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S U M M A R Y
We decompose a general seismic potency tensor into isotropic tensor, double-couple tensor
and compensated linear vector dipole using the eigenvectors and eigenvalues of the full tensor.
Two dimensionless parameters are used to quantify the size of the isotropic and compensated
linear vector dipole components. The parameters have well-defined finite ranges and are suited
for non-linear inversions of source tensors from seismic waveform data. The decomposition
and parametrization for the potency tensor are used to obtain corresponding results for a
general seismic moment tensor. The relations between different parameters of the potency and
moment tensors in isotropic media are derived. We also discuss appropriate specification of
the relative size of different source components in inversions of seismic data.
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Dynamics and mechanics of faulting.

1 I N T RO D U C T I O N

A seismic source inside a body with zero net force and torque is
represented mathematically by a 3 × 3 symmetric tensor with six
independent components (e.g. Aki & Richards 2002). The ground
motion generated by seismic sources can be expressed as a linear
combination of the relevant elastodynamic Green’s functions with
coefficients given by the six components of the source tensor. If the
hypocenter and velocity structure between the source and stations
are known, the source tensor can be determined from observed
seismograms. The most commonly used specification of seismic
sources is the moment tensor defined as the integral of the ‘stress
glut’ over the source volume (e.g. Dahlen & Tromp 1998). Alterna-
tively, seismic sources may be specified using the potency tensor de-
fined as the integral of the ‘transformational strain’ over the source
volume (e.g. Ben-Zion 2003). The source tensor provides funda-
mental information on the event magnitude, source geometry (e.g.
possible fault plane orientations and slip directions), and partition-
ing among various deviatoric and isotropic components. Ben-Zion
(2001) noted that it is better to use the strain-based potency tensor
than the stress-based moment, since the potency involves only di-
rectly observable quantities whereas the moment requires making
assumptions on elastic properties at the source. This can be im-
portant since the elastic moduli vary rapidly (and elasticity breaks
down) in the space–time windows associated with seismic sources.
See also Ben-Zion (1989), Heaton & Heaton (1989), Ampuero &
Dahlen (2005), Ben-Zion (2008), Chapman & Leaney (2012).

The moment tensors of global earthquakes with magnitudes
larger than 5 are routinely determined using broad-band waveform

data (Ekstrom et al. 2012). In regions where dense seismic net-
works operate, the magnitude thresholds can be lowered down to
4 (e.g. Dreger & Helmberger 1993; Ritsema & Lay 1993; Zhu &
Helmberger 1996; Pondrelli et al. 2006). Most of the moment–
tensor derivations use a linear inversion to determine the six ten-
sor components directly. However, event mislocation and imperfect
velocity models can make the linear inversion less reliable, espe-
cially when high-frequency waveform data are used for moderate-
to-small-sized events. Zhao & Helmberger (1994) and Zhu &
Helmberger (1996) developed the Cut-and-Paste (CAP) method to
account for event mislocation and imperfect Green’s functions. The
CAP method breaks the seismograms into P- and S-wave segments
and allows time-shifts between the observed and predicted wave-
forms. The added unknown parameters of the time-shifts turn the
source tensor determination into a non-linear inverse problem, for
which global optimization methods such as grid search, the neigh-
borhood algorithm, and simulated annealing are often used. Solving
the inverse problem requires specifying the source tensor by a set
of six different parameters with known and finite possible value
ranges. The original CAP method limits the seismic sources to be a
pure double couple, which reduces the unknown tensor parameters
to four, and uses a grid search to find the best moment magnitude,
strike and dip of the fault plane and slip direction.

Although most tectonic earthquakes are dominated by shear de-
formation in a narrow zone, non-double couple seismic sources have
been observed in volcanic and geothermal regions (e.g. Julian &
Sipkin 1985; Foulger et al. 2004; Minson et al. 2007), and for other
natural or man-made seismic events such as mine collapses and
nuclear explosions (e.g. Dreger & Woods 2002; Walter et al. 2009;
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Patton & Taylor 2011). Recently, Ben-Zion & Ampuero (2009)
derived a seismic representation theorem that includes a ‘damage-
related’ radiation produced by coseismic changes of elastic moduli
in the source volume. Order of magnitude estimates indicate that
the damage-related contribution to motion in the bulk can have
appreciable amplitude. A decomposition analysis shows that the
damage-related source term can have a significant isotropic com-
ponent. Motivated by these theoretical results, we update the source
specification in the original CAP method to include non-double
couple components in the inversion. In the following sections we
present a compact parametrization of general seismic source tensors
that will be used in a generalized CAP (gCAP) method.

