
The Elastic Strain Energy of Damaged Solids with Applications to Non-Linear Deformation

of Crystalline Rocks

YARIV HAMIEL,1 VLADIMIR LYAKHOVSKY,1 and YEHUDA BEN-ZION
2

Abstract—Laboratory and field data indicate that rocks sub-

jected to sufficiently high loads clearly deviate from linear

behavior. Non-linear stress–strain relations can be approximated by

including third and higher-order terms of the strain tensor in the

elastic energy expression (e.g., the Murnaghan model). Such

classical non-linear models are successful for calculating defor-

mation of soft materials, for example graphite, but cannot explain

with the same elastic moduli small and large non-linear deforma-

tion of stiff rocks, such as granite. The values of the third (higher-

order) Murnaghan moduli estimated from acoustic experiments are

one to two orders of magnitude above the values estimated from

stress–strain relations in quasi-static rock-mechanics experiments.

The Murnaghan model also fails to reproduce an abrupt change in

the elastic moduli upon stress reversal from compression to tension,

observed in laboratory experiments with rocks, concrete, and

composite brittle material samples, and it predicts macroscopic

failure at stress levels lower than observations associated with

granite. An alternative energy function based on second-order

dependency on the strain tensor, as in the Hookean framework, but

with an additional non-analytical term, can account for the abrupt

change in the effective elastic moduli upon stress reversal, and

extended pre-yielding deformation regime with one set of elastic

moduli. We show that the non-analytical second-order model is a

generalization of other non-classical non-linear models, for

example ‘‘bi-linear’’, ‘‘clapping non-linearity’’, and ‘‘unilateral

damage’’ models. These models were designed to explain the

abrupt changes of elastic moduli and non-linearity of stiff rocks

under small strains. The present model produces dilation under

shear loading and other non-linear deformation features of the stiff

rocks mentioned above, and extends the results to account for

gradual closure of an arbitrary distribution of initial cracks. The

results provide a quantitative framework that can be used to model

simultaneously, with a small number of coefficients, multiple

observed aspects of non-linear deformation of stiff rocks. These

include, in addition to the features mentioned above, stress-induced

anisotropy and non-linear effects in resonance experiments with

damaged materials.

Key words: Strain energy functions, nonlinearity, stress–

strain relations, soft and stiff materials, damaged rocks, brittle

deformation.

1. Introduction

Nonlinear elastic deformation of damaged rocks

and other brittle materials is well-established by

observations on different scales (NISHIHARA, 1957;

BRACE, 1965; ZOBACK and BYERLEE, 1975; BRADY,

1969; SCHOCK, 1977; AMBARTSUMYAN, 1982; ALM

et al., 1985; SCHMITT and ZOBACK, 1992; JOHNSON

et al., 1996; LOCKNER and STANCHITS, 2002; BAZARAN

and NIE, 2004). Distributed rock damage in the form

of cracks, joints and other internal flaws develops as

part of the rock formation and can increase signifi-

cantly during tectonic loading. Several experimental

studies under conditions of brittle deformation have

revealed that the elastic properties strongly depend on

the extent of the damage, leading to vanishing

effective elastic moduli at large stresses just before

failure (LOCKNER and BYERLEE, 1980; LOCKNER et al.,

1992; HAMIEL et al., 2004).

The experimentally observed stress–strain curves

are sometimes treated, all the way up to brittle

instability, by use of linear elastic relations with

effective moduli that depend on crack densities

(O’CONNELL and BUDIANSKY, 1974; BUDIANSKY and

O’CONNELL, 1976; KACHANOV, 1992). This approach

was successfully applied to synthetic materials with

known internal structure and elastic properties of the

matrix (CHRISTENSEN, 1979; RATHORE et al., 1995).

The equivalent-linear approximation approach is the

basis for many numerical codes (BARDET et al., 2000;

ASSIMAKI and KAUSEL, 2002) for seismic site response

that attempt to account for non-linear elasticity.

WU et al. (2009) reproduced temporal changes of the

resonance frequency and motion amplification at a
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site on the North Anatolian fault with damaged fault

zone rocks using the equivalent linear approximation

for sets of material properties at different times.

However, high-resolution laboratory observations

provide clear evidence of non-linear elastic behavior

of damaged rocks (TENCATE et al., 2004; PASQUALINI

et al., 2007).

