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Abstract

We study properties of dynamic ruptures and the partition of energy between radiation and dissipative mechanisms

using two-dimensional in-plane calculations with the finite element method. The model consists of two identical isotropic

elastic media separated by an interface governed by rate- and state-dependent friction. Rupture is initiated by gradually

overstressing a localized nucleation zone. Different values of parameters controlling the velocity dependence of friction, the

strength excess parameter and the length of the nucleation zone, lead to the following four rupture modes: supershear

crack-like rupture, subshear crack-like rupture, subshear single pulse and supershear train of pulses. High initial shear

stress and weak velocity dependence of friction favor crack-like ruptures, while the opposite conditions favor the pulse

mode. The rupture mode can switch from a subshear single pulse to a supershear train of pulses when the width of the

nucleation zone increases. The elastic strain energy released over the same propagation distance by the different rupture

modes has the following order: supershear crack, subshear crack, supershear train of pulses and subshear single pulse. The

same order applies also to the ratio of kinetic energy (radiation) to total change of elastic energy for the different rupture

modes. Decreasing the dynamic coefficient of friction increases the fraction of stored energy that is converted to kinetic

energy. General considerations and observations suggest that the subshear pulse and supershear crack are, respectively, the

most and least common modes of earthquake ruptures.

r 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

The occurrence of dynamic rupture converts elastic strain energy that is stored in the medium to other forms
of energy. These consist primarily of kinetic energy that is radiated away from the rupture, dissipative energy
near the failure surface in the form of heat, and dissipation in the bulk due to the creation of new surface area
and inelastic strain (e.g., Broberg, 1999; Aki and Richards, 2002; Ben-Zion, 2003). However, the fractional
values of the components and other details associated with the energy partition process are not well
understood. The properties of dynamic ruptures and energy partition have fundamental implications for many
e front matter r 2007 Elsevier Ltd. All rights reserved.
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issues of both basic and applied sciences. On the basic side, a better understanding of the energy partition
process can provide guidance for the development of an improved quantitative theory for dynamic rupture.
Important applications include constraints for seismic hazard associated with the energy radiated during
earthquake ruptures and expected frictional heat in the vicinity of earthquake faults. The overall goal of this
study is to obtain a quantitative understanding of the relations between properties of dynamic ruptures and
the energy partition process under different conditions. As an initial step in that direction, we focus in the
present work on a two-dimensional plane-strain homogeneous framework with a planar frictional interface
governed by a rate- and state-dependent (RSD) friction law.

Numerous works have shown that rupture on a frictional interface in a homogeneous solid can occur in
either a crack-like mode or a pulse-like mode (e.g., Das and Kostrov, 1988; Beeler and Tullis, 1996; Beroza
and Mikumo, 1996; Zheng and Rice, 1998; Nielsen et al., 2000). In the former case the slipping region expands
continuously until the rupture terminates, whereas in the latter case only a small portion of the interface slips
at any given time. The crack mode is favoured by relatively high and smooth initial background stress,
relatively weak velocity dependence of friction, and little or no coupling of slip to changes of normal stress,
while the pulse mode is favoured by the opposite set of conditions (e.g., Ben-Zion, 2001; Rice, 2001). Recent
numerical simulations have shown that for ranges of conditions there is a third transitional mode of rupture
consisting of a train of pulses (Coker et al., 2005; Lapusta, 2005; Shi and Ben-Zion, 2006).

Another topic of considerable interest is the speed of rupture propagation (e.g., Rosakis et al., 1999; Rosakis,
2002). It is generally understood that increasing the initial shear stress on a frictional interface toward its yield
strength leads to a transition from subshear to supershear rupture propagation (Burridge, 1973; Andrews, 1976;
Das and Aki, 1977; Day, 1982; Xia et al., 2004). Since increasing initial shear stress favours the crack-like
rupture mode, one would expect supershear propagation to be associated primarily with crack-like rather than
the pulse mode of rupture. Inversions of seismic data suggest that portions of earthquake ruptures are
associated occasionally with supershear velocities (e.g., Archuleta, 1984; Bouchon and Vallée, 2003). However,
it is generally accepted that earthquake rupture speeds are typically about 75% of the shear wave velocity (e.g.,
Ben-Zion, 2003) and that earthquakes tend to propagate as pulses (e.g., Heaton, 1990).

Rupture on a frictional interface belongs to the class of non-linear problems for which there is strong
coupling between small-scale processes and the overall large-scale properties of the response. Rice (1993), Ben-
Zion and Rice (1995, 1997), Rice et al. (2001) and others emphasized the coupling between small-scale features
of the friction and large-scale aspects of the slip process. Recent studies have also pointed out that the mode,
speed and other properties of simulated ruptures can be strongly affected by the employed nucleation
procedure (Shi and Ben-Zion, 2006; Festa and Vilotte, 2006; Ben-Zion, 2006).