We start with the more elementary potency tensor and decom-
pose it into isotropic (ISO), double-couple (DC) and compensated
linear vector dipole (CLVD) source terms using the eigenvectors
and eigenvalues of the tensor. This eigenvector-based approach was
used by others to decompose a general moment tensor (e.g. Hudson
et al. 1989; Jost & Herrmann 1989; Riedesel & Jordan 1989; Tape
& Tape 2012a). The obtained isotropic tensor is unique, but the de-
composition of the remaining deviatoric tensor into DC and CLVD
terms is not. Consequently, as reviewed by Julian et al. (1998) and
Chapman & Leaney (2012), there are several DC–CLVD decompo-
sitions in the literature. We use the one recommended by Chapman
& Leaney (2012) where the CLVD is orthogonal to the DC ten-
sor, which enables a convenient separation of the contributions and
errors of these two source terms. We introduce two dimensionless
parameters with finite ranges of values to quantify the size of the
ISO and CLVD components. This provides a suitable parametriza-
tion for non-linear inversions of seismic source tensors. A general
seismic moment tensor is decomposed and parametrized in parallel
to what is done for the potency. The relations between parameters of
the potency and moment tensors in isotropic elasticity, and appro-
priate size specification of different source components, are derived
and discussed.

2 S E I S M I C P O T E N C Y T E N S O R

Following standard practice, a general seismic potency tensor is
decomposed into isotropic and deviatoric components

Pi j = 1

3
tr (P)δi j + P ′

i j . (1)

We introduce a dimensionless parameter ζ to quantify the strength
of the isotropic potency term

ζ =
√

2

3

tr (P)

P0
, (2)

where

P0 ≡ √
2Pi j Pi j , (3)

is the scalar potency (e.g. Ben-Zion 2003). It can be shown that ζ

varies from −1 (implosion) to 1 (explosion).
Using the scalar parameters P0 and ζ , (1) can be written as

Pi j = P0√
2

(
ζ Ii j +

√
1 − ζ 2 Di j

)
, (4)

with normalized isotropic tensor

Ii j = 1√
3
δi j , (5)

and normalized deviatoric tensor Dij satisfying

Dii = 0, (6)

Di j Di j = 1. (7)

Next we decompose Dij into double-couple and CLVD compo-
nents. The CLVD has a dipole of magnitude 2 in its symmetry
axis compensated by two unit dipoles in the orthogonal directions
(Knopoff & Randall 1970). Let λ1 be the largest eigenvalue (corre-
sponding to the T-axis eigenvector T̂) of the deviatoric tensor Dij,
λ2 be the intermediate eigenvalue (corresponding to the null-axis
eigenvector N̂), and λ3 the smallest eigenvalue (corresponding to
the P-axis eigenvector P̂), that is,

λ1 ≥ λ2 ≥ λ3. (8)

This follows the convention that extension and compression are pos-
itive and negative, respectively. Note that all λi’s are dimensionless.
Eqs (6) and (7) imply that the eigenvalues satisfy the conditions

λ1 + λ2 + λ3 = 0, (9)

λ2
1 + λ2

2 + λ2
3 = 1. (10)

Using (8)–(10), we get

max(λ2) = min(λ1) = 1√
6
, (11)

min(λ2) = max(λ3) = − 1√
6
. (12)

When λ2 = 0, the deviatoric tensor Dij is a pure double-couple.
As mentioned, the DC–CLVD decomposition is not unique as the

CLVD symmetry axis can be aligned with any of the principal axes
(e.g. Hudson et al. 1989; Jost & Herrmann 1989). Here we align
the CLVD symmetry axis with the N-axis (e.g. Chapman & Leaney
2012)

