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SUMMARY
Linear and quadratic scaling relations between potency P0 and local magnitude ML for southern California earthquakes are derived using observed data of small events (1.0 < ML < 3.5)
recorded in the Cajon Pass borehole and moderate events (3.5 < ML < 6.0) recorded by the
broad-band TERRAscope/TriNet network. The derived relations are extended to ML = 7.0
and compared with observed potency–magnitude values of four earthquakes in the extended
range. The results indicate that a linear scaling relation can describe accurately data extending
only over 2–3 orders of magnitudes. The best-fitting slope of a linear log P0 vs ML scaling
for the small Cajon Pass events is about 1.0, while the slope for the 3.5 < ML < 6.0 events is
about 1.34. A quadratic relation can fit the data well over the entire 1.0 < ML < 7.0 magnitude
range. The results may be explained in terms of a continuous transition from a limiting scaling
P0 ∼ (rupture area) for highly disordered small events, to a limiting scaling P0 ∼ (rupture area
times slip) for crack-like large events. Such a transition is expected to characterize evolving
seismicity on heterogeneous faults, where small events propagate in (and are arrested by) a
rough fluctuating stress field, while large events propagate across a relatively smooth correlated
field.
Key words: earthquakes, fault models, seismicity, seismic stress.

1 INTRODUCTION
Earthquake sizes are most commonly quantified with various types
of magnitudes associated with spectral amplitudes of radiated seismic energy at a given frequency band (and accepted site and instrument conditions). For example, the local magnitude ML is based on
waves near 1 Hz recorded by a Wood–Anderson seismograph at a
site with a competent rock and epicentral distance of 100 km (e.g.
Richter 1935). The magnitudes are relatively easy to measure and
they give information that is directly useful for various engineering
applications (e.g. the response of structures with resonance frequencies near those used to define the magnitude). However, for large
earthquakes they reflect radiation from subportions of the rupture
rather than giving a physical characterization of the entire earthquake source. The latter is provided by the zero frequency asymptote of the displacement source spectrum, which is proportional (e.g.
Aki & Richards 1980) to the integral
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where u is slip, A is rupture area and P0 is called geometric moment
by King (1978) and potency by Ben-Menahem & Singh (1981).
Here we use the term potency for P0 .
Because of historical developments, seismologists typically use
the related quantity seismic moment
M0 = µP0 ,

(2)

where µ is shear rigidity at the source, instead of the potency. As
summarized by Ben-Zion (2001), however, the potency is a better
scaling parameter for the overall size of a slip event, as it is the
directly observable quantity whereas the compound parameter, moment, involves assumptions on material properties at the source.
The significance of this seemingly small difference may be better appreciated upon realizing that material properties have rapid
spatio-temporal variations in the space–time domains associated
with earthquake sources and hence are ambiguously defined precisely where they are needed for eq. (2).
In this work we derive potency–magnitude scaling relations in
the form
log P0 = γ M 2 + cM + d,

(3)
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that the occurrence of increasingly larger events is associated with
increasingly smoother stress fields. Actual data may have signatures
of all these effects.

2 ANALYSIS

Figure 1. Locations of the Cajon Pass borehole (triangle), 418 moderate
earthquakes (open circles with sizes proportional to M L ), and the 1992
Landers and Big Bear earthquakes, 1994 Northridge earthquake and 1999
Hector Mine earthquake (stars).