In the present paper we examine properties of dynamic rupture and energy partition by performing two-
dimensional finite element simulations of rupture along a planar frictional interface between identical isotropic
elastic materials. The obtained mode (crack, pulse, train of pulses), speed (subshear or subshear) and energy
partition associated with the rupture process are shown to depend on the assumed friction and nucleation
parameters and the initial shear stress. In Section 2 of the paper we describe the model setup and the RSD
constitutive law employed in the simulations. In Section 3 we present results associated with four cases having
different rupture properties and partition of energy between the radiation and heat on the interface. The
results are discussed and summarized in Section 4.

2. Model setup

2.1. Finite element formulation

A two-dimensional in-plane dynamic rupture model of two blocks separated by a planar interface Sint is
studied numerically using the finite element method. A Lagrangian description of small-strain deformation is
employed and the deformed state with initial stresses is taken as the reference configuration. The principle of
virtual work is written as (Needleman, 1987)Z

A

r : de dA�

Z
Sint

T � dDu dS ¼

Z
Sext

T � dudS �

Z
A

r
q2u
qt2

dudA, (1)
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where t is the time, r is stress tensor, e is strain tensor, u is displacement vector, T is traction vector, Du is
displacement jump across the interface Sint and r:de denotes sijdeij. The model area, internal interface between
the two blocks and external boundaries in the reference configuration are, respectively, A, Sint and Sext. With
subscripts ‘n’ and ‘s’ denoting in-plane directions normal and tangential to the interface Sint, respectively, Tn

and Ts are the normal and tangential components of the traction vector T along Sint.
The finite element discretization is based on linear displacement triangular elements that are arranged in a

‘crossed-triangle’ quadrilateral pattern. When the discretization is substituted into the principle of virtual
work of Eq. (1), and the integrations are carried out, the discretized equations of motion become

M
q2U
qt2
¼ R, (2)

where U is the vector of nodal displacement, M is the mass matrix and R is the nodal force vector consisting of
contributions from the area elements and the cohesive surfaces. To achieve higher accuracy and
computational efficiency with the employed explicit time integration procedure, a lumped mass matrix is
used in Eq. (2) instead of the consistent mass matrix (Krieg and Key, 1973). Four-point Gaussian integration
is used along the interface Sint. The time integration of the governing Eq. (2) is based on a central difference
scheme which is a member of the Newmark b-method (Belytschko et al., 1976).

2.2. Model configurations

The geometry of the two-dimensional in-plane model and its initial loading conditions are illustrated in
Fig. 1a. A Cartesian coordinate system is used with the x1�x2 plane being the plane of deformation. The
interface Sint is along x2 ¼ 0. The model has a square geometry of �5mpx1p5m and �5mpx2p5m with
the origin of the coordinate system ðx1;x2Þ ¼ ð0; 0Þ being the center. Uniform compressive normal stresses
s011 ¼ s022 ¼ �S0 and shear stress s012 ¼ T0 are applied at the external boundaries Sext. The region Snucl is a
confined segment of Sint, symmetric about the origin, where we impose a nucleation process that initiates the
dynamic rupture events (see Sections 2.4 and 2.5).
 

Fig. 1. (a) Geometry of the two-dimensional plane-strain model and the initial loading conditions. The dashed bold line delineates the

external boundaries. The frictional interface Sint is along x2 ¼ 0. The nucleation zone Snucl is a confined central portion of Sint denoted by a

thick solid line. (b) The ‘crossed-triangle’ quadrilateral mesh pattern employed to discretize the model. See text for additional details.
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Fig. 1b illustrates the triangulated-quadrilateral mesh pattern employed in this study. The mesh consists of a
central region with fine discretization in the form of uniform rectangles each of which is further divided into
four triangles. The central fine mesh is extended outwards first by a gradual mesh and then by a coarse
uniform mesh near the external boundaries.

The fine-mesh region in the model has a size of 4m� 4m (�2mpx1p2m, �2mpx2p2m) and is
discretized into 160,000 quadrilaterals (640,000 triangular elements). Each quadrilateral is a square with a size
of 0.01m� 0.01m. The magnitude of the initial normal stress S0 is set to be 100MPa for all the simulations in
this study. The calculations were carried out using computers with 3GHz Intel Xeon processors. Depending
on the rupture mode, each calculation for the fixed simulated propagation distance requires a number of time
steps ranging form 41,000 to 87,000 and CPU hours ranging from 8.5 to 10.5 for a single processor.