Di j = λ1Ti Tj + λ2 Ni N j + λ3 Pi Pj

= λ1 − λ3√
2

DDC
i j +

√
3

2
λ2 DCLVD

i j , (13)

where

DDC
i j = 1√

2
(Ti Tj − Pi Pj ), (14)

DCLVD
i j = 1√

6
(2Ni N j − Ti Tj − Pi Pj ), (15)

are normalized DC and CLVD tensors. The above decomposition
has the attractive property that the DC and CLVD basic sources are
orthogonal

DDC
i j DCLVD

i j = 0. (16)

The strength of the CLVD component can be quantified by the
dimensionless parameter

χ =
√

3

2
λ2. (17)

It can be shown from (11) and (12) that 0.5 ≥ χ ≥ −0.5. Bai-
ley et al. (2009) used the same parameter to quantify the CLVD
component in analysis of summed earthquake potency tensors, and
compared it (their fig. C1) to other measures of the strength of the
CLVD term. See also Julian et al. (1998).

Using (7) and (17), Eq. (13) can now be written as

Di j =
√

1 − χ 2 DDC
i j + χ DCLVD

i j . (18)
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Inserting (18) into (4), we express a general potency tensor as

Pi j = P0√
2

(
ζ Ii j +

√
1 − ζ 2

(√
1 − χ 2 DDC

i j + χ DCLVD
i j

))
. (19)

As seen, a full specification of the potency tensor involves six inde-
pendent parameters: three amplitude factors P0, ζ and χ , and three
angles determining the orientations of the principal axes of the de-
viatoric tensor (e.g. a fault-based coordinate system with strike φ,
dip δ and slip angle on the fault λ, see Aki & Richards 2002, pages
108–109).

3 S E I S M I C M O M E N T T E N S O R

Following similar procedures, we can express a general seismic
moment tensor as

Mi j =
√

2M0

(
ζm Ii j +

√
1 − ζ 2

m D′
i j

)
. (20)

Here M0 is the scalar moment defined as

M0 ≡
√

Mi j Mi j

2
, (21)

and ζm is a dimensionless parameter quantifying the strength of the
isotropic moment,

ζm = tr (M)√
6M0

, (22)

with 1 ≥ ζm ≥ −1. The normalized deviatoric moment tensor D′
i j is

expressed in the same form as in (18) but using its own eigenvalues
and principal axes. Therefore, a general moment tensor can also
be described using six independent parameters: M0, ζm, χm, φm, δm

and λm. The subscript m emphasizes that these parameters, although
similar, are in general not the same as those for the potency tensor.
The moment tensor is linearly related to the potency tensor through
the fourth-order elastic moduli tensor (e.g. Ben-Zion 2003),

Mi j = ci jkl Pkl . (23)

For isotropic elastic media,

Mi j =
(

λ + 2

3
μ

)
Pkkδi j + 2μP ′

i j , (24)

where λ and μ are the Lame constants. Using (4) this becomes

Mi j =
√

2μP0

(
ηζ Ii j +

√
1 − ζ 2 Di j

)
, (25)

where η = 1+ν
1−2ν

and ν is the Poisson’s ratio. Comparing (20) and (25)
it is seen that for isotropic elasticity,

D′
i j = Di j . (26)

This indicates that in isotropic solids the CLVD parameters and
source orientation angles for the moment and potency tensors are
the same

χm = χ, φm = φ, δm = δ, λm = λ. (27)

However, the isotropic moment parameter is related to the isotropic
potency parameter as

ζm = ηζ√
1 − (1 − η2)ζ 2

. (28)

Furthermore, the scalar moment is related to the scalar potency by

M0 = μP0

√
1 − (1 − η2)ζ 2. (29)

For sources without volumetric change (ζ = 0), (29) reduces to the
commonly-used relationship

M0 = μP0. (30)

Fig. 1 illustrates the variations of ζm and M0 over μP0 versus ζ for
different Poisson’s ratios.