In this paper we present observational and theo-

retical results on non-linear elastic (reversible)

behavior of damaged solids, with a focus on the strain

energy function of stiff crystalline rocks. In sect. ‘‘2’’

we review observations demonstrating non-linear

elasticity in several contexts. In sect. ‘‘3’’ we discuss

classical (analytical) and non-classical mathematical

formulations for non-linear elastic models. In addi-

tion, we provide a theoretical basis for a general

second-order non-linear expression for the elastic

strain energy function of damaged solids. We discuss,

in detail, properties of a non-classical formulation

with a non-analytical term. The ability of the model

to account simultaneously for multiple detailed

experimental observations provides a strong test of its

validity in describing realistic behavior of damaged

crystalline rocks.

2. Observations of Non-Linear Rock Deformation

Nonlinear elastic behavior of damaged rocks is

manifested at an early stage of deformation by stress-

induced variations of the elastic wave velocities and

anisotropy induced by non-hydrostatic load. These

effects have been measured in the laboratory for

many rock types starting with the pioneering work of

NUR and SIMMONS (1969); NUR (1971), BONNER

(1974), and more recent continuing studies (SAM-

MONDS et al., 1989; ZAMORA and POIRIER, 1990;

SAYERS et al., 1990; JOHNSON and RASOLOFOSAON,

1996; STANCHITS et al., 2006; HALL, et al. 2008).

These variations of rock properties are usually

attributed to effects of micro-crack closure by the

applied load, and thus depend on the crack density

and applied stress level. Seismic wave anisotropy is

also observed in the vicinity of large active fault

zones and other environments with high rock damage

(CRAMPIN, 1987; LEARY et al., 1990; MILLER and

SAVAGE, 2001; PENG and BEN-ZION, 2004; LIU et al.,

2005; BONESS and ZOBACK, 2006). However, given the

noisy environments near natural fault zones it is very

challenging to establish direct connections between

in-situ seismic wave anisotropy and variations of

stress field in the crust (KARAGEORGI et al., 1992).

Dynamic non-linear elastic behavior has been

observed in a great variety of solids by elastic wave

spectroscopy experiments (JOHNSON, 2006). Resonant

bar experiments with rock samples show resonance

curves with asymmetric shape and shifts of the

spectral peak to lower frequencies with increasing

loading, instead of the constant symmetric resonant

frequency expected for linear media (GORDON, 1968;

WINKLER et al., 1979; JOHNSON et al., 1996; SMITH and

TENCATE, 2000; PASQUALINI et al., 2007). The non-

linear elastic properties of the examined materials are

evaluated by measurements of the modulation of an

ultrasonic wave by low-frequency vibration. Non-

linear wave modulation spectroscopy has been sug-

gested as an efficient tool for non-destructive damage

detection and location (SOLODOV and KORSHAK, 2002;

PECORARI and SOLODOV, 2006).

Nonlinear elasticity is also observed in seismic

records of ground motion in sediments and highly-

damaged fault zone rocks (JOHNSON et al., 1996; FIELD

et al., 1997; RUBINSTEIN and BEROZA, 2004; PAVLENKO

and IRIKURA, 2003; WU et al., 2009). These observa-

tions usually focus on the non-linear behavior of

wave resonance and spectrum. Comparison of seis-

mograms from weak and strong earthquakes indicates

that attenuation becomes non-linear at high ampli-

tudes (FRANKEL et al., 2002; BERESNEV, 2002; HATZELL

et al., 2002, 2004; BONILLA et al., 2005; TSUDA et al.,

2006; SLEEP and HAGIN, 2008).

Laboratory experiments on stress–strain relations

indicate that the behavior of soft materials, for

example graphite (KAJI et al., 2001), sediments

(EXADAKTYLOS, 2006), and soils (LI and DING, 2002),

is strongly non-linear under stress substantially lower

than the yielding level producing permanent inelastic

deformation. In contrast, the behavior of stiff crys-

talline rocks is approximately linear up to the stress

level corresponding to the onset of acoustic emission

(AE) signifying brittle yielding. However, measure-

ments of the volumetric deformation reveal

significant dilation under shear loading before yield-

ing in both soft (e.g., soil) and stiff (e.g., granite)
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materials (PATERSON, 1978; SCHOCK and LOUIS, 1982;

LOCKNER et al., 1992; SCHMITT and ZOBACK, 1992).