The materials across the interface Sint are identical isotropic elastic media with Young’s modulus E,
Poisson’s ratio n and density r. For plain-strain problems, the speeds of the P wave (a), S wave (b) and
Rayleigh wave (cR) are

a ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� nð ÞE

r 1þ nð Þ 1� 2nð Þ

s
, (3)

b ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E

2r 1þ nð Þ

s
, (4)

cR ¼ 2b
ffiffiffiffiffiffiffiffiffiffiffi
1� g

p
2�

4

3
gþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rþ

ffiffiffiffiffiffi
M
p3

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rþ

ffiffiffiffiffiffi
M
p3

q� ��1=2
, (5)

where R ¼ 2 27� 90gþ 99g2 � 32g3
� ��

27, M ¼ 4 1� gð Þ
2 11� 62gþ 107g2 � 64g3
� ��

27 and g ¼ b=a
� �2

.
The elasticity parameters of the model are chosen to represent Homalite-100: E ¼ 5.3GPa, n ¼ 0.35 and

r ¼ 1246 kg/m3. With these values the elastic wave speeds are a ¼ 2613, b ¼ 1255 and cR ¼ 1174m/s. The size
of time step in our simulations, determined on the fly based on the sliding condition, ranges from 10�6 �
minðdsÞ=a to 10�2minðdsÞ=a, where min(ds) is the shortest edge of all the triangular elements. The required very
small fractions of the Courant time step are typical to simulations of dynamic ruptures on an interface
governed by RSD friction (e.g., Ben-Zion and Rice, 1997; Lapusta et al., 2000).

We examine the rupture dynamics only in the central region of the model discretized by the fine uniform
mesh. The outer part of the model is used to accommodate the stress waves that are radiated from the
nucleation zone and the ensuing dynamic rupture. Each calculation is terminated before the rupture
propagation reaches the edges of the fine-mesh region or alteration of the stress field reaches the external
boundaries Sext. Therefore, there is zero energy input from the external boundaries Sext during the entire
simulation process, i.e., from the start of the nucleation process to the termination of the calculation. As a
consequence, the first term on the right-hand side of Eq. (1) vanishes during our simulations.

2.3. Constitutive relations

The current model employs two constitutive relations: Hookean elasticity relating stress and strain in the
volume and a general form of RSD friction law characterizing the frictional response of the interface Sint

during sliding. Following Coker et al. (2005), we adopt the following expression of RSD friction coefficient m
proposed by Povirk and Needleman (1993)

m y0;D _uslip

� �
¼ g y0ð Þ 1þ

D _uslip

V0

� �1=m

, (6)

with

g y0ð Þ ¼
md þ ms � md

� �
exp � ðL0=y0Þ=ðV 1Þ

� �p� 	
1þ ðL0=y0Þ=ðV0Þ
� �1=m

, (7)
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where y0 is a state variable with evolution given by

_y0 ¼ B 1�
y0D _uslip

L0

� �
. (8)

In Eqs. (6)–(8) ms and md are the nominal static and dynamic coefficients of friction, L0 is the characteristic
slip distance over which the friction coefficient evolves to a steady-state value, V0 and V1 are reference slip
velocities and B is a constant.

The steady-state value mss of the friction coefficient, obtained by setting _y0 ¼ 0 (for which y0 ¼ L0=D _uslip), is

mss ¼ md þ ms � md
� �

exp �
D _uslip

V1

� �p
 �
. (9)

The initial value of the state variable y0 is set to be

y0 0ð Þ ¼ hL0=V1, (10)

where h is a constant.
Setting D _uslip ¼ 0 in Eq. (6) and replacing y0 with Eq. (10), we obtain an expression for the apparent static

coefficient of friction mas as

mas ¼
md þ ms � md

� �
exp �h�p
½ �

1þ hV 1=V 0

� �1=m
. (11)

Unless otherwise specified, the values of frictional parameters that are used in our simulations are ms ¼ 0.6,
md ¼ 0.5, L0 ¼ 0.2mm, B ¼ 4.6, m ¼ 5 and p ¼ 1.2. Some of these values were found in previous studies to
characterize experimental observations of Homalite sliding on Homalite (Rosakis et al., 1999, 2000; Rosakis,
2002; Samudrala et al., 2002; Coker et al., 2005).

The frictional response associated with Eqs. (6)–(8) is illustrated in Fig. 2a–d. An abrupt change of slip rate
produces an instantaneous effect with the same sign as the change of slip rate, followed by an evolutionary
effect over a characteristic slip distance with an opposite sign. This behavior was shown to characterize the
frictional response of different types of rocks and other materials (Dieterich, 1979, 1981; Ruina, 1983;
Dieterich and Kilgore, 1996). In the employed friction formulation, the parameter V0 controls the amplitude
of direct effect of the response of the apparent friction coefficient mapp, defined as Ts/Tn, to changes of slip rate.
Increasing V0 reduces the direct effect (Fig. 2a). The parameter V1 is a threshold slip rate for which mapp
approaches the nominal dynamic level md. Increasing V1 spreads the rate sensitivity of the frictional response
over a broader range of slip rates (Fig. 2b). The steady-state coefficient of friction mss as a function of slip rate
is shown for different values of V1 in Fig. 2c. In the simulations below we use V0 ¼ 2000m/s in conjunction
with V1 ¼ 0.1 or 0.65m/s. With these parameters, the response of mapp to abrupt changes of slip rate is small
(Fig. 2d) and the employed RSD friction mimics the behavior of a slip-weakening friction with a characteristic
slip distance L0 when the slip rate is sufficiently large (D _uslip � V1). To estimate the appropriate numerical
grid size and critical nucleation length, we use below results based on a linear stability analysis for a classical
slip-weakening model with peak strength massn, dynamic strength mdsn and characteristic slip distance L0.
Other frictional parameters can also influence the rupture behavior, but a detailed examination of their effects
is beyond the scope of this study.

