u(r); r]f1 � �	[u(r; t) � u(r; t � T)]g (5)

with T a cutoff time much longer than the duration of
the largest quakes, but much smaller than the interval be-
tween the quakes. Here 	(x) is the Heavyside step func-
tion. As mentioned, the case � > 0 represents the differ-
ence between static and dynamic friction. The effects of
small weakening (� > 0) can be analyzed perturbatively
(see Sect. “Theoretical Results”).
(b) Stress Pulses: A similar but more subtle effect can
be caused by stress pulses that result from non-posi-
tive J(r; t); these arise naturally when one includes elas-
todynamic effects. We consider

J(r; t) �
ı
�
t � r

c


rdC�
C
˛ı0
�
t � r

c


crdC�
(6)

with c the sound speed, ı(t) the Dirac delta distribution,
and ı0(t) D dı(t)/dt. The scalar approximation to elastic-
ity in a half space corresponds to d D 2, � D 1, � D 0,
and ˛ D 1 [27]. If a region slips forward, the stress at an-
other point first has a short pulse at the sound arrival time
from the second term in Eq. (6), and then settles down
to its smaller static value, i. e. it is non-monotonic. The
magnitude of these stress pulses and their duration is set
by various aspects of the models; for example larger � in
Eq. (3) implies weaker stress pulses as the local motion will
be slower.

Theoretical Results

Both the magnet and earthquake models of the previous
section are capable of producing a large range of power
law scaling of event sizes, and related scale invariant quan-
tities in response to a slowly varying driving force or field.
This section highlights similarities between these different
physical systems and attempts to explain them.

The Universality Class of the BZRModel

We first review results for the simplified monotonic case,
starting with scaling relations for driving with fixed force
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and far field plate motion and continuing with moment
rate shapes. We then discuss additional results associ-
ated with non monotonic versions of the model, including
mode-switching and aftershocks.

Results on the Monotonic Version of the Model

General results: Depinning transition As mentioned
above, substantial simplifications occur for the monotonic
version of the model, i. e. if f R is history independent
and J(r; t) � 0 for all (r; t). In [25,27,53] it is shown that
for F greater than a critical force Fc the displacement
grows continuously in a “sliding state” for which the mean
velocity v � h@u/@ti � (F � Fc)ˇ . Here ˇ is a universal
exponent that is independent of the microscopic details of
the system. It only depends on a few fundamental prop-
erties, such as symmetries, spatial dimensions d, range
of interactions, etc. [53]. Long time dynamic properties
such as ˇ depend in addition on the small ! dependence
of J(q; !) [54].

For F less than the critical force Fc, the mean ve-
locity is v � 0. If F is adiabatically slowly increased to-
wards Fc, the system moves from one metastable config-
uration to another by a sequence of “quakes” of various
sizes. The “quakes” can be characterized by their radius R,
the d-dimensional area A which slips (by more than some
small cutoff), their potency or momentM �

R
A d

d r
u(r),
a typical displacement 
u � M/A, and a duration � . The
critical force Fc marks a second order phase transition
point. Such phase transitions are typically associated with
power law scaling behavior.

In the class of earthquake models with long range in-
teractions along the fault involving the static stress trans-
fer Js(r) �

R
dtJ(r; t) � 1/r3, the equations are very sim-

ilar to those of a model for contact line depinning stud-
ied in ref. [25]. Using renormalization group methods it
was shown in [25] that for a physical two dimensional in-
terface (or “fault”) in a 3 dimensional elastic half space,
these long range interactions are so long that the scaling
behavior near Fc is correctly described by mean field the-
ory (up to logarithmic corrections, since d D 2 is the “up-
per critical dimension”). The main assumption in mean
field theory is that the spatial and temporal fluctuations
in the displacement field u(r; t) are so small that the local
displacement u(r; t) can be replaced by a time dependent
spatial average u(t), which then needs to be determined
self consistently from the behavior of the neighboring re-
gions that contribute to the stress at a chosen point r [26].
The samemean field equations are obtained when the long
range interaction is approximated to be constant in space
J(r; t) D Jm f t(t)/(LW). With this approximation Eqs. (3)

and (4) become

�@u(r; t)/@t
D F C �m f t(r; t) � fR[u(r; t); r; fu(r; t0 < t)g] (7)

where

�m f t(r; t) D
tZ

�1

dt0 Jm f t(t � t0)[u(t0) � u(r; t)] (8)

and the self consistency requirement is
Z

u(r; t)d2r/(LW) D u(t) (9)

Many scaling exponents and scaling functions can be cal-
culated exactly in mean field theory by solving these sim-
plified equations of the model. In [15,26,42], several illus-
trative examples are given for solving similar self consis-
tent mean field theories. There are various approaches that
one may use, ranging from numerical simulations to ana-
lytical expansion and scaling analysis near a phase transi-
tion point where universal power law scaling occurs. The
approach of choice to solve the mean field equations de-
pends on the quantity under consideration. To obtain ex-
act results for the scaling behavior of the frequency size
statistics of earthquake or avalanche events, a fairly simple
approach is to use a discrete version of the model in which
we treat the fault as a discrete set of dislocation patches,
coupled to a mean displacement and an external driving
force that slowly increases with time. (The stress �i at each
patch is given by Eq. (16) of Sect. “Mode–Switching” be-
low.) As shown in [17], the sequence that describes the dis-
tance from failure of the rescaled stress variables resembles
a biased random walk. The scaling behavior of the result-
ing random walk is known exactly from the literature. Us-
ing this mapping it then becomes straightforward to derive
universal scaling predictions for the mean field earthquake
frequency size distribution [17].