Dilatancy was first scientifically described by

Reynolds in 1885, who coined the term, and is

assumed to be associated with opening and closure of

micro-cracks. WALSH (1965) suggested that this fea-

ture should lead to an increase of Young’s modulus of

a cracked solid under compression and a decrease

under tension. The closure of micro-cracks in rocks

under compressive stress was directly observed in

laboratory experiments by BATZLE et al. (1980), who

also reported strongly non-linear behavior in hydro-

static stress–strain measurements. Rock dilation

and related pore pressure changes under undrained

conditions have been observed in more recent

experiments of LOCKNER and STANCHITS (2002).

Several studies have revealed that the values of

the elastic moduli abruptly change when the loading

reverses from compression to tension. For example,

Young’s modulus of graphite is 20% less under ten-

sion than it is under compression (JONES, 1977), the

difference between the tensile and compressive

Young’s moduli for different types of iron is up to

30%, and the compressive modulus for concrete

(AMBARTSUMYAN, 1982) may be up to three times larger

than the tensile value. Rock-mechanics experiments in

which beams of Indiana limestone were deformed

under four-point loading provided, simultaneously,

significantly different apparent tensile and compres-

sive moduli for small strains (WEINBERGER et al., 1994).

Results of BASARAN and NIE (2004) from strain-con-

trolled tension–compression uniaxial tests with a

composite brittle material (lightly cross-linked poly-

methyl methacrylate filled with alumina trihydrate)

revealed a clear correlation between increasing crack

density and decreasing stiffness.

3. Theory and Experimental Verification

In this section we discuss theoretical results on

hyperelastic constitutive models for which non-linear

stress–strain relations are derived from strain energy

functions (OGDEN, 1984). The energy potential of an

isotropic elastic solid per unit volume, U, is a func-

tion of three invariants of the strain tensor eij

(TRUESDELL and NOLL, 2004), which for small

deformation are I1 = ekk, I2 = eijeij and I3 = det(eij).

The stress–strain relations are obtained as a deriva-

tive of the energy function with respect to the strain

tensor:

rij ¼
oU I1; I2; I3ð Þ

oeij

ð1Þ

The basic assumption of classical theories is that

the energy function is analytical and thus a polyno-

mial of the strain invariants. Non-classical non-linear

models drop the assumption of analyticity and con-

sider more general functions of strain invariants.

As already mentioned, our focus is on brittle

deformation of stiff and dense crystalline rocks. We

consider specifically a non-classical second-order

function of the strain invariants in which a non-ana-

lytical term leads to a ‘‘kink’’ in the stress–strain

relation that is attributed to crack opening and closure.

Below we compare predictions of the classical

MURNAGHAN (1951) framework and the examined

non-classical model with results of dynamic and quasi-

static experiments with westerly granite samples. This

rock type was used extensively in laboratory experi-

ments because it is a representative example of low-

porosity crystalline rock in the Earth’s crust.

3.1. Classical Non-Linearity: Murnaghan Model

MURNAGHAN (1951) provided a non-linear analyt-

ical expression for the strain energy in the form:

U ¼ k
2

I2
1 þ lI2 þ AI3

1 þ BI3
1 þ BI1I2 þ CI3 þ . . .;

ð2Þ

where k and l are Lame constants associated with the

second-order Hookean terms, and A, B, and C are

additional elastic moduli of the third-order terms.

Substituting Eq. (2) into Eq. (1) leads to stress–strain

relations that include both linear (Hookean) terms

and second-order (quadratic) terms. Models with

high-order terms can be successful in large-strain

analysis of the Earth’s interior (BIRCH, 1952) or in

reproducing the non-linear stress–strain relations of

soft materials, like sediments (EXADAKTYLOS 2006) or

graphite (KAJI et al., 2001). HUGHES and KELLY (1953)

provided analytical expressions for the associated

elastic wave velocities, including their change with
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applied load and stress-induced seismic wave

anisotropy. JOHNSON and RASOLOFOSAON (1996) used

the MURNAGHAN (1951) model to describe observed

stress-induced effects on waves during experiments

with Barre Granite (NUR and SIMMONS, 1969) and

other types of rocks. They found that the non-

Hookean moduli in the Murnaghan model (2) that

best describe the observed stress-induced anisotropy

of the Barre granite sample are approximately three

orders of magnitude larger than the Hookean con-

stants. This implies significant deviation from linear

(Hookean) stress–strain relations at very small strains

of the order of 10-3. However, this expectation is not

compatible with rock mechanics experiments with

stiff granite samples.