For sliding along an interface governed by a simple linear slip-weakening friction, the spatial region behind
the rupture tip where the strength degradation occurs is given approximately (Rice, 1980; Ben-Zion, 2003) by

X c ¼ cGL0

�
sn mas � md
� �� 	

, (12)

where c is a dimensionless constant of about 1–3. Using normal stress sn ¼ S0 ¼ 100MPa, shear modulus
G ¼ 1.963GPa, mas � md � 0:1 and L0 ¼ 0.2mm we have XcE0.1m. The employed grid spacing of 0.01m in
the fine mesh region is 10 times smaller than this estimate.

Frictional sliding experiments with variable normal stress show (Prakash and Clifton, 1993; Prakash, 1998)
that the shear strength responds gradually to abrupt changes of normal stress. In the simulations performed in
this study the normal traction along the interface Sint remains constant, so the Prakash–Clifton type response,
incorporated in the friction formulation of Coker et al. (2005), is not included. Future simulations with model
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Fig. 2. Effects of parameters of the employed rate- and state-dependent friction. (a) The parameter V0 controls the amplitude of the direct

response of the apparent coefficient of friction mapp to abrupt changes of slip rate. Increasing V0 reduces the direct effect. (b) The parameter

V1 serves as a threshold slip rate for which mapp approaches the nominal dynamic level md. Increasing V1 increases the range of slip rates for

which the frictional response is sensitive. (c) The steady-state coefficient of friction as a function of slip rate for different values of V1.

(d) Evolution of mapp in response to abrupt changes of slip rate under constant compressive normal stress for two combinations of friction

parameters used in the simulations.
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realizations incorporating material contrast and faults with geometrical irregularities will account for the
Prakash–Clifton response.

In addition to the frictional behavior of the interface discussed above, the calculations incorporate a linear
elastic stiffness between material points directly opposing each other across Sint characterized by two stiffness
parameters Cn and Cs (Povirk and Needleman, 1993). Depending on the amount of the normal displacement
jump across Sint, the following two situations can exist. (I) If Dun4S0=Cn, the interface is in tension and
tractions along the associated region vanish. (II) If DunpS0=Cn, the two sides of the interface are in contact
and the friction law is invoked. In this case,

_Tn ¼ �CnD _un, (13)

_T s ¼ �Cs D _us � sgn T sð ÞD _uslip

� 	
, (14)

where D _un and D _us are, respectively, velocity differences in the normal and tangential directions between
material points that are on opposite sides of the interface in the initial configuration. Note that D _uslip is the
magnitude of the pure frictional slip rate specified by the RSD friction law (D _uslipX0). The jump of the
tangential particle velocity across the interface D _us is the sum of two parts

D _us ¼ D _uel
s þ D _uslip, (15)

where D _uel
s ¼ �

_T s

�
Cs. In the simulations performed in this study D _un ¼ 0, so only situation (II) is applicable

here.
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Coker et al. (2005) examined frictional sliding modes along an interface between two identical Homalite-100
plates subjected to shear impact loading. Based on comparisons between numerical simulations and
laboratory experiments they concluded that Cn ¼ 300 and Cs ¼ 100GPa=m provide a reasonable agreement
with the experimental data. These values will also be used in all our simulations. An important parameter that
governs the rupture speed with slip-weakening friction is the strength excess parameter S (e.g., Andrews, 1976;
Das and Aki, 1977) defined as

S ¼ massn � T0

� ��
T0 � mdsn
� �

, (16)

where massn is the peak strength, T0 is the initial shear stress, and mdsn is the dynamic strength of
the interface.

2.4. Nucleation procedure

In addition to the friction law and stress conditions, the type of employed nucleation procedure and related
parameters can also strongly affect the rupture mode (e.g., Ben-Zion, 2006). Ruptures in our model are
nucleated by gradually increasing uniformly over time tnucl the shear stress in a confined central region Snucl

with width Lnucl (Fig. 1a). The final shear stress level at time tnucl is typically about 2MPa above the strength
of the interface with tnucl ¼ 20 ms. The RSD friction law is temporarily deactivated in the nucleation zone Snucl

during the stage of rupture nucleation (0ptptnucl).
Based on the quasi-static analysis on the instability of expanding slip patch, Uenishi and Rice (2003)

proposed a critical length for linear slip-weakening model that depends only on the shear modulus and the
slip-weakening rate:

Lc ¼ 1:158G�=g, (17)

where G� ¼ G=ð1� nÞ for mode II and g ¼ ðmas � mdÞsn=L0 is the weakening rate. With our employed
parameters Eq. (17) gives Lc ¼ 0.074m, a smaller value than the 0.1m estimate of degradation/nucleation size
associated with Eq. (12). In the simulations of Section 3, we choose Lnucl to be 0.2m for most cases and a
larger value of 0.4m for a case that produces a train of pulses.

