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a b s t r a c t

We develop a continuum-based theoretical framework that describes brittle instability
and localization of deformation into a narrow slip zone as a phase transition between
damaged solid and granular material. The formulation is based on irreversible thermo-
dynamics of damage and breakage processes, each associated with a single key state
variable, and corresponding energy functions for the damaged solid and granular material.
Dynamic instability is associated with a critical level of damage in the solid, leading to loss
of convexity of the solid energy function and transition to a granular phase associated
with lower energy level. Depending on the confining stress and other conditions, the
failure process in the generated granular phase may be associated with mode I and
fragmentation or mode II and granular flow. The developed model provides a new
approach for analyzing in a unified way various aspects of brittle failure and localization of
deformation, with evolving elastic moduli, evolving slip rates and evolving material
phases. Numerical simulations indicate that the key parameters governing the evolution
from a slow failure process to dynamic slip, and the related transition from damaged solid
to granular material, can be constrained by laboratory and seismological observations.

& 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Rocks, ceramics and similar materials, under relatively low pressure and temperature and without a pre-existing large
failure zone, respond to differential stress beyond the elastic limit by generation of distributed brittle cracking (damage) in
the bulk. The gradual distributed cracking is manifested macroscopically by changes of average elastic properties and related
phenomena such as reduction of wave speeds. This process is observed in numerous laboratory fracturing experiments (e.g.,
Jaeger and Cook, 1979; Lockner et al., 1992; Stanchits et al., 2006) and it can be modeled effectively by various damage
rheology frameworks (e.g. Hamiel et al. 2004, 2009; Bhat et al., 2011). When the level of damage reaches a critical value, the
material sustains macroscopic brittle instability involving dynamic rupture and localization of deformation. The volume
with intense damage around the localized rupture tip is referred to as the process region or zone (e.g., Broberg, 1999). The
motion of the process region leaves behind a zone of localized brittle deformation with granulated material that is referred
to as the slip zone (e.g. Ben-Zion and Sammis, 2003, and references therein). Various observational and theoretical results
suggest that the discussed brittle failure process is associated with a phase transition from a damaged solid prior to
localization to a granular phase of material within the generated slip zone (Ben-Zion, 2008, Section 7).
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Initial quantitative results on aspects of the solid-granular transition and related dynamic phenomena are given by
Lyakhovsky et al. (2011) using a continuum viscoelastic damage model and Ben-Zion et al. (2011) based on a statistical
physics framework. The goal of this paper is to provide a more complete quantitative description of the transition from a
stable damaged solid to unstable material that includes a granulated slip zone. The developments are done within the
continuum damage model of Lyakhovsky et al. (1997), (2011), augmented by results from a continuum breakage mechanics
(Einav, 2007a,b). The developed continuum damage–breakage model accounts for the density of distributed cracking and
other internal flaws in damaged solid rocks with a scalar damage parameter, and addresses the grain size distribution of a
fluid- or gas-like granular phase with a breakage parameter. The model provides a framework that can be used to analyze
the progression of deformation from a stable distributed brittle failure in a solid with evolving elastic moduli, to localization
and dynamic rupture in a zone with one or more vanishing elastic moduli. This generalizes related transitions from slow
deformation to dynamic rupture on a frictional interface where the process is limited to a surface (e.g., Rice, 1980, 1993), and
in volumes governed by plastic with unchanged elastic moduli rheology (e.g., Rudnicki and Rice, 1975; Perrin and Leblond,
1993).

When the damage reaches at a certain region a critical value leading to dynamic instability, the generated failure zone
can be associated with a pseudo-liquid or a pseudo-gas granular phase. Under confinement, a pseudo-liquid granular phase
is produced and subsequent failure is associated with shear granular flow. With little or no confinement, a pseudo-gas phase
is generated and subsequent failure is associated with expanding fragmentation process. Numerical simulations illustrate
several aspects of the developed continuum damage–breakage model. A theoretical treatment of the reversed transition
from granulated material to damaged solid will be provided in a follow up work.
2. Theory