Furthermore, as shown in [13,25], their (and thus also
our) model have the same scaling behavior as a front prop-
agation model for a two dimensional domain wall in a soft
magnet with long range dipolar magnetic interactions,
driven by a slowly changing external field (see Sect. “Mod-
els”). A flipping spin in the magnet model corresponds to
a slipping dislocation patch in the earthquake model. The
long range elastic interactions in the earthquake model are
similar to the long range dipolar magnetic interactions in
the magnet model. The driven two dimensional magnetic
domain wall in the (three dimensional)magnetmodel cor-
responds to the driven two dimensional earthquake fault
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in a three dimensional elastic half space. Since the scaling
behavior of the earthquakemodel and that of [25] and [73]
are identical, we may simply copy their results and trans-
late them into quantities that can be extracted from seis-
mic data. Using tools from phase transitions, such as the
renormalization group (RG), near the critical force the fol-
lowing scaling results were derived by [13,25,53,54,73] and
others:


u � R� ;

A � Rd f with d f � 2 a fractal dimension ;

M � Rd fC� ;

and � � Rz :

The differential distribution P(M) of momentsM is shown
in [25,54] and [26,27] to scale as

P(M)dM � dM/M1CB�1(M/M̂) (10)

with �1 a universal scaling function which decays expo-
nentially for large argument. The cutoff M̂ for large mo-
ments is characterized by a correlation length – the largest
likely radius – � � 1/(Fc � F)� with M̂ � �d fC� .

In the same references it is shown that in mean-field
theory, B D 1/2, 1/� D 1, z D 1 and the quakes are frac-
tal with displacements of order the range of correlations
in f R(u), i. e. � D 0.

These mean-field exponents are valid for a d D 2 di-
mensional planar fault in a three dimensional elastic half
space [7], since the physical fault operates at the upper crit-
ical dimension. As usual, at the upper critical dimension,
there are logarithmic corrections to mean-field results.
Using renormalization group methods one can calculate
these corrections [27] and finds barely fractal quakes with
A � R2/ ln R so that the fraction of the area slipped de-
creases only as 1/ ln r away from the “hypocenter”. The
typical slip is
u � (ln R)1/3 so thatM � R2/(ln R)2/3. The
scaling form of P(M) is the same as Eq. (10) with themean-
field �1, although for M 
 M̂, P(M) � (lnM)1/3/M3/2

so that B will be virtually indistinguishable from 1/2 [27].
A similar form of moment distribution and exponent
value B D 1/2 were obtained also for a critical stochastic
branching model [71].

More realistic driving of a fault We now consider more
realistic drive and finite-fault-size effects. As mentioned,
driving the fault by very slow motion far away from the
fault is roughly equivalent to driving it with a weak spring,
i. e. replacing F in Eq. (3) by F(r; t) D K[vt � u(r; t)].
With v ! 0 the system must then operate with the
spring stretched to make F(r; t) . Fc at least on aver-
age, to ensure v D 0; depending on the stiffness of the

spring, it will actually operate just below Fc, as shown
below. If in constant force drive the force is increased
by a small amount 
F , the average resulting slip per
area, h
ui �

P
i 
ui /(LW) is given by the total po-

tency/moment per total areaM �
R
ddr
u(r)/(LW). The

total moment per area observed in response to a small
force increase equals the number n
F of earthquakes
per area that are triggered by the increase 
F, multiplied
with the average observed moment of a single earthquake
hMi D

R
MP(M)dM. The result is

h
ui D n
F
Z

MP(M)dM (11)

where n is the number of quakes per unit area per force
increase 
F. It has been shown that n(F) is non-singu-
lar at Fc [53], so it can be treated like a constant near Fc.
Plugging in Eq. (10) and the scaling laws written above and
below that equation, we obtain

h
ui � 
F� (2�̃C�)(1�B) � 
F� (12)

for our case where mean field results can be used for
the critical exponents. For consistency, we must have in
steady state with the spring drive, Kv
t D 
F D K
u so
that the system will operate with a correlation length �
� 1/K1/�̃ , i. e. 1/K for our case. For a fault section with
linear dimensions of order L, drive either from uniformly
moving fault boundaries or from a distance � L perpen-
dicularly away from the fault plane will be like K � 1/L
so the power-law quake distribution will extend out to
roughly the system size � � L. For smaller quakes, i. e.
R
 L, the behavior will be the same as in the infinite sys-
tem with constant F drive, but the cutoff of the distribu-
tion of moments will be like Eq. (10) with a different cutoff
function � that depends on the shape of the fault, how it is
driven, and the boundary conditions.