2.5. Energy calculations

The entire simulation process can be separated into two stages: the first stage is rupture nucleation and the
second stage is spontaneous rupture propagation. Since we terminate the calculations before the stress waves
reach the external boundaries, there is zero energy input from the tractions at Sext. Then from the principle of
virtual work, the power balance equation can be written asZ

A

sij _�ij dA�

Z
Sint�Snucl

Ti � D _ui dS �

Z
Snucl

Ti � D _ui dS þ

Z
A

r €ui _ui dA ¼ 0. (18)

Note that all the tensors and vectors are written in component forms and the contribution from the
nucleation zone Snucl is nonzero only during the first stage (i.e., during rupture nucleation) and vanishes for
t4tnucl.

Integration of each term in Eq. (18) over time gives the following energy components:
(i)
 Change of elastic strain energy in the volume:

W el
vol ¼

Z t

0

Z
A

sij _�ijdA


 �
dt. (19)
(ii)
 Energy input by the nucleation procedure:

W app ¼

Z t

0

Z
Snucl

Ti � D _ui dS


 �
dt. (20)
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Kinetic energy:
(iii)
Wkin ¼
1

2

Z
A

r _ui _ui dA (21)
(iv)
 Change of interface energy:

W int ¼ �

Z t

0

Z
Sint�Snucl

Ti � D _ui dS


 �
dt. (22)
The interface energy (22) can further be written as

W int ¼ �

Z t

0

Z
Sint�Snucl

Ti � D _ui dS


 �
dt

¼ �

Z t

0

Z
Sint�Snucl

T s � D _us þ Tn � D _unð ÞdS


 �
dt

¼ �

Z t

0

Z
Sint�Snucl

Ts � D _us dS


 �
dt�

Z t

0

Z
Sint�Snucl

Tn � D _un dS


 �
dt. ð23Þ

Substitution of Eq. (15) into the first term of Eq. (23) gives

�

Z t

0

Z
Sint�Snucl

T s � D _us dS


 �
dt

¼ �

Z t

0

Z
Sint�Snucl

T s � D _uel
s dS


 �
dt�

Z t

0

Z
Sint�Snucl

T s � D _uslip dS


 �
dt

¼

Z t

0

Z
Sint�Snucl

T s � _T s

�
Cs dS


 �
dt�

Z t

0

Z
Sint�Snucl

T s � D _uslip dS


 �
dt. ð24Þ

The second term in Eq. (24) corresponds to dissipative frictional heat

Wheat ¼ �

Z t

0

Z
Sint�Snucl

T s � D _uslip dS


 �
dt, (25)

while the elastic part of the interface energy is

W el
int ¼

Z t

0

Z
Sint�Snucl

T s � _T s

�
Cs dS


 �
dt�

Z t

0

Z
Sint�Snucl

Tn � D _un dS


 �
dt. (26)

Using the above definitions, the balance equation for energy changes can be written as

W el
vol þW int þWkin ¼W app, (27)

or

W el þWheat þWkin ¼W app, (28)

where W el ¼W el
vol þW el

int is the total change of elastic energy.

3. Simulation results

By varying the initial shear stress T0 which is related to the strength excess parameter S, the
velocity dependence of the friction law (friction parameter V1) and the width of the nucleation zone Lnucl,
we obtain the following four cases with different rupture modes: Case I—supershear crack-like rupture,
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Case II—subshear crack-like rupture, Case III—subshear single rupture pulse, and Case IV—supershear train
of pulses. The parameters used to obtain these four cases are:
Case I: T0 ¼ 58MPa, S ¼ 0.17, V1 ¼ 0.1m/s and Lnucl ¼ 0.2m;
Case II: T0 ¼ 54MPa, S ¼ 1.35, V1 ¼ 0.1m/s and Lnucl ¼ 0.2m;
Case III: T0 ¼ 54MPa, S ¼ 1.35, V1 ¼ 0.65m/s and Lnucl ¼ 0.2m;
Case IV: T0 ¼ 54MPa, S ¼ 1.35, V1 ¼ 0.65m/s and Lnucl ¼ 0.4m.
Fig. 3 shows time histories of the shear stress and normalized slip, along with the functional dependence of
the shear stress on normalized slip at a fixed point x1 ¼ 1.0m on the interface Sint for all four cases. The curves
of stress vs. normalized slip clearly exhibit a slip-weakening-like behavior that is expected based on the
employed set of frictional parameters. In each case, the rupture propagates all the way from the edge of the
nucleation zone to the edge of the fine-mesh region. The amount of slip generated at that distance is largest for
the supershear crack (Fig. 3a) and smallest for the single pulse (Fig. 3c). The subshear crack (Fig. 3b) and the
train of pulses (Fig. 3d) have intermediate amounts of slip. The corresponding amount of slip in Fig. 3b is
about 20% less than in Fig. 3a and for the train of pulses (Fig. 3d) it is about half of that in Fig. 3b. The
amount of slip for the single pulse (Fig. 3c) is nearly an order of magnitude smaller than for the supershear
crack. The small steps in the curve of slip vs. time of Fig. 3d are footprints of the train of pulses. We note that
for case III with a rupture pulse (Fig. 3c), the shear stress recovers nearly to the initial level after the passage of
the pulse. A similar situation holds for case IV with the train of pulses (Fig. 3d), but after a larger amount of
slip than is shown.