for earthquakes in southern California (Fig. 1) using two data sets.
The first, based on Zhu & Helmberger (1996) and augmented by
analysis of additional events, consists of 418 earthquakes in the
range 3.5 < ML < 6.0 recorded by the TERRAscope/TriNet network. The second, taken from Abercrombie (1996), consists of
18 earthquakes of 1.0 < ML < 3.5 recorded in the deep Cajon Pass
borehole. A third set with four earthquakes of 6.0 < ML < 7.0, not
employed in the derivation of the coefficients in eq. (3), is used to
assess the performance of the obtained relations based on the first
two data sets.
The results indicate that the values of c and d for the first and second data sets are significantly different. The best-fitting linear slope
for the ML < 3.5 events is c ∼ 1, while for the ML > 3.5 events it is
c ∼ 1.34. The lack of a single linear relation for earthquakes in the
combined magnitude range is compatible with the observational and
theoretical moment–magnitude analysis of Hanks & Boore (1984),
the observational moment–magnitude work of Bakun (1984) and
the synthetic seismicity and stress simulations of Ben-Zion & Rice
(1993), Ben-Zion (1996) and Miller et al. (1999). The quadratic
term in eq. (3) is not significant over the five orders of magnitudes
of the first and second data sets. However, extrapolations of the bestfitting results from those data to larger events and examination of
observed potency–magnitude values of the four additional ML > 6.0
events indicates, in agreement with Hanks & Boore (1984), that a
quadratic term is required for fitting data spanning a broad magnitude range with a single scaling relation. Hanks & Boore (1984)
explained the quadratic scaling in terms of observational artefacts
associated with different combinations of bandwidths characterizing
the Wood–Anderson seismometer and a source model with constant
stress drop and ‘ω-square’ spectrum. The observed scaling variation with increasing event size may also be explained by assuming

The ML values of all used earthquakes are determined by the Southern California Short-period Network (SCSN). The moments and
potencies of the 418 events (Fig. 1) with 3.5 < ML < 6.0 were obtained by inverting their broad-band regional waveforms using the
CAP source estimation technique (Zhu & Helmberger 1996). This
method uses a regional velocity model to calculate the Green’s functions and compares synthetics with observed waveforms to estimate
source depths and potency/moment tensors. One advantage of this
technique over other source estimation methods is that in the inversion it employs the body and surface wave portions of the seismograms separately. This allows the inversion to put more weight on the
stable body wave portion to reduce the influence of shallow crustal
heterogeneities. The amplitude ratio between the body and surface
waves provides a constraint on the source depth. The originallyderived moments of Zhu & Helmberger (1996) were converted to
potencies by dividing each moment value with the rigidity assumed
in the moment estimation procedure. Using the CAP technique, it
is possible to determine the potency/moment of earthquakes down
to ML magnitude of about 3.5.
The scalar moments of the 18 small events in the second data
set were obtained by Abercrombie (1996) from the low frequency
asymptotes of their displacement spectra, converted to seismic moments using the whole-space displacement formula and assuming a
mean radiation pattern (Aki & Richards 1980). The moments were
again divided by the rigidity values assumed in the moment estimation procedure (Abercrombie, personal communication 2001) to
obtain potencies.
Removing the assumed rigidities in the different data sets allows
us to treat the combined data more uniformly and to derive potency–
magnitude scaling relations of the type given by eq. (3). This is done
by fitting a linear or a quadratic relation to a given set of potency–
magnitude values using the least-squares method. In the linear case,
the least-squares method minimizes for the employed data points
the quantity
=

n



2

log P0i − cMLi − d .

(4)

i=1

An analogous quantity is minimized for the quadratic case. The
goodness of the fit may be estimated by
χν2 =

min

(n − 2)σ 2

,

(5)

where σ 2 is the standard deviation of the P0 values. In our data not
only P0 but also ML have measurement uncertainties that are not
known a priori. We thus treat the above σ 2 as a combined standard
deviation of both quantities. It can be estimated from the data at
the expense of loosing the ability of evaluating the goodness of fit
(Bevington & Robinson 1992). This amounts to assuming χν2 = 1
from which
σ2 =

min

(n − 2)

.

(6)

We first fit the two different data sets separately with linear relations. The results are summarized and shown in Table 1 and Fig. 2.
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Table 1. Parameters from linear least-squares fits. The uncertainties are estimated using σ = 0.24 obtained from eq. (6).