2.1. General thermodynamic formulation

To describe a solid-granular transition we combine aspects of two formulations: Continuum Damage Mechanics (CDM)
and Continuum Breakage Mechanics (CBM). Both are based on irreversible thermodynamics and each introduces an
additional state variable: damage parameter α¼[0ː1] in the CDM and breakage parameter B¼[0ː1] in the CBM. The damage
parameter of the CDM (e.g., Kachanov, 1986; Rabotnov, 1988; Krajcinovic, 1996; Lemaitre, 1996; Allix and Hild, 2002)
connects the evolution of elastic moduli with changes of crack density through a non-dimensional intensive variable
characterizing material volumes large enough to allow smooth description of the distribution of internal flaws (e.g., micro-
cracks in laboratory specimen). The breakage parameter of the CBM (Einav, 2007a,b) measures the relative distance of the
current grain size distribution of a granular material between the initial and ultimate states. The free energy, FS, of a
damaged solid with distributed cracking has additional terms to those characterizing reversible elastic materials (e.g.,
Lyakhovsky et al., 1997, 2011). The free energy, FB, of the CBM is assumed to be a linear function of the breakage parameter
(Einav, 2007a,b). Following these ideas we write the total free energy of the Continuum Damage–Breakage Mechanics
(CDBM) model as a linear superposition of FS characterizing the solid phase and FB of the granular phase:

FðT ; εij; α; BÞ ¼ ð1�BÞUFSðT ; εij; αÞþBUFBðT ; εijÞ: ð1Þ

Here T is the temperature and εij ¼ εðtÞij �εðpÞij is the elastic strain tensor given by the difference between the total and
permanent irreversible deformation. As mentioned, α and B are the damage and breakage variables, respectively. The linear
superposition of the solid and granular energy terms (1) preserves the linear dependence of the total energy on the
breakage parameter, and assures the convexity of the total energy if one or both FS and FB are convex and B varies between
zero and one. According to the general idea of Maxwell visco-elastic rheology, the energy function of the system depends
only on the difference between the total and irreversible strain components rather than having explicit connections to both
(e.g., Malvern, 1969). The irreversible strain accumulation may be neglected for the solid phase, but it becomes essential for
the post-failure flow of the granular phase. Details of the energy form, kinetics of the evolving damage (dα/dt) and breakage
(dB/dt) parameters, as well as relations controlling the rate of irreversible strain accumulation (dεðpÞij =dt), are discussed in the
following sections.
2.2. Free energy of the solid phase

For the solid phase we use the energy form previously discussed in Lyakhovsky et al. (1997) and Hamiel et al. (2011),
incorporating two Hookean quadratic terms and a third term that couples volumetric and shear strain:

FSðεij; αÞ ¼
1
ρ

λ

2
I21þμI2�γI1

ffiffiffiffi
I2

p� �
ð2Þ

where λ and μ are Lame constants, I1 ¼ εijδij and I2 ¼ εijεij are the first and second invariants of the strain tensor εij, and γ is an
additional modulus of a damaged solid.
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Taking the derivative of the energy form (2) with respect to the strain leads (Eq. (A11) of the Appendix) to the following
stress-strain relation:

sij ¼ ðλ�γ=ξÞI1δijþð2μ�γξÞεij: ð3Þ
The effective elastic moduli in (3) are functions of the strain invariants ratio, ξ¼ I1=

ffiffiffiffi
I2

p
, which characterizes various

states of loading. Its value varies between ξ¼ �
ffiffiffi
3

p
for 3-D compaction to ξ¼ þ

ffiffiffi
3

p
for 3-D expansion; ξ¼ 71 correspond

to tension and compression, while ξ¼ 0 corresponds to zero volumetric strain. The specific detailed relation between the
energy (2) and the damage state variable is established by making the elastic moduli functions of α. Given the available
experimental constraints, Agnon and Lyakhovsky (1995) assumed that the moduli μ and γ are linear functions of α and that λ
is constant. Hamiel et al. (2004) reviewed this assumption and demonstrated that a power-law relation γ(α) improves the
quality of fitting stress-strain curves observed in laboratory fracture experiments with model predictions. The same power-
law relation also leads to a transition between stable and unstable damage evolution in rocks (Hamiel et al., 2004). For
mathematical simplicity we adopt here the linear relations:

λ¼ λ0;

μ¼ μ0þαξ0γr ;

γ ¼ αγr ; ð4Þ
where λ0, μ0 and γ¼0 are the elastic moduli of a damage-free material (α¼0), and λ¼λ0, μ¼μ0þξ0γr and γ¼γr give the
moduli values at maximum damage level (α¼1). The parameter ξ0 is a critical value of the strain invariants ratio ðξ¼ I1=

ffiffiffiffi
I2

p
Þ

at the onset of damage accumulation and is connected to the internal friction angle of the Byerlee (1978) friction law for
rocks (Agnon and Lyakhovsky, 1995). During damage accumulation the modulus γ increases and the shear modulus μ
decreases. This leads (Fig. 1) to material evolution from linear elastic solid (α¼0) to strongly non-linear behavior and
macroscopic brittle instability at a critical damage level (αc).