Fig. 4 shows the values of the rupture front speed VR in the +x1 direction for all four cases. The positions of
the rupture fronts in both directions (+x1 and �x1) are recorded at various times and VR is then calculated by
a seven-point progressive least-squares fit on these position data. Since we use a model with the same elastic
properties across the interface Sint, the rupture characteristics in the opposite directions are identical. In Case
I, the rupture front quickly accelerates beyond

ffiffiffi
2
p

b after leaving the nucleation region and then gradually
approaches the P wave speed a. In Case II, VR follows closely the Rayleigh wave speed cR. The self-healing
pulse in Case III travels at a speed of about 0.7cR after some initial transients. In Case IV, the rupture
propagates initially after the nucleation in a crack-like mode with VR between b and

ffiffiffi
2
p

b. The middle portion
of the sliding crack heals quickly producing two separate slip patches that propagate in the opposite directions
with accelerating rupture front speeds. Each slip patch then splits gradually into a train of pulses and
additional pulses are generated near the end of the existing train of pulses adding to the overall length of the
train. During this process the rupture front speed approaches a value that is midway between

ffiffiffi
2
p

b and a.
These and other details of the rupture behavior are seen more clearly in subsequent figures. The oscillations of
the rupture front speeds in Fig. 4 decrease when we reduce the mesh spacing. However, the estimated average
values of VR and other features discussed in this work remain essentially the same.

The profiles of frictional slip rate and shear traction along the interface at time 0.7ms for the four cases are
shown in Fig. 5. The slip rates (red) exhibit high-frequency oscillations that are especially pronounced in Cases
I and IV having supershear propagation speeds. As shown in the insets, the oscillations are well resolved
numerically. Each wiggle in the oscillatory profiles consists of at least 14 points for Case I (Fig. 5a) and at least
8 points for Case II (Fig. 5b). The pulse in Case III (Fig. 5c) has more than 24 points consistently and each
single pulse in Case IV (Fig. 5d) has about 12 points. The shear stress profiles (blue) show high-frequency
oscillations behind the expanding sliding areas in Cases III and IV that are associated with pulses. The high-
frequency oscillations of slip rates and shear stress may be produced by the relatively rapid nucleation process,
the presence of the elastic interface stiffness parameter Cs, the large dynamic shear stress drop and the large
reduction of the friction coefficient at relatively low sliding rate. We repeated the calculations with both finer
grid (0.005m spacing in the fine mesh region) and coarser grid (0.02m spacing in the fine mesh region) for all
four cases and found that the general features of the rupture properties and magnitudes of all the energy
components remain the same, although perfect wiggle-to-wiggle match is not achieved with different mesh
resolutions.

In the crack-like Cases I and II, the slip rate is positive everywhere behind the propagating rupture fronts
(Fig. 5a and b). In Case III with a pulse, the slip rate is nonzero only in narrow regions behind the rupture
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Fig. 3. Time histories of slip and shear stress (left columns) and functional dependence of the shear stress on slip (right columns) at the

point x1 ¼ 1.0m on the interface for (a) Case I with supershear crack-like rupture, (b) Case II with subshear crack-like rupture, (c) Case III

with subshear single pulse, and (d) Case IV with supershear train of pulses.
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Fig. 5. Profiles of frictional slip rate (red) and shear traction (blue) along the interface at time 0.7ms for (a) Case I, (b) Case II, (c) Case III,

and (d) Case IV. The insets show close-up views of the wiggles in the profiles of slip rate.
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fronts (Fig. 5c). In Case IV with a train of pulses, the slip rate alternates between positive and zero values in a
broadening region behind the fronts (Fig. 5d). The shear stress profiles for Cases I and II show the smooth
characteristics of crack-like ruptures, while the shear stress profile for Case III with a pulse has an additional
localized structure. The stress profiles for Cases III and IV have persisting large-scale oscillations in the
nucleation zone with amplitudes that decrease with time.