n
c
d

M L < 3.5

M L > 3.5

18
1.00 ± 0.11
−4.72 ± 0.22

418
1.34 ± 0.02
−5.22 ± 0.10

The two data sets have considerably different slopes, in agreement
with the observational results of Bakun (1984) for central California
earthquakes. However, the difference may result, at least in part,
from the fact that the second data set of low magnitude events contains only 18 measurements and the two data points near ML ∼ 3
have a strong influence on the result. A single linear fit of the combined data set is discussed next. We note that both slopes (c ∼ 1
and c ∼ 1.34) are significantly different from the usually assumed
value of 1.5 (Kanamori 1977; Hanks & Kanamori 1979). A slope
of 1.5 is expected theoretically for a classical crack model with a
constant stress drop (e.g. Kanamori & Anderson 1975). However,
the expected value for a disordered failure process in a fluctuating
stress field is lower (Fisher et al. 1997).
Hanks & Boore (1984) presented observational and theoretical evidence for a continuous positive curvature of the log M0 vs
ML relation for California earthquakes in the magnitude range
0 < ML < 7.0. The theoretical results were based on numerical simulations of far-field shear-wave acceleration with finite-duration
band-limited white Gaussian noise (Boore 1983). To examine
whether non-linearity is present in our data, we fit single linear
and quadratic relations to the combined data set. To have similar
sample sizes in the different magnitude ranges, we combine the 18
points of the second data set with 20 randomly selected points from
the first set. (If we simply fit all the points of the combined data,
the results will be dominated by properties of the first set as it has
a much larger number (418) of events than that (18) of the second.)

Figure 2. Linear least-squares fits done separately for the 18ML < 3.5 and
418ML > 3.5 events. The best-fitting parameters are summarized in Table 1.
Potency values are in cm km−2 .
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Table 2. Parameters from linear and quadratic leastsquares fits for combined data with 1.0 < ML < 6.0.

c
d
γ

Linear

Quadratic

1.35 ± 0.03
−5.33 ± 0.06

0.988 ± 0.213
−4.87 ± 0.25
0.0612 ± 0.0385

We then perform linear and quadratic least-squares fits to the 38
points over the magnitude range 1.0 < ML < 6.0. This is repeated
500 times with different randomly selected points. The mean and
standard deviations of the best-fitting parameters in the 500 realizations are given in Table 2. The best-fitting lines and the quadratic
theoretical relation of Boore (1983) are plotted in Fig. 3. The slopes
of the linear fit (dotted line, c ∼ 1.35) and quadratic relation (solid
line, c + 2γ ML ∼ 1.42 for a mid-range magnitude ML = 3.5) are
again different from the usually assumed 1.5 value.
Given the relatively small number of events, it is not very meaningful to discuss which of the three relations plotted in Fig. 3 is
statistically the best. Instead, the relative performance of the three
lines can be assessed by examining how well extrapolations of
the relations to a higher (or lower) magnitude range can fit independent data points in the extended range. The circles in the upper right corner of Fig. 3 give, from bottom-left to upper-right,
P0 and ML values of the 1992 Big Bear, 1994 Northridge, 1999
Hector Mine and 1992 Landers California earthquakes (Fig. 1).
The potency values are derived using the CAP technique of Zhu &
Helmberger (1996) and TERRAscope/TriNet waveform data. The
local magnitudes are obtained from synthetic Wood–Anderson amplitudes based on observed broad-band seismograms (K. Hutton,
personal communication 2001). The additional data points fall

Figure 3. Least-squares fits with linear (dotted line) and quadratic (solid
line) relations based on 500 realizations of a combined data set including
the 18M L < 3.5 and 20 randomly selected M L > 3.5 events. The best-fitting
parameters are summarized in Table 2. The dashed line is based on the model
calculations of Boore (1983). The circles give values of 4 events not used to
produce the fits. See text for more.
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between or near the quadratic theoretical relation of Boore (1983)
and the quadratic least-squares fit based on the 1.0 < ML < 6.0
events. The linear least-squares fit based on the 1.0 < ML < 6.0
events clearly underestimates the potency values of most larger
earthquakes. The same holds for the line based on the ML >
3.5 events in Fig. 2, as its slope is almost the same (and slightly
below) that of the linear fit of Fig. 3. The results indicate, in agreement with Hanks & Boore (1984), that the quadratic term in eq.
(3) is required for describing the scaling between potency and magnitude values over a broad range of sizes with a single relation. A
linear potency–magnitude scaling relation can approximate only a
limited range of data.