Two mathematically different conditions can be utilized for analyzing the macroscopic stability condition for material in
a solid state (B¼0) below the critical damage level αoαcr. The first is convexity of the elastic strain energy, which is
necessary for the existence of a unique solution of the static problem (e.g., Ekeland and Temam, 1976). The second is a
change of the elasto-dynamic equation to ellipticity (e.g., Rudnicki and Rice, 1975). These two conditions are not always
identical, especially for non-linear elasticity. For the energy form (2), the convexity condition is stronger and is achieved
prior to the transition to ellipticity (Lyakhovsky et al., 2011). Starting with the classical van der Waals theory, non-convex
energy functions were used commonly in different theoretical models of multi-phase systems (e.g., Ericksen, 1998).
Mathematically, the convexity condition implies positivity of all the eigenvalues of the Hessian matrix (∂2FS/∂εij∂εkl), which
can be expressed by the following inequalities (Lyakhovsky et al., 2011):

ð2μ�γξÞ2þð2μ�γξÞð3λ�γξÞþðλγξ�γ2Þð3�ξ2Þ40; ð5aÞ

2μ�γξ40: ð6aÞ
Within the interval of the strain invariants ratio �

ffiffiffi
3

p
rξrξ0, corresponding to loading from 3-D compaction with

gradually increased deviatoric stress until the onset of fracturing, both conditions ((5a), (6a)) are satisfied for αo1. With
mode-II failure
(granular flow)
        B=1 
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Fig. 1. Schematic diagram illustrating the critical level of damage versus the strain invariants ratio (ξ¼ I1=
ffiffiffiffi
I2

p
) for λ0¼μ0. Solid black lines separate regions

where different phases exist and correspond to convexity loss of the solid energy function. The parameter ξ0 prescribes the onset of damage accumulation.
The material is stable for ξoξ0. The parameter ξ1 defines the location of the critical point where all three phases, solid, pseudo-liquid and pseudo-gas exist
for α¼αcr. Red line with markers represents a loading path leading to a solid-granular transition (see Fig. 4). (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)
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further increase of the deviatoric stress, the damage increases toward its critical value (α¼αcr) and condition (5a) is violated
first. This occurs within the interval of the strain invariants ratio up to a certain value ξ1 (ξ0rξrξ1). This type of loss of
convexity is associated with mode-II failure and transition to a granular flow under compression (Fig. 1). The granular
material under these conditions may be referred to as pseudo-liquid. At higher values of the strain invariants ratio (ξ1oξ),
condition (6a) is violated first at α¼αcr. In this case at least one of the principal stress values becomes tensile and there is
mode-I failure that leads to fragmentation (Fig. 1). In this case the granular material may be referred to as pseudo-gas.

At the transition between mode-I and mode-II failures associated with the point α¼αcr and ξ¼ξ1, all eigen values of the
Hessian matrix vanish simultaneously and conditions ((5a), (6a)) are reduced to:

λ�γ=ξ¼ 0; ð5bÞ

2μ�γξ¼ 0: ð6bÞ
Combining (4) with ((5b), (6b)) leads to a solution for the values of αcr and ξ1:

ξ1 ¼ ξ0þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ20þ2

μ0
λ0

r
; ð7Þ

α1 ¼ αcrðξ1Þ ¼
λ0ξ1
γr

: ð8Þ

A comparison of ((5b), (6b)) with the stress-strain relation (3) indicates that all eigen values of the Hessian matrix vanish
simultaneously when both effective elastic moduli of the damaged solid are zero. This resembles the mathematical
definition of the critical (triple) point of a classical thermodynamic system. For a pure substances (say liquid or gas), there is
an inflection point in the critical isotherm (constant temperature line) on a P–V diagram, where both the first and second
partial derivatives of the pressure with respect to the volume at constant temperature are zero.

2.3. Free energy of the granular phase

The constitutive relations for cohesionless granular material should account for vanishing tensile modulus while the
compressive modulus remains finite (e.g., Nguyen et. al., 2003, Karrech et. al., 2007). Based on this, Myasnikov and Oleinikov
(1991) discussed a mathematical model for granular material as a limit case of isotropic visco-elastic or elasto-plastic media
that respond differently to tension and compression using the energy form (2). See also Ben-Zion (2008, Section 7). Since the
energy, FB, of the CBM is assumed to be a linear function of the breakage parameter (Einav, 2007