Fig. 6 gives the evolution of various energy components for each case with insets showing the partition of
the total change of elastic energy between the kinetic energy (radiation) Wkin and heat energy (dissipation)
Wheat. For the same rupture propagation distance, Case I with a supershear crack has the largest amount of
kinetic energy, while Case III with a single subshear pulse has the smallest amount of radiated energy in terms
of both the magnitude and percentage value. As shown in Fig. 7, the mismatch in percentage between the sum
of energy components W el

int þW el
vol þWheat þWkin and Wapp is generally less than 0.4% except for Case I

where it is 	0.6%. Therefore, the energy balance equation (28) is well satisfied numerically. In the performed
calculations we have taken the initial stressed configuration as reference, so the initial strain and elastic strain
energy are both zero: �ijðt ¼ 0Þ ¼ 0 and W elðt ¼ 0Þ ¼ 0. Eq. (19) gives the change of elastic strain energy in the
volume from this initial state during the dynamic rupture, which is the quantity that enters the energy balance
Eqs. (27) and (28). Simulations of ruptures corresponding to spontaneous ‘‘rebound’’ events in a solid with
nonzero initial strain (like earthquakes) are expected to reduce the elastic strain energy in the medium (e.g.,
Ben-Zion, 2003, Section 6). Calculations of such cases require some modifications to the employed framework.

Figs. 8–11 show the spatial distributions of the shear stress s12 and snapshots of slip profiles for the four
cases. The characteristic Mach cones of supershear rupture are seen clearly in the stress contours of Cases I
(Fig. 8a) and IV (Fig. 11a). The gradual distributions of stress behind the rupture fronts in Figs. 8a and 9a
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imply that slip occurs continuously along the interface behind the propagating rupture fronts. This is
confirmed by the evolutions of the slip profiles along the interface (Figs. 8b and 9b) which follow crack-like
circular shapes. In contrast, the localized concentrations of stress behind the rupture fronts in Figs. 10a
and 11a, and the narrow propagating slip fronts with overall triangular profiles in Figs. 10b and 11b are
indicative features of pulses. Manighetti et al. (2005) analyzed slip profiles of several tens of large earthquakes
and concluded that most are characterized by triangular shapes.

For the four cases presented in this section, the nominal dynamic coefficient md is fixed at 0.5 which is a
large portion of the nominal static coefficient 0.6. Recent experiments on rock friction suggest that the
reduction of the friction coefficient can be significant at high seismic slip rates (e.g., Tsutsumi and Shimamoto,
1997; Goldsby and Tullis, 2002; Di Toro et al., 2004). To illustrate some tendencies associated with lower
dynamic friction we show in Fig. 12 results based on md ¼ 0:3 and all other parameters same as in Case II.
With the strength excess parameter S ¼ 0.17, the rupture propagates in a supershear crack-like fashion
(Fig. 12c) similar to Case I, but with larger slip rate (Fig. 12a) and higher rupture front speed (Fig. 12b). The
fraction of the radiated energy (Fig. 12d) in this case is 12%, which is considerably higher than all four
previous cases. However, we note that the absolute magnitude of the generated heat energy is also higher than
all the previous cases, since the increase in the slip rate has a larger effect than the decrease in the sliding
friction level.

4. Discussion

We examined numerically the energy partition and rupture properties associated with different rupture
modes, using two-dimensional in-plane finite element calculations for a homogeneous isotropic elastic solid
with an interface governed by a RSD friction law proposed by Povirk and Needleman (1993). Simulations
based on various initial shear stresses, rate dependence of the friction and nucleation parameters give rise to
cases associated with supershear crack-like rupture, subshear crack-like rupture, subshear single pulse and
supershear train of pulses. The results add to the generality of such rupture modes, and in particular to the
train of pulses mode that appears to be transitional between the crack and single pulse modes of ruptures
(Lapusta, 2005; Coker et al., 2005; Shi and Ben-Zion, 2006).
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A comparison between the results of various simulated cases shows that increasing the initial shear stress
toward the failure stress can change the rupture speed from subshear (Case II) to supershear (Case I), and
increasing the rate dependence of the friction can change the rupture mode from a crack (Case II) to a pulse
(Case III). These results are compatible with many previous studies of rupture on a planar frictional interface
in a homogeneous solid (e.g., Andrews, 1976; Cochard and Madariaga, 1996; Beeler and Tullis, 1996; Zheng
and Rice, 1998; Nielsen et al., 2000; Rosakis, 2002). Our results also indicate that the employed nucleation
procedure can have significant effects on the rupture mode. As pointed out by Ben-Zion (2006), relatively large
nucleation zones with relatively small stress drop favor crack-like ruptures, whereas relatively small nucleation
zones with relatively large stress drop favor pulse-like ruptures. In the simulations performed in this work, the
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Fig. 9. (a) The spatial distribution of shear stress s12 at time 0.7ms and (b) snapshots of the slip profiles along the interface at various

times for Case II with subshear crack-like rupture.
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rupture mode switches from a single pulse (Case III) to a train of pulses (Case IV) when the width of the
nucleation zone is doubled and the other conditions are kept the same. Shi and Ben-Zion (2006) showed that
the rupture speed along a bimaterial frictional interface depends on the strength of the nucleation zone. Festa
and Vilotte (2006) found in numerical studies with slip-weakening friction that there is a trade-off between
properties of the nucleation procedure and the initial shear stress in determining the mode and speed of the
dynamic rupture.