We have tested these conclusions numerically by sim-
ulating the BZR model, which is a discrete space, time,
and displacement version of a monotonic Eq. (3), with
quasistatic stress transfer appropriate for an elastic half
space [2,5]. The slip, u, is purely in the horizontal direc-
tion along the fault and fR[u(r)] is a series of equal height
spikes with spacings which are a random function of r.
When �(r; t) > fR[u(r; t], u(r) jumps to the next spike.
This provides a way of implementing the random stress
drops of the BZR model. The boundary conditions on the
bottom and sides are uniform creep or slip – (u D vt) with
infinitesimal v – and stress free on the top (Fig 3). The
statistics of the moments of the quakes are shown by the
triangles in Fig. 4. Although the uncertainties are appre-
ciable, relatively good agreement is found with the pre-
diction B D 1/2. One typical large quake is illustrated in
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Jerky Motion in Slowly Driven Magnetic and Earthquake Fault
Systems, Physics of, Figure 4
Histograms of moments for a simulation of a rectangular fault
with 32 x 128 cells for the discrete monotonic quasistatic model
(with arbitrary units (a.u.)). Triangles: without dynamical weak-
ening (� D 0). Diamonds: with dynamic weakening of � D 0:95.
(� is defined in Eq. (5).) The straight line indicates the predicted
slope B D 1/2 (from [27])

Fig. 5 (top); it appears almost fractal as predicted, and
tends to stay away from the bottom and sides due to the
specific loading that we chose. The ratios of the moments
of quakes to their areas have been studied and found to
grow only very slowly with the area, as predicted from
the logarithmic corrections listed below Eq. (3). This is
in striking contrast to earthquakes in conventional crack
models which are compact (Fig. 5 (bottom)) and have
u
� R (i. e. � D 1), so that M/A �

p
A. As discussed by [8],

however, the scaling M � A appears to be consistent with
observational results for small earthquakes which presum-
ably propagate and are arrested in rough stress fields.
More observational data on the scaling of the moment M
with the slipping area A for smaller earthquakes would be
highly desirable to test this prediction more precisely.

Because the system is at its critical dimension, the cut-
off function � of the moment distribution appropriate to
the boundary conditions, as well as various aspects of the
shapes and dynamics of quakes can be computed using
tools from the theory of phase transitions [26,27]. For
quasistatic stress transfer, J(r; t) � ı(t)/r3, in the infinite
system the quake durations are found to scale as � � Rz

with z D 1 for a d D 2 dimensional fault, with logarithmic
corrections [25]. (A more physical dynamics with sound-
travel-time delay has slower growth of the quakes with
z D 1 in all dimensions.) Due to the geometrical disor-
der included in the model, in either case the growth will
be very irregular – including regions starting and stop-
ping – in contrast to crack models and what is often as-

Jerky Motion in Slowly Driven Magnetic and Earthquake Fault
Systems, Physics of, Figure 5
Distribution of horizontal slip, u, along a fault with 32 x 128
cells for a single large quake event. Lighter shading represents
larger slip during the quake. Top: almost fractal quake with a to-
tal moment of 1750 (and 1691 cells failing) for the monotonic
model without any dynamical effects (� D 0). Bottom: “crack
like” quakewith a total moment of 16922 (and 2095 cells failing)
for themodel with dynamic weakening (� D 0:95). In both cases
the system is driven by horizontally creeping fault boundaries
(sides and bottom) while the top boundary is free (from [27])

sumed in seismological analysis of earthquakes on more
regular faults. Similar fractal-like quakes were simulated
by Zöller et al. [75,76], for a quasi-dynamic version of the
BZR model that includes stress redistribution with a finite
communication speed.

Moment Rate Shapes for Monotonic Models In both
magnet and earthquake models it has been shown that
there are not just universal scaling exponents but also
some experimentally accessible universal scaling func-
tions [66]. By comparing theoretical predictions for these
functions to experiments or observations, one can of-
ten test models much more accurately than by merely
comparing a finite set of discrete exponents. Two such
functions were first discovered for Barkhausen Noise in
magnets [47,66]. The analogy betweenmagnets and earth-
quakes then lead to the development of the correspond-
ing functions for earthquakes. For slowly driven magnets,
consider the time history V(t) of the number of domains
flipping per unit time (Barkhausen train). It is called V be-
cause it is usually measured as a voltage in a pickup coil.
An example of a Barkhausen train for a single avalanche is
shown in Fig. 6.

The voltage function V(t) in magnets is the analogue
of the moment rate dm/dt(t), or the slip per unit time
for earthquakes. Recent analysis allowed researchers to ob-
tain the moment rate dm0(t)/dt, during the propagation
of earthquake rupture for hundreds of large seismic events
recorded on global networks [9,31]. The moment rates
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Jerky Motion in Slowly Driven Magnetic and Earthquake Fault
Systems, Physics of, Figure 6
Voltage train of a typical large avalanche. Note that the volt-
age fluctuates drastically and the avalanche nearly stopped sev-
eral times (from [37]). The analogousmoment rate time trace for
earthquakes (though measured with lower resolution) is shown
in the right inset marked “RAW” of Fig. 8

shown below are derived from inversions of teleseismically
recorded seismograms on a global seismic network [62].
(The frequency-moment distribution, D(M0) � M�1�ˇ0
of the observed data [9] has three decades of scaling and
an exponent of ˇ D 1/2˙ 0:05, in close agreement with
the BZR model near � D 0 [46].)