REINER (1945) presented a mathematical theory of

dilatancy using the Murnaghan elastic energy (Eq. 2)

and demonstrated that dilatancy is associated with

third-order terms. SCHOCK and LOUIS (1982) con-

ducted proportional loading experiments with

Westerly granite samples in which the ratio between

the stress components (r3/r1) was kept constant.

Figure 1 shows mean stress versus volumetric strain

measured during these experiments. In each test (r3/

r1) was kept constant, where r3/r1 = 0 corresponds

to uniaxial loading and r3/r1 = -2 corresponds

to pure shear. The observed deformation in the

vicinity of the pure shear conditions, r3/r1 = -2.1

and -1.58, implies dilatancy of the granite samples.

These experimental results demonstrate that linear

elasticity fails to describe Westerly granite deforma-

tion even under small stresses, and highlight the need

for non-linear elastic model. As shown in Fig. 1a, the

Murnaghan model provides a reasonable fit to the

experimental data for all types of loadings, and it

explains the dilation of granite when shear stress is

applied. The elastic moduli that were used to fit the

data are k = l = 1.3 9 104 MPa for Lame constants

and A = 1.1 9 106 MPa, B = -6.7 9 106 MPa, and

C = -6.6 9 106 MPa for the Murnaghan constants.

These values were taken from stress-induced anisot-

ropy experiments with Barre granite samples

(JOHNSON and RASOLOFOSAON, 1996). Thus, using

similar values of the elastic moduli for granite

samples, the Murnaghan model can explain both

stress-induced seismic wave anisotropy (JOHNSON and

RASOLOFOSAON, 1996) and deviations from linear

stress–strain relations under relatively low stresses

in granite samples (Fig. 1a). However, as shown next,

using the same set of elastic moduli, the Murnaghan

model cannot be extended to higher stress values.

Figure 2 presents a comparison between experi-

mental results of triaxial loading under 50 MPa

confining pressure with a G3 Westerly granite sample

(LOCKNER et al., 1992) and calculated stress–strain

relations (red lines). Figure 2a shows the calculated

differential stress versus axial and transversal strains

using the Murnaghan model with the same set of

moduli as estimated above and presented in Fig. 1a.

During the G3 experiment an abrupt increase in AE,

corresponding to initiation of fracturing, was

recorded near 250 MPa differential stress. This

Figure 1
Measured mean stress versus volumetric strain for proportional

loading experiments with Westerly granite compared with calcu-

lated curves. During each experiment the ratio between the stress

components (r3/r1) was kept constant. Symbols indicate experi-

mental results from SCHOCK and LOUIS (1982). a Calculated mean

stress and volumetric strain curves using the Murnaghan model

(Eq. 2). The elastic moduli are: k = l = 1.3 9 104 MPa, A =

1.1 9 106 MPa, B = -6.7 9 106 MPa, and C = -6.6 9 106

MPa. b Calculated mean stress and volumetric strain curves using

our non-classical second-order model (Eqs. 4, 5). The elastic

moduli are k = l = 1.3 9 104 MPa and c = 0.3k

2202 Y. Hamiel et al. Pure Appl. Geophys.



implies that granite samples may be loaded up to

relatively high stresses without significant damage

increase. It also implies that the same elastic prop-

erties should be expected until about 250 MPa

differential stress. Figure 2a indicates that the Mur-

naghan model cannot explain the elastic deformation

of granite samples under relatively large stresses.

Because some of the third-order Murnaghan moduli

are negative, the slope of the simulated stress–strain

curve becomes negative at about 50 MPa differential

stress. This means that the Murnahgan model predicts

macroscopic failure of the sample at about 50 MPa,

well below the observed strength of the granite, and

also well below the onset of AE or damage accumu-

lation at about 240 MPa. On the basis of these results

it seems that Murnaghan model is unable to describe

deformation of stiff crystalline rocks under both small

and large stresses with the same elastic moduli.

3.2. Non-Classical Non-Linearity

For many brittle materials the elastic properties

are highly sensitive to the sense of loading (tension or

compression). This feature may be associated with

micro-cracks closure under compression and opening

under tension. This provides a physical basis for non-

classical non-linear models with elastic moduli that

depend on the type of loading. Analyzing non-linear

wave modulation spectroscopy experiments, PECO-

RARI and SOLODOV (2006) suggested a 1D ‘‘clapping’’

model with different elastic moduli for tension and

compression:

r ¼ E0 1� HðeÞ DE

E0

� �� �
e; ð3Þ

where H(e) is the Heaviside step function; E0 is the

elastic modulus under compression, and DE is its

change under stress reversal to tension. They showed

that experimentally observed modulation of higher

harmonic spectra may be well reproduced with this

model. A more complicated ‘‘unilateral’’ damage

model (CHABOCHE, 1992; LAMAITRE and DESMORAT,

2005) that describes the material elastic behavior

only in the principal axes also assumes different

elastic moduli for tension and compression.