The total release of elastic strain energy Wel by different rupture modes over the same propagation distance
(Fig. 6) has the following order: supershear crack, subshear crack, supershear train of pulses, subshear single
pulse. The released elastic energy Wel is partitioned into radiated energy Wkin and heat energy Wheat. The ratio
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Fig. 10. (a) The spatial distribution of shear stress s12 at time 1.5ms and (b) snapshots of the slip profiles along the interface at various

times for Case III with subshear rupture pulse.
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Wkin=W el is referred to in seismology as the seismic efficiency. In our study, with the same nominal static (0.6)
and dynamic (0.5) coefficients of friction, the seismic efficiency is around 5% for the supershear crack-like
rupture, about 2% for the subshear crack-like rupture and supershear train of pulse, and only about 1% for
the subshear single pulse. Reducing the nominal dynamic coefficient of friction to 0.3 and keeping the other
parameters as in the subshear crack-like rupture of Case II, increases the seismic efficiency to about 12% and
produces a transition to supershear rupture speed. Laboratory data associated with friction experiments in
granite (Lockner and Okubo, 1983) and estimates based on earthquake observations that cover a wide range
of event sizes and rock types (McGarr, 1999) indicate seismic efficiency values that are smaller than 6%.
Kanamori et al. (1998) determined the source parameters of the deep-focus 1994 great Bolivian earthquake
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Fig. 11. (a) The spatial distribution of shear stress s12 at time 0.7ms and (b) snapshots of the slip profiles along the interface at various

times for Case IV with supershear train of pulses.
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(Mw 8.3) and suggested that the maximum seismic efficiency was 3.6%. These estimates are compatible with
the values obtained by our simulated Cases I–IV.

The results indicate that crack-like ruptures are more efficient in terms of reducing the stored elastic energy
than pulse-like ruptures, and that supershear cracks are more efficient in this regard than subshear cracks.
However, the subshear pulse occurs for a lower background stress (e.g., Zheng and Rice, 1998) than the
subshear, and especially supershear cracks, and thus may be induced earlier than the subshear and supershear
cracks. In addition, the pulse mode of rupture is favored by heterogeneous stress conditions (e.g., Das and
Kostrov, 1988; Beroza and Mikumo, 1996; Day et al., 1998), while crack-like ruptures require relatively
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Fig. 12. Simulations results with a reduced nominal dynamic coefficient of friction md ¼ 0.3 and the other parameters same as in Case II.

(a) Profiles of frictional slip rate (red) and shear traction (blue) along interface at time 0.5ms. (b) Rupture front speeds VR vs. time. (c)

Snapshots of the slip profile along the interface at various times. (d) Time histories of various energy components with inset showing the

approximate partition of the total change of elastic energy between the kinetic energy Wkin and heat energy Wheat.
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homogeneous stress conditions (e.g., Ben-Zion and Rice, 1997; Nielsen et al., 2000). Earthquake faults are
likely to be associated with highly heterogeneous stress and they do not show evidence of the high localized
dissipation that may be expected for crack-like ruptures (e.g., Ben-Zion, 2001). We also note that large natural
faults have bimaterial interfaces (e.g., McGuire and Ben-Zion, 2005) and that ruptures on bimaterial interfaces
tend to propagate as subshear pulses (e.g., Weertman, 1980; Ben-Zion, 2001; Ranjith and Rice, 2001; Shi and
Ben-Zion, 2006; Ampuero and Ben-Zion, 2006). The above considerations suggest that the subshear pulse may
be the most common mode of rupture on earthquake faults, and that the supershear crack may be the least
common. These expectations appear to be compatible with the available compilations of earthquake data
(e.g., Heaton, 1990; Ben-Zion, 2003; Mai, 2004; Manighetti et al., 2005).

Our continuing work on this topic will extend the model to include bimaterial interfaces (e.g., Andrews and
Ben-Zion, 1997; Harris and Day, 1997; Shi and Ben-Zion, 2006; Brietzke and Ben-Zion, 2006), plastic strain in
the bulk (e.g., Andrews, 2005; Ben-Zion and Shi, 2005) and spontaneous branching with creation of new
surface area (e.g., Xu et al., 1997). Future simulations will incorporate ingredients that are characteristic of
faults at different evolutionary stage. The results may improve the understanding of rupture processes in
geologically relevant models and can be used to check assumptions made in observational works.
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