For both magnets and earthquakes there are large fluc-
tuations in V(t) and dm/dt(t) respectively (Fig. 6). How-
ever averaging the signal over many avalanches, leads
to typical shapes. Figure 7 shows the average over all
avalanches of fixed duration T, hVi(T; t) obtained from
simulations of two variants of the RFIM (a), and from
three different Barkhausen noise experiments (b). Fig-
ure 8 shows hdm/dti(T; t) obtained for the BZR earth-
quake model and derived from earthquake observations
respectively. The renormalization group and scaling the-
ory [66] predict that for a self similar system at a critical
point with power law size and duration distributions for
avalanches, there are self similar average avalanche pro-
files. As shown in [46,66] one finds

hdm/dti(T; t) � Tb0 g(t/T) (13)

where the function g(x) is a universal scaling prediction
and b0 � 1/(��z) � 1 D 1 for the BZR earthquake model
(as obtained from mean field theory). The corresponding
value for b0 for magnets in three dimensions is smaller –

the values used for the corresponding collapses can be read
off for the different versions of the RFIM from the caption
of Fig. 7.

Based on universality one would expect these theoret-
ical predictions to agree with experimental results, apart
from an overall shift in time and voltage or moment rate
scales. For the moment rate of earthquakes this means

hdm/dtiobservation(T; t) D Ahdm/dtitheory(T/B; t/B) (14)

for some rescaling factors A and B, and similarly for the
average voltage hVi(t; T) in magnets. In both cases the
theory predicts a symmetric looking profile. The mean
field prediction for g(x) is in fact a parabola [46,66] – the
theoretical prediction thus is that events grow as quickly
as they decay. As seen in Figs. 7b and 8 the experimen-
tal/observational profile in both cases, however, appear
skewed – the real events tend to grow more quickly than
they decay! A similar asymmetry has also been observed in
avalanches associated with plastic deformation [39].

For magnets this apparent disagreement has been re-
solved by taking greater account of a microscopic detail
involving eddy currents that had been neglected by previ-
ous models. Eddy currents are transient current loops that
arise in conducting magnets in response to the reorien-
tation of a magnetic domain. These currents temporarily
prevent neighboring domains from being triggered to re-
align in the same direction in an avalanche of domain re-
versals. The eddy currents decay after amicroscopic time �
given by the resistance of the material. Their delay effect
thus also decays after a time � . If the avalanche duration is
large compared to � this effect is negligible and the mean
profile approaches the predicted symmetrical shape (see
Fig. 7c and d).

The source of asymmetry in the mean moment rate
profile may be similar for earthquakes [16]. It has been
suggested that triggering delays – arising from a notice-
able earthquake nucleation time, or an increase in the fail-
ure threshold during the formation of new cracks and sub-
sequent weakening as rock damage increases – could be
responsible for aftershocks that often follow large earth-
quakes [46]. On long time scales a large mainshock with
smaller aftershocks can be seen as a similar asymmetry to
that seen in magnets, possibly with a similar explanation.

There is a second scaling function that may be ex-
tracted from the same data: Fig. 9 shows the average over
all earthquakes of fixed total moment Mhdm/dti(M; t),
both for observations and the BZR model prediction. As
shown in [46,66] the theory predicts

hdm/dti(M; t) � M1/2q(t/M1/2) (15)
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Jerky Motion in Slowly Driven Magnetic and Earthquake Fault Systems, Physics of, Figure 7
a Theoretical average avalanche shape scaling functions for fixed avalanche durations T denoted with g(t/T) in the text, for the
nucleation and the front propagation RFIM [47]. The overall height is non universal, the curves for the two models are otherwise
extremely similar. The front propagationmodel has 1/�z D 1:72 and, the nucleationmodel has 1/�z D 1:75 in this collapse. The
inset shows the two curves rescaled to the same (non universal) height: the two curves are quantitatively different, but far more
similar one to another than either is to the experimental curve in b. b Experimental average pulse shapes from three different ex-
periments for fixed pulse duration, as measured by three different groups [21,23,47,67]. Notice that both theory curves are much
more symmetric than those of the experiments. Notice also that the three experiments do not agree. At first this result represented
a serious challenge to the idea about universality of the dynamics of crackling noise [66]. c Pulse shape asymmetry experiment [72].
Careful experiments show a weak but systematic duration dependence in the collapse of the average Barkhausen pulse shape. The
longer pulses (larger avalanches) are systematically more symmetric (approaching the theoretical prediction). d Pulse shape asym-
metry theory [72]. Incorporating the delay effects of eddy currents into the theoretical model produces a similar systematic effect.
The non-universal effects of eddy currents are in principle irrelevant for extremely large avalanches (from [64])

where the universal scaling function q(x) D Ax exp�Bx2/
2 and the universal exponents are obtained from the mean
field theory for the BZR earthquake model. A comparison
between prediction and observational results for this scal-
ing function is shown in Fig. 9.

Clearly, more data, especially for small earthquakes,
are needed to decrease the statistical error bars of the
observational data and determine the degree of agree-
ment between theory and observations. An alternative
scaling approach to moment rate data was given by [31]
and a comparison between both approaches is discussed
in [46].

Non-Monotonic Models We first consider including
weakening of the cell failure threshold by an amount � for

sections which have already slipped in a given quake. This
crudelymodels the difference in static versus dynamic fric-
tion (see Sect. “Models”, Eq. (5)). In between quakes all
thus weakened thresholds heal back to their static strength.
The effects of small weakening can be analyzed perturba-
tively.