3 DISCUSSION
The scaling relation between observed potency and magnitude values of earthquakes has important implications for a variety of theoretical and applied studies, ranging from proper understanding of the
underlying processes to calculations of co-seismic strain and seismic
hazard associated with the ongoing seismicity. Using the borehole
seismic data of Abercrombie (1996) for 1.0 < ML < 3.5 events and
broad-band TERRAscope/TriNet data for 3.5 < ML < 6.0 events,
we derive linear and quadratic potency–magnitude scaling relations
for southern California earthquakes. The derived relations are extended to higher potency–magnitude values and compared, along
with the theoretical quadratic curve of Boore (1983), with four independent data points with 6.0 < ML < 7.0.
The coefficients obtained by separate linear least-squares fits for
the ML < 3.5 and ML > 3.5 events (Table 1 and Fig. 2) show a significant change of slope, from c ∼ 1 in the first magnitude range
to c ∼ 1.34 in the second. These results should be substantiated
with additional data points near ML = 3.5. Fitting the data over the
combined magnitude range with a single scaling relation requires a
quadratic term. The derived scaling relations are compatible with the
observations of Bakun (1984) for central California earthquakes and
Hanks & Boore (1984) for a compilation of Californian events. This
supports the assertion of Hanks & Boore (1984) that there is no fundamental regional dependence in the potency/moment–magnitude
scaling relation of earthquakes.
Hanks & Boore (1984) explained the observed non-linear scaling
as resulting from different interactions between ML measurements,
dominated by the 1.25 Hz natural frequency of a Wood–Anderson
instrument, and a constant stress drop ‘ω-square’ model. In this explanation, ML values of small earthquakes reflect the constant lowfrequency portion of the source radiation, while ML values of large
events reflect the high-frequency fall-off of the source spectrum.
Below, we suggest a possible alternative explanation, motivated by
numerical modelling of seismicity on strongly heterogeneous faults
with highly fluctuating stress fields, not affected by observational
artefacts.
Ben-Zion & Rice (1993) simulated earthquake patterns along a
2-D discrete fault zone with strong fixed heterogeneities in a 3-D
elastic half-space. The slope of the log P0 vs log A of the simulated
small events was c ∼ 1, while the slope for the moderate events was
c ∼ 1.5. (The transition between the two groups was near M = 4.9,
but this is not significant since the magnitudes in the discrete model
of Ben-Zion and Rice are grid-size-dependent and smaller grid
would have shifted the results to lower magnitudes.) Miller et al.
(1999) simulated seismicity patterns along a similar discrete fault
zone model having evolving strength heterogeneities due to evolving
pore pressure distribution. The results in that model had a gradual

transition of scaling, from a relatively diffused region of small events
3
bounded by M0 ∼ A to a relatively narrow region with M0 ∼ A 2 for
intermediate events. The simulation results of both models are similar to the observations of Figs 2 and 3, and those of Bakun (1984)
and Hanks & Boore (1984), assuming M ∼ log A as indicated by
observations (Kasahara 1981; Wells & Coppersmith 1994).
The transitions of scaling in the modelling results, and perhaps
also in nature, are associated with complementary aspects of stress
field evolution at short and long length scales (Ben-Zion 1996).
The simulated small events create, and typically grow in, a stress
field with strong stress fluctuations over short distances. On the other
hand, the large earthquakes occur only when the stress, generated by
the collective occurrence of the small events and the gradual tectonic
loading, is relatively smooth and correlated over large distances (see
also Ben-Zion & Lyakhovsky 2001; Sammis & Sornette 2001). In
such a stress field, small events are strongly affected by the short
scale stress fluctuations and have slip that does not grow substantially with the rupture dimension. The limiting scaling for highly
disordered fractal-like ruptures is P0 ∼ A (Fisher et al. 1997). In
contrast, large earthquakes grow in a relatively homogeneous stress
field and they average out the remaining short scale fluctuations
over their (large) rupture areas. The limiting scaling for such cases
3
is the classical smooth crack relation P0 ∼ A 2 (e.g. Kanamori &
Anderson 1975).
In the model of Ben-Zion & Rice (1993) with fixed strong heterogeneities, the transition between the above two limiting scaling
regimes is relatively sharp. In the model of Miller et al. (1999)
with evolving heterogeneities, the transition is more gradual. The
scaling relation of seismicity on heterogeneous faults with a broad
range of size scales and gradual evolution of strength properties is
expected to have a continuous positive curvature of the type shown in
Fig. 3 and in Hanks & Boore (1984). Further clarification of the true
potency–magnitude relation of earthquakes will require additional
observational and theoretical work.
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