4 D I S C U S S I O N

Hudson et al. (1989) introduced two dimensionless parameters k
and T to represent, respectively, the isotropic and CLVD compo-
nents of a moment tensor, using the trace of the moment tensor and
the intermediate eigenvalue of the deviatoric tensor. Our dimen-
sionless parameters ζm and χm correspond, respectively, to k and T.
However, the scaling factor of k and T is the trace plus the maximum
eigenvalue magnitude of the deviatoric tensor, while our parameters
in (2) and (17) are scaled directly by the size of the seismic event
given by the scalar potency P0 or scalar moment M0. The Hudson
et al. (1989) parameters provide useful graphical display of differ-
ent source types of moment tensor inversion results. However, due
to the lack of the scalar moment in that parameterization, and the

Figure 1. Variations of the isotropic moment parameter ζm (left) and the ratio of scalar moment over scalar potency times rigidity (right) versus the isotropic
potency parameter ζ for different Poisson’s ratios.
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dependence of the CLVD alignment on the sign of the intermedi-
ate eigenvalue, they are not suitable for moment tensor inversions,
as the expression of a general moment tensor in terms of these
parameters is cumbersome.

Tape & Tape (2012a,b) recently described a parametrization for
use in moment tensor inversion and display. The source type is
specified by two angular parameters: colatitude β and longitude γ

on a section (or lune with π/6 ≥ γ ≥ −π/6) of the focal sphere.
See also Riedesel & Jordan (1989). Isotropic sources are located
at the north and south poles and pure DC sources are located at
the centre of the lune on the equator. Since we use the same tensor
decomposition as in Riedesel & Jordan (1989) and Tape & Tape
(2012a), our dimensionless parameters ζm and χm are directly related
to β and γ . Comparing our (17) and (22) with (21ab) of Tape &
Tape (2012a) gives

ζm = cos β, (31)

χm = sin γ. (32)

The two sets of parameterization are equivalent and somewhat com-
plementary. The angular parameters are geometrical in nature and
highly suitable for graphic display of different types of source ten-
sors. On the other hand, our parameters ζm and χm emphasize the
physical properties of isotropic source component (using the ratio
of pressure and M0) and CLVD component (using the ratio of the
intermediate eigenvalue and the norm of the deviatoric moment
tensor).

There have been some confusions in the literature on quantifying
the relative strengths of different components of a seismic source
tensor. The Hudson parameters k and τ = (1 − |k|)T were often
used to represent the percentages of isotropic and CLVD compo-
nents. This is incorrect due to lack of normalization of their basic
source tensors (e.g. Chapman & Leaney 2012). We emphasize that
our isotropic parameter ζ can represent the fractional volumetric
source component, but the CLVD parameter χ is only the rela-
tive strength of the CLVD component within the deviatoric tensor.
Following Chapman & Leaney (2012), we suggest using squared
ratios of the scalar potency of each component to the total scalar po-
tency to represent the relative strengths of the ISO, DC, and CLVD
components in a general seismic source

ISO = sgn(ζ )ζ 2, (33)

DC = (1 − ζ 2)(1 − χ 2), (34)

CLVD = sgn(χ )(1 − ζ 2)χ 2, (35)

such that

|ISO| + DC + |CLVD| = 1. (36)

The permissible values of different fractional strengths are shown
in Fig. 2. The graph is similar to the τ–k diamond plot of Hudson
et al. (1989) and the lune display of Tape & Tape (2012a). Note that
the maximum CLVD strength in this decomposition is 25 per cent
(at ζ = 0 and χ = ±1/2).

In conclusion, we present basic parametrization of general seis-
mic potency and moment tensors amenable for practical inversions
of source properties from recorded seismograms. We clarify the
relations between parameters of the potency and moment tensors
in isotropic elastic solids, and provide guidelines on specifying the
relative strength of the ISO, DC and CLVD source terms in our
and other representations. The developed parametrization has been

Figure 2. Diagram showing permissible values of the fractional source
strengths ISO, CLVD and DC bounded by the outer diamond. The pure
explosion and implosion sources are indicated by the solid and open circles,
respectively. The pure DC source is located at the center. The contours show
DC levels of 75 and 50 per cent.

implemented in a generalized version of the CAP inversion that
is hereafter referred to as the gCAP method. Results on observed
earthquake source tensor properties based on the gCAP method will
be presented in a follow-up paper.
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