With � D 0, consider a quake of diameter R1 (
 L or
�), withmomentM1 and areaA1: i. e.A1 sites have slipped.
If a small � is turned on at the end of the quake, all slipped
sites that are within � of slipping will now slip again – this
will be Nex

2 � �A1 sites. The simplest justifiable guess is
that each of these will cause an approximately independent
secondary quake. The total moment of these secondary
quakes will be dominated by the largest one, so the ex-
tra moment will be Mex

2 � (�A1)1/B . (For a very large or
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Jerky Motion in Slowly Driven Magnetic and Earthquake Fault
Systems, Physics of, Figure 8
A collapse of averaged earthquakepulse shapes, hdm0(tjM0)/dti
with a duration of T (seconds) within 10% (given in legend), is
shown. The collapse was obtained using the mean field scaling
relation [37]: hdm0(tjT)/dti � g(t/T) . In order to obtain each col-
lapsed pulse shape, two to ten earthquakes were averaged for
each value of T. In our mean field theory the universal scaling
function is gmf (x) D Ax(1� x) with x D t/T . We plot this func-
tional form (bold curve) with A D 80. Note the apparent asym-
metry to the left in the observed data while the theoretical curve
is symmetric around its maximum. Inset: The raw data and the
averaged data (before collapsed) (from [46])

infinite fault this is obtained from 1 D Nex
2
R1
Mex

2
P(M)dM,

and inserting Eq. (10).) If Mex
2 
 M1 this process can

continue but will not increase the total moment substan-
tially. If Mex

2 � M1, however, the process can continue
with a larger area A2 and hence a larger Mex, leading to
a catastrophic runaway event. From the above exponent
relations and scaling laws we obtain B D 1/2 and A � M,
so that for any �, for large enough M1, M1 & MD � �

�2,
Mex

2 will be comparable to M1 and the quake will become
much larger (runaway). In the force driven infinite system
for F . Fc, quakes of size � will runaway and become in-
finite if � > ��1. Since � � (F � Fc)�� and 1/� D 1, this
will occur for Fc � F < Cw� with some constant Cw. This
result is very intuitive and justifies a posteriori the assump-
tions leading to it: Since on slipping, the random pinning
forces, f R in a region are reduced by order �, the effective
critical force Fc for continuous slip will have been reduced
by order �; thus if F > Fc(�) D Fc � Cw�, the mean ve-
locity v will be nonzero. A similar effect can be caused by
stress pulses associated with Eq. (6). By considering which
of the sites in a long quake with ˛ D 0 can be caused to slip
further by such stress pulses one finds that runaway will
occur for M � MD � ˛

�4 for the physical case [27]. This

Jerky Motion in Slowly Driven Magnetic and Earthquake Fault
Systems, Physics of, Figure 9
A collapse of averaged earthquake pulse shapes, hdm0(tj
M0)/dti, with the size of the moment M0 in Newton me-
ters within 10% of each size given in the legend respec-
tively. In order to obtain each collapsed moment rate shape,
five to ten earthquakes were averaged for each value of M0.
The collapse was obtained using the mean field scaling rela-
tion [27]: hdm0(tjM0)/dti/M1/2

0 � f (t/M1/2
0 ). In ourmean field the-

ory the universal scaling function is fmf (x) D Axe�Bx2/2 where
x D t/M1/2

0 . We plot this functional form (bold curve) with A D 4
and B D 4:9. Inset: The raw data and the averaged data (before
collapsed) (see [46])

has been checked in d D 1 with � D 1 and � D 0, finding
the predicted reduced critical force Fc(˛) � Fc � Cp˛

2 as
shown in Fig. 10 [27]. These 1-d simulations also reveal
a hysteretic v(F) curve in finite systems. This is expected
to also occur with the model with weakening discussed
above. Related higher dimensional systems are discussed
in [60] and in [30].

We can now understand what should happen with ei-
ther weakening or stress pulses in finite systems driven
with a weak spring or with slowly moving boundaries.
As the system is loaded, quakes of increasing size are ob-
served. If the system is small enough that it cannot sus-
tain quakes with M > MD(�; ˛), i. e. even events within
the power law scaling regime of the event size distribution,
with M � MD(�; ˛), are system spanning, then the behav-
ior will not be much different from the monotonic case
with � D ˛ D 0. In both cases there is a power law event
size distribution all the way to the largest events, that are
determined by the system size. This will occur if the domi-
nant linear system size L is less than themaximumpossible
linear extent of an earthquake that does not become a run-
away event: L < RD(�; ˛) � M1/2

D � max(C˛/˛2;C�/�)
with appropriate coefficients C˛ , C� , which will depend on
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Jerky Motion in Slowly Driven Magnetic and Earthquake Fault
Systems, Physics of, Figure 10
Mean velocity vs. force for one dimensional system with a non-
monotonic kernel J(x; t) D ı(t � x)/x2 C ˛ı0(t � x)/x for ˛ D
0:8;0:5;0. A spring or boundary loaded systemwill traverse the
hysteresis loops in the direction indicated. Inset: the threshold
force, F"

c (˛), on increasing the load;	˛ D [1 � F"

c (˛)/F
"

c (˛ D
0)]1/2 is plotted vs.˛ (from [27])

the amount of randomness in the fault. On the other hand,
if L > RD , quakes of size of order RD will runaway and
most of the system will slip, stopping only when the load
has decreased enough to make the loading forces less than
the lower end of the hysteresis loop in v(F) (as in Fig. 10).