A 3D non-classical non-linear model was sug-

gested by LYAKHOVSKY and MYASNIKOV (1984) on the

basis of a micro-mechanical model with non-inter-

acting randomly oriented cracks embedded inside a

homogeneous elastic matrix. According to this model

the elastic energy is written as:

U ¼ k
2

I2
1 þ lI2 � cI1

ffiffiffiffi
I2

p
: ð4Þ

The elastic energy (Eq. 4) includes a third non-

Hookean second-order term with modulus c that

Figure 2
Measured axial and transversal components of stress versus strain

(black lines) for the G3 Westerly granite triaxial experiment

(LOCKNER et al., 1992) compared with calculated curves. a Calcu-

lated stress–strain curves (red line) using the Murnaghan model

(Eq. 2). The elastic moduli are k = l = 1.3 9 104 MPa, A =

1.1 9 106 MPa, B = -6.7 9 106 MPa, and C = -6.6 9 106

MPa. b Calculated stress–strain curves using our model (Eqs. 4,

5). The red line shows calculations with constant elastic moduli:

k = l = 1.3 9 104 MPa and c = 0.3k. The blue line shows

calculations with the same initial elastic moduli that also account

for damage accumulation and rigidity reduction after the onset of

damage (HAMIEL et al., 2004)
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couples volumetric and shear strain. The solution may

be derived using the effective medium theory of

BUDIANSKY and O’CONNELL (1976) for non-interacting

cracks that dilate and contract in response to tension

and compression (LYAKHOVSKY et al., 1997), or by

expanding the strain energy potential as a general

second-order function of I1 and I2 and eliminating non-

physical terms (Ben-Zion and Lyakhovsky, 2006).

Energy expressions with non-integer power of state

variables are common for other non-linear systems, for

example Hertzian theory for elastic deformation of a

granular media and Van der Waals energy equation for

a non-ideal gas. Using Eq. (1), the stress–strain relation

associated with the strain energy function (Eq. 4) is:

rij ¼ kI1 � c
ffiffiffiffi
I2

p� �
dij þ 2l� c

I1ffiffiffiffi
I2

p
� �

eij; ð5Þ

where dij is the Kronecker delta. Equation (5) reduces

to the linear stress–strain relations for an undamaged

solid with c = 0.

The stress–strain relations (Eq. 5) might be re-

written in a Hookean form with effective elastic moduli:

rij ¼ keffI1dij þ 2leffeij

keff ¼ k� c
n

leff ¼ l� 1

2
cn;

ð6Þ

where n ¼ I1

� ffiffiffiffi
I2

p
, referred to as the strain invariants

ratio, ranges between �
ffiffiffi
3
p

for 3D compaction to
ffiffiffi
3
p

for 3D expansion, and is zero for pure shear or zero

volumetric strain (I1 = 0). The stress–strain relations

(Eq. 6) imply that the effective moduli abruptly change

upon stress reversal from tension to compression and

remain constant under proportional loading with con-

stant n. In this sense, the model is an extension of the

non-classical models discussed earlier to a fully 3D

framework. Equations (5) and (6) also account for

material dilatancy. This may be demonstrated by

substituting n = 0 into Eqs. (5) or (6) for pure shear or

zero volumetric strain (I1 = 0) and calculating the

mean stress (trace of the stress tensor)

rii ¼ �3c
ffiffiffiffi
I2

p
: ð7Þ

The negative sign means that 3D compression

should be applied to preserve zero expansion under

shear; otherwise the material will expand under shear

loading. Figure 1b demonstrates the relations

between the calculated mean stress and volumetric

strain (Eq. 5) for different proportional loadings, in

comparison with the experimental results of SCHOCK

and LOUIS (1982) shown also in Fig. 1a. In these

calculations we assume a Poisson ratio of 0.25 for the

intact rock (k = l), and fit the data by varying the c
value and searching for the best approximation. The

moduli obtained by use of this procedure are:

k = l = 1.3 9 104 MPa and c = 0.3k, correspond-

ing to some initial damage of the rock sample. Note

that the experimental results cannot be explained by

linear elasticity, i.e., c = 0 for damage-free intact

rock (dashed line in Fig. 1). The different slopes of

the stress–strain curves depending on the loading

conditions represent reasonably well the general

tendency of the experimental data. The deviation of

the experimental points from the straight lines may be

attributed to gradual crack closure under increasing

pressure, as reported by BATZLE et al. (1980), instead

of the abrupt change under stress reversal assumed by

Eqs. (5) and (6). This feature will be taken into

account by an extended version of the model

presented in the next section.

Figure 2b shows a comparison between calculated

stress–strain relations (red lines) using the same set of

values as in Fig. 1b (k = l = 1.3 9 104 MPa and

c = 0.3k) and G3 experimental data (LOCKNER et al.,

1992). The calculated stress–strain values fit well the

observed data over the range of loading from zero to

the onset of AE or damage accumulation, where

significant material weakening and irreversible defor-

mation begin. As demonstrated by HAMIEL et al.

(2004), the entire curve up to macroscopic failure

may be fitted by incorporating damage evolution to

account for gradual changes of the elastic moduli

following the onset of AE (blue line in Fig. 2b).

However, the focus of this work is on reversible non-

linear behavior even before damage accumulation,

and therefore we limit our current analysis to

calculations associated with fixed (constant) elastic

moduli. Comparisons of the fits of Figs. 1b and 2b

with those shown in Figs. 1a and 2a suggest that the

presented non-analytical energy potential provides a

better representation for the behavior of stiff crystal-

line rocks, over the range of loadings with fixed

material damage, than the classical Murnaghan

2204 Y. Hamiel et al. Pure Appl. Geophys.



model. However, it is important to examine if the

non-analytical term of the elastic energy (Eq. 4) is

unique, what is the general form of a second-order

energy function, and how to account for gradual

crack closure. These issues are discussed in the next

section.

3.3. General Form for the Second-Order Elastic

Energy Function

The only assumption made here is that the elastic

energy is a second-order function of the strain tensor

invariants. This implies that the energy may be

written as:

U eij

� �
¼ eijeij � f

eijffiffiffiffiffiffiffiffi
eijeij
p

 !
¼ I2 � f

eijffiffiffiffi
I2

p
� �

; ð8Þ

where f(•) is a general second-order function. The

normalized strain tensor eij

� ffiffiffiffi
I2

p
eijeij

�
I2 ¼ 1

� �
has

only two strain invariants n and f (instead of three),

corresponding to normalized I1 and I3 invariants:

ekkffiffiffiffi
I2

p ¼ I1ffiffiffiffi
I2

p � n

det
eijffiffiffiffi
I2

p
� �

¼ I3

I2

ffiffiffiffi
I2

p � f
ð9Þ

Therefore, a general second-order strain energy

function can be written as:

U eij

� �
¼ I2 � f n; fð Þ ð10Þ

LYAKHOVSKY et al. (1997) and others demonstrated

that the dependency of the elastic potential on the

third strain invariant, I3, is very weak and may be

neglected. Hence, in such cases U can be written as:

U eij

� �
¼ I2 � f nð Þ: ð11Þ

The elastic potential (Eq. 4) can now be obtained by

using a polynomial function f(•) up to the second

order:

f nð Þ ¼ a0 þ a1nþ a2n
2: ð12Þ

Substituting Eq. (12) back into Eq. (11) leads to:

U eij

� �
¼ a0I2 þ a1I1

ffiffiffiffi
I2

p
þ a2I2

1 ; ð13Þ

which differs from Eq. (4) only in notation for the

coefficients and order of the terms. These results

provide guidance on how the general form of a sec-

ond-order energy function could be constructed, and

demonstrate that the functional form (Eq. 4) is

equivalent to Taylor expansion up to the second order

of the function f(•) in Eq. (11).

The general expression (Eq. 11) of the energy as a

function of I2 and n predicts, as discussed earlier, that

the effective elastic moduli remain constant under

proportional load and abruptly change on reversal of

the sense of the stress. In order to expand the

formulation and account for a gradual crack closure,

we return to simplified 1D bi-linear stress–strain

relations with elastic moduli E, that change from

E ? c to E - c:

r ¼ Ee� c ej j: ð14Þ

With simple modification the abrupt change of the

elastic moduli is shifted from the point e = 0 to an

arbitrary value e = ec

r ¼ Ee� c e� ecj j � ec½ �: ð15Þ

This assumes that instead of crack closure at zero

strain, it occurs at some compressive strain, ec.

Introducing some weight function w(ec) that repre-

sents the relative amount of micro-cracks that are

closed at e = ec, the stress–strain relations become:

r ¼ Ee� c
Z1

�1

wðecÞ e� ecj j � ec½ �dec ð16Þ

If all the micro-cracks are closed when the strain

becomes compressive, slightly more than e = 0, and

the weight function is equal to the delta-function,

w(ec) = d(ec), Eq. (16) reduces back to Eq. (14).

Following these ideas we suggest modifying the non-

analytical third term I1

ffiffiffiffi
I2

p
of the energy function

(Eq. 4), and write the invariants of the strain tensor

shifted by certain volumetric strain ec:

U ¼ k
2

I2
1 þ lI2 � c

Z1

�1

w ecð Þ

I1 � ecð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
enm �

1

3
ecdnm

� �
enm �

1

3
ecdnm

� �s"

� 2ffiffiffi
3
p

ffiffiffiffi
e2

c

q �
dec ð17Þ
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The last term,
ffiffiffiffi
e2

c

p
; is added to meet the condition of

zero stress for zero strain. With this energy form and

using Eq. (1), the pressure-strain relations under

hydrostatic conditions are:

P ¼ �rii

3
¼ � kþ 2

3
l

� �
I1

þ 2ffiffiffi
3
p c

Z1

�1

w ecð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ec � I1ð Þ2

q
�

ffiffiffiffi
e2

c

q	 �
dec:

ð18Þ

Cracks closure under compressive stresses in

Westerly granite samples was directly observed by

BATZLE et al. (1980). These observations include

standard unheated samples and samples that were

heavily cracked by cyclic heating up to 500�C. Their

experiments demonstrated that at confining load

below *10 MPa and above *40 MPa the stress–

strain curves are linear, but with different slopes

below and above these values (Fig. 3). Constant

elastic moduli (blue lines in Fig. 3) are expected if

the changes in the geometry (opening or closure) of

the cracks are negligibly small, as assumed in models

for the effective elastic properties of cracked solids

(O’CONNELL and BUDIANSKY, 1974; BUDIANSKY and

O’CONNELL, 1976; KACHANOV, 1992). Transient

behavior, associated with gradual closure of the

initially opened cracks, occurs between *10 and

*40 MPa (Fig. 3). As shown by the red lines in

Fig. 3a, b, both sets of experimental results (from

heated and unheated samples) are well fitted by Eq.

(18). The employed weight function is:

w ecð Þ ¼
1ffiffiffi
p
p

De
exp � ec � e0ð Þ2

De2

 !
: ð19Þ

This form assumes that most of the randomly distrib-

uted cracks are closed under volumetric strain within

the interval of strain values ec = e0 ± De. With

De ? 0, the weight function (Eq. 19) approaches the

delta-function and the stress–strain curves have sharp

crack closure at e = ec = e0 (Eq. 15). Note that the

experimental observations with unheated samples can

also be fitted well with sharp crack closure (blue line in

Fig. 3a). This significantly simplified formulation also

provides a good fit to the experimental data with heated

granite samples, excluding the range of strain values

where the gradual crack closure occurs. The modeled

elastic moduli for the unheated samples (Fig. 3a) are

k = l = 1.65 9 104 MPa and c = 0.65l, which are

slightly above the values used in the previous calcu-

lations. The Lame terms for the heated samples

(Fig. 3b) are k = l = 1.2 9 104 MPa, which are the

same as in the previous calculations, but the third

(nonlinear) modulus, which is responsible for the

different slopes in Fig. 3, is significantly larger,

Figure 3
Measured pressure versus volumetric strain during hydrostatic

loading experiments with Westerly granite (BATZLE et al., 1980)

compared with our model that accounts for crack closure. a Data

obtained during experiments with unheated granite sample. b Data

obtained during experiments with thermally cracked granite

samples. The blue line indicates relations with sharp crack closure

at ec (Eq. 15). The red line indicates gradual cracks closure around

ec (Eq. 18) with weight shown in the inset figures. The green line in

(a) gives the best fitted linear elastic model
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c = 1.25 9 104 MPa. The parameters of the weight

function are e0 = 0.4 9 10-3, De = 0.2 9 10-3 for

the unheated samples (Fig. 3a) and e0 = 1.7 9 10-3,

De = 0.4 9 10-3 for the heated samples (Fig. 3b).

This means that, effectively, most crack closure occurs

at strains between 0.2–0.6 9 10-3 for unheated sam-

ples and between 1.3–2.1 9 10-3 for heated samples.

For strains well above those values, the shift in the

location of the kink point may be neglected and taken

as e0. In this case, which represents typical conditions

for the seismogenic zone of the crust (not including

some localities with very high pore pressure), the

energy function of (Eq. 17) reduces back to that of

(Eq. 4).

4. Discussion and Concluding Remarks

The strain energy function provides complete

information on the stress–strain relations and effec-

tive elastic moduli of a deforming solid. In this study

we focus on non-linear reversible deformation.

Therefore, we do not consider any dissipative process

that is associated with damage evolution, for example

crack nucleation and growth or frictional sliding

between crack faces. The strain energy of linear

isotropic materials is associated with a second-order

function of the strain tensor and two Lame coeffi-

cients. Beyond the early Hookean regime, different

energy functions are appropriate for different classes

of materials. In this paper we consider in detail two

different models that can extend the linear Hookean

regime to non-linear elastic behavior: the classical

framework of MURNAGHAN (1951) and the presented

non-classical model. The former framework includes

analytical terms of all three strain invariants that are

higher than second-order (Eq. 2) whereas the latter

includes a non-analytical second-order term of the

first two strain invariants (Eq. 4).

The Murnaghan model can produce gradual

reduction of the slope of the stress–strain curve at

relatively low stress levels, as observed in deforma-

tion of soft materials, for example graphite and soil

(KAJI et al., 2001; LI and DING, 2002). However, the

Murnaghan model with the same values of coeffi-

cients cannot fit the extended linear regime of stiff

rocks (Fig. 2a), nor does it explain the kink in

observed stress–strain curves attributed to closure of

initial cracks in such materials (Fig. 3). These two

features can be modeled well by the non-analytical

second-order potential (Eq. 4), and its extension

developed in sect. ‘‘3.3’’. Another indication that the

Murnaghan model can describe only a very limited

deformation regime of stiff rocks is given by the fact

that some of the third moduli estimated for Westerly

granite by JOHNSON and RASOLOFOSAON (1996) and the

fits of Fig. 1a are negative. This implies macroscopic

weakening of the stress–strain curve and brittle fail-

ure (negative slope) at a stress level considerably

below (Fig. 2a) that indicated by the observations.

The results associated with the non-analytical

second-order energy potential (Eqs. 4–6 and Eq. 17

and 18) share some similarities with, and extend

aspects of, other non-classical models, for example the

clapping and unilateral damage models (CHABOCHE,

1992; LAMAITRE and DESMORAT, 2005; PECORARI and

SOLODOV, 2006). These models address the observed

bi-linear stress–strain relations for damaged stiff

materials. Furthermore, our energy function produces

dilation under shear loading, and can explain well

various additional features observed in laboratory

experiments with stiff rocks. These include the Kaiser

effect (HAMIEL et al., 2004), stress-induced anisotropy

(HAMIEL et al., 2009), and the asymmetric shape

of resonance curves of damaged rocks and shift in

the peak frequency with increasing excitation

(LYAKHOVSKY et al., 2009). The developments of sect.

‘‘3.3’’ can account for gradual closure of different

subsets of cracks with increased loading. The theo-

retical results fit well with a simple weight function

(Eq. 19) the observations of BATZLE et al. (1980) with

unheated and thermally cracked granite samples.

Using appropriate weight functions, the results can be

used to model gradual closure of complex distribu-

tions of initial cracks in basalt and other heavily

cracked materials (STANCHITS et al., 2006). For normal

stress levels appropriate for crustal depths larger than

1–3 km (under standard non-over-pressurized condi-

tions), the existing cracks should be closed and the

results of sect. ‘‘3.3’’ collapse to those associated with

the energy function (Eq. 4).

We suggest that the non-analytical second-order

energy function (Eq. 4) and associated results provide

an appropriate quantitative framework for modeling
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various non-linear features observed during defor-

mation of stiff damaged rocks. For soft materials with

strong curvature in the strain–stress relations during

the elastic reversible regime the Murnaghan model

provides an appropriate framework. We also recall

that our simplified strain energy function (Eq. 4)

depends only on I1 and I2, so the model may not

account properly for situations where explicit incor-

poration of I3 is needed. Such situations may be

treated by Murnaghan model or the general second-

order model (Eq. 10).
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