Because of the tendency of regions that have already
slipped to slip further, and the consequent buildup of
larger stresses near the boundaries of the slipped regions,
large events in systems with dynamic weakening will be
much more crack like than in monotonic models, proba-
bly with 
u � L. Statistics of quakes with weakening, �,
reasonably large, but no stress pulses (˛ D 0) are shown
in Fig. 4 and in [2,5,6]; note the absence of quakes with in-
termediate moments. A typical large event in this case is
shown in Fig. 5b; it appears to be crack-like.

In this section we have shown that simple models of
heterogeneous faults – with the dimensionality and long-
range elastic interactions properly included – can give rise
to either power-law statistics of earthquake moments or
a distribution of small events combined with characteristic
system size events. Which behavior – or intermediate be-
havior – obtains is found to depend on a number of phys-
ical properties such as frictional weakening and dynamic
stress transfer, analogs of which should definitely exist
in real systems. In the power-law-regime the convention-
ally defined Gutenberg–Richter exponent b � 3B/2 [3] is
is found to be b D 3/4. This is close to the observed b-
value of global strike-slip earthquakes at depth less than
50 km [28].

Jerky Motion in Slowly Driven Magnetic and Earthquake Fault
Systems, Physics of, Figure 11
Phase Diagram of the BZR model, described in the text. The
range � > 0 represents dynamic weakening, while � < 0 repre-
sents strengthening. The parameter 1� c quantifies the devia-
tion from stress conservation in themean field approximation of
the model

Mode–Switching In [17] the mean field approximation
of infinite range elastic interaction in the BZR model with
N D LW (with W � L) geometrically equal cells on the
fault, is used to write the local stress �i on cell i as

�i D J/N
X

j

(uj � ui )C KL(vt � ui )

D JūC KLvt � (KL C J)ui ; (16)

where ui is the total fault offset of cell i in the horizontal
(x) direction, ū D (

P
j u j)/N , J/N is the elastic coupling

between cells in the mean-field approximation, and KL
is the effective loading stiffness of the bulk material sur-
rounding the fault patch. Instead of the loading spring
stiffness KL, a conservation parameter c � J/(KL C J) is
introduced, which equals the fraction of the stress drop
of the failing cell, that is retained in the system after the
slip. There, it is shown that for the physical loading spring
stiffness KL � 1/L, one has 1� c � O(1/

p
N). A value

c < 1 for a large system would be physically realized if
the external drive is closer to the fault than its linear ex-
tent. To be precise, mean field theory only gives the cor-
rect physical scaling behavior near the critical point at
zero weakening � ! 0 and for c! 1. In [17] it is shown,
however, that in a certain parameter regime for � > 0
and 0:5 < c < 1 indicated in the phase diagram of Fig. 11
one finds a mode switching behavior between Gutenberg–
Richter statistics and characteristic earthquake statistics.
Similar mode switching behavior has also been seen in
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a more realistic three dimensional model for coupled evo-
lution of earthquakes and faults [4,41], and in numeri-
cal simulations with the BZR model that includes elas-
tic stress transfer [76]. In the mean field BZR model, the
activity switching results from episodic global reorgani-
zation of the mode of strain energy release of the fault
system, reflected in a “configurational entropy” of stress
states on the fault [17]. This is associated with a statis-
tical competition between a tendency of a synchronized
behavior leading to clusters of large earthquakes and the
characteristic earthquake distribution, and a tendency for
disordered response leading to Gutenberg–Richter type
statistics without a preferred event size. Mode switching
happens when these two opposite tendencies are roughly
equal in strength. Some possible observational evidence
for mode switching in earthquake data are discussed in [4].

Results on Aftershocks As mentioned in Sect. “Simple
Models for Inhomogeneous Earthquake Faults”, we as-
sociate regions off the main fault segments that are in
an early deformation stage with dynamic strengthening
� < 0. To capture basic aspects of brittle deformation on
such regions in the three-dimensional volume around the
main fault (Fig. 3), we change the model as follows: when
any cell i slips during an earthquake, and thereby reduces
its stress by
�i � � f ;i � �a;i , the failure stress � f ; j of every
cell j D 1; : : : ;N is strengthened by an amount j�j
�i /N .
Once the earthquake is complete, the failure stress of each
cell is slowly lowered back to its original value. This rep-
resents in a simple way the brittle deformation that oc-
curs during an earthquake in the off-fault regions, which
are first in a strengthening regime, compared to the main
fault, and then have a weakening process. The events that
are triggered as the failure stresses are lowered in the weak-
ening period are referred to as aftershocks. The occurrence
of aftershocks in this version of the model for off-fault re-
gions is in agreementwith the observation that a large frac-
tion of observed aftershocks typically occur in off-fault re-
gions [70]. For this version of the model with � < 0, both
the primary earthquakes (i. e., mainshocks) and the trig-
gered aftershocks are distributed according to the Guten-
berg–Richter distribution, up to a cutoff moment scaling
as 1/�2. Assuming that the increased failure stress thresh-
olds � f ;i are slowly lowered with time as log(t) towards
their earlier static values �s;i , and that the stresses are dis-
tributed over a wide range of values, we show analytically
in [46] that the temporal decay of aftershock rates at long
times is proportional to 1/t, as in the modified Omori law

N/
tK/(t C c)p with p D 1 [3,69,70], where N is the
cumulative number of aftershocks, t is the time after the
mainshock, and K , c, and p are empirical constants.

Remarkably, the long length scale behavior of this
model can be shown [45] to be the same as the behavior of
the mean field BZR model given in Eq. (16) with an added
“antiferroelastic” term (�j�jJū):

�i D Jū C KLvt � (KL C J)ui � j�jJū : (17)

In Eq. (17) every time a cell fails, it slips by an amount
ui
that leads to stress loading of the other cells, lessened by
j�jJ
ui /N compared to our original model (Eq. (16)). On
the other hand, in the global strengthening model (de-
scribed above) when a cell slips the failure stresses of all
cells are strengthened by j�jJ
ui /N. On long length scales
the global strengthening of the failure stress has equivalent
effects on the earthquake statistics as the dissipation of the
redistributed stress, up to corrections of order O(1/N), so
the scaling behavior for large events of both models are the
same. Moreover, Eq. (17) can be rewritten as:

�i D J[1 � j�j][ū � ui ]C KLvt � [KL C Jj�j]ui : (18)

We can now absorb j�j by defining J0 D J(1 � j�j) and
K0L D KL C Jj�j. Rewriting Eq. (18) with the new defini-
tions, and dropping the j�j contribution in [K0L � Jj�j]vt
since v ! 0, we find:

�i D J0ū C K0Lvt � (K0L C J0)ui : (19)

Therefore we recover Eq. (16) with J ! J0 and KL ! K0L .
This amounts to changing the stress conservation param-
eter c (from reference [17]). For Eq. (19):

c D J0/(K0L C J0) D 1� j�j (20)

where KL ! 0 since we are concerned with the adiabatic
limit. We also know (from reference [17]) that the cut-
off Scf for the Gutenberg–Richter distribution scales as Scf
� 1/(1� c)2. Thus, from Eq. (20) we find that the cutoff
for Eq. (17) will scale as� 1/j�j2.

Mapping to Single Interface Magnet Model The mean
field version of the single interface magnet model with
infinite range antiferromagnetic interactions is given
by [22,74]:

ḣi (t) D J[h̄ � hi(t)]C H(t) � kh̄C �i(h) (21)

where hi(t) is the position of the domain wall, H(t) is the
external driving field, k is the coefficient of the antiferro-
magnetic term, and �i(h) is the pinning field. In the paper
by Fisher et al. [27] it has been shown that the scaling be-
havior on long length scales resulting from Eq. (5), with-
out the�j�jJū term, is same as that of Eq. (21) without the
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antiferromagnetic term �kh̄. Furthermore, upon inspec-
tion we see the following correspondence between the sin-
gle interface magnet model (Eq. (21)), and the mean field
earthquake model (Eq. (17)):

� kh̄()�j�jJū (22)

In other words, the coefficient of the antiferromagnetic
term k plays the same role in the magnet model (Eq. (21)),
as the coefficient of strengthening j�jJ does in the earth-
quake model (Eq. (17)).

Summary

Phase Diagram

The regimes with various statistics produced by the model
are summarized by the phase diagram given in Fig. 11. The
range � > 0 corresponds to “mature” localized faults with
a weakening rheology and characteristic earthquake statis-
tics. The value � D 0 corresponds to “immature” strongly
inhomogeneous fault zones and fault networks with power
law statistics and scale invariant rupture properties. The
range � < 0 corresponds to the fracture and fault networks
around large rupture zones, characterized by strengthen-
ing due to the creation of new structures and associated
emerging aftershocks. The right side of the diagram sum-
marizes the mean field theory results on mode switching
described in Sect. “Mode–Switching”. The left side of the
phase diagram resembles the phase diagram for avalanches
in the nucleation RFIM for magnets [65]. There, too, in-
creasing the disorder from small to large (compared to the
ferromagnetic coupling between the individual domains)
drives the system from a characteristic avalanche size dis-
tribution to a truncated power law, with a disorder in-
duced critical point separating the two regimes.

It may be surprising that the discussed simple BZR
model can capture many of the essential general features
of earthquake statistics (or other systems with avalanches,
such as drivenmagnetic domain walls). This can be under-
stood through the renormalization group [10,66], a pow-
erful mathematical tool to coarse grain a system and ex-
tract its effective behavior on long space-time scales. Many
microscopic details of a system are averaged out under
coarse graining, and universal aspects of the behavior on
long scales depend only on a few basic properties such
as symmetries, dimensions, range of interactions, weaken-
ing/strengthening, etc. When a model correctly captures
those basic features, the results provide proper predic-
tions for statistics, critical exponents, and universal scal-
ing functions near the critical point. Consequently, many
models that are in the same universality class lead to the
same statistics and exponents [10,17,27,66].

Conclusions

The phenomenology of earthquakes and avalanches in
magnets exhibit a number of power law distributions
and scale-invariant functions (Table 1). In search of basic
model ingredients that can explain these results, we have
focused onmodels that are rich enough to produce a diver-
sity of observed features, while being simple enough to al-
low analytical predictions on long spatio-temporal scales.
For the earthquake system we use the BZR model for
a heterogeneous fault with threshold dynamics and long
range stress-transfer interactions [2,5,6]. For the magnet
system we use variants of the RFIM model with thresh-
old dynamics and both short range and long range inter-
actions [37,65,66,74]. In both classes of models, changes in
the property disorder and dynamic effects lead to different
dynamic regimes (Fig. 11). For different ranges of parame-
ters, the earthquake model produces fractal and crack-like
slip functions, power law frequency-size statistics, char-
acteristic earthquake distribution, mode switching, and
aftershocks. Similar features are found with the magnet
models. We discussed two universal scaling functions of
moment rates near criticality as a stronger test of the the-
ory against observations than mere scaling exponents that
have large error bars. As in magnetic systems, we find that
our analysis for earthquakes provides a good overall agree-
ment between theory and observations, but with a poten-
tial discrepancy in one particular universal scaling func-
tion for mean moment-rate shapes at fixed duration. The
discrepancy has an interesting precedent in the context of
avalanches in magnetic systems, and has been explained
there in terms of non-universal time retardation effects
due to eddy currents. Similar retardation effects may be
due to triggering delays or strengthening effects that are
responsible for aftershocks in earthquake faults. More ob-
servational data, in particular on small earthquakes would
be needed to test some of the predictions in detail.

Future Directions

We have highlighted some interesting connections be-
tween earthquake and magnet systems with a jerky re-
sponse to a slowly varying driving force. Future useful
studies include analysis of factors controlling nucleation
processes, transitions to instabilities and final event sizes,
along with a more detailed analysis of the effects of geo-
metrical heterogeneities in the fault structure on the statis-
tics of earthquakes. Additional observational data, partic-
ularly for small earthquakes, are needed to test predictions
for the scaling of the earthquake duration and rupture area
with moment, and for accurately testing our mean field
predictions for moment rate shapes. Developing analytical
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corrections to the mean field earthquake models can pro-
vide additional important insights. Testing similar ideas
in other systems with crackling noise would improve and
deepen our understanding of universal behavior in disor-
dered nonequilibrium systems.
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59. Perković O, Dahmen K, Sethna JP (1999) Disorder-Induced Crit-
ical Phenomena in Hysteresis: Numerical Scaling in Three and
Higher Dimensions. Phys Rev B 59:6106–19

60. Ramanathan S, Fisher DS (1998) Phys Rev B 58:6026
61. Rice JR, Ben-Zion Y (1996) Slip complexity in earthquake fault

models. Proc Natl Acad Sci 93:3811–3818
62. Ruff LJ, Miller AD (1994) Pure Appl Geophys 142:101
63. Schwarz JM, Fisher DS (2001) Depinning with Dynamic Stress

Overshoots: Mean Field Theory. Phys Rev Lett 87:096107/1–4
64. Sethna JP (2006) Les Houches Summer School notes. Crack-

ling Noise and Avalanches: Scaling, Critical Phenomena, and
the Renormalization Group. e-print at http://xxx.lanl.gov/pdf/
cond-mat/0612418

65. Sethna JP, Dahmen K, Kartha S, Krumhansl JA, Roberts BW,
Shore JD (1993) Hysteresis and Hierarchies: Dynamics of Dis-
order Driven First Order Phase Transformations. Phys Rev Lett
70:3347

66. Sethna JP, Dahmen KA, Myers CR (2001) Nature 410:242–250
67. Spasojevic D, Bukvic S, Milosevic S, Stanley HE (1996) Bark-

hausen noise: Elementary signals. power laws, and scaling re-
lations. Phys Rev E 54:2531–2546

68. Travesset A, White RA, Dahmen KA (2002) Phys Rev B
66:024430

69. Utsu T (2002) Statistical features of seismology. In: Lee WHK,
Kanamori H, Jennings PC, Kisslinger C (eds) International Hand-
book of Earthquake and Engineering Seismology, Part A.
pp 719–732

70. Utsu Y, Ogata Y, Matsu’uara RS (1995) The centenary of the
Omori Formula for a decay law of aftershock activity. J Phys
Earth 43:1–33

71. Vere-Jones D (1976) A branchingmodel for crack propagation.
Pure Appl Geophys 114(4):711–726

72. Zapperi S, Castellano C, Calaiori F, Durin G (2005) Signature
of effective mass in crackling-noise asymmetry. Nature Phys
1:46–49

73. Zapperi S, Cizeau P, Durin G, Stanley HE (1998) Dynamics of
a ferromagnetic domain wall: Avalanches, depinning transi-
tion, and the Barkhausen effect. Phys Rev B 58:6353–66

74. Zapperi S, Cizeau P, Durin G, Stanley HE (1998) Phys Rev B
58(10):6353–6366

75. Zöller G, Hainzl S, Ben-Zion Y, Holschneider M (2009) Criti-
cal states of seismicity: From models to practical seismic haz-
ard estimates. In: Encyclopedia of Complexity and System
Science

76. Zöller G, Holschneider M, Ben-Zion Y (2004) Quasi-static and
Quasi-dynamicmodeling of earthquake failure at intermediate
scales. Pure Appl Geophys 161:2103–2118

77. Zöller G, Holschneider M, Ben-Zion Y (2005) The role of het-
erogeneities as a tuning parameter of earthquake dynamics.
Pure Appl Geophys 162:1027 V1049. doi: 10.1007s00024-004-
2660-9

Joinings in Ergodic Theory
THIERRY DE LA RUE
Laboratoire de Mathématiques Raphaël Salem,
CNRS – Université de Rouen,
Saint Étienne du Rouvray, France

Article Outline

Glossary
Definition of the Subject
Introduction
Joinings of Two or More Dynamical Systems
Self-Joinings
Some Applications and Future Directions
Bibliography

Glossary

Disjoint measure-preserving systems The two measure-
preserving dynamical systems (X;A; �; T) and (Y ;B;
�; S) are said to be disjoint if their only joining is the
product measure �˝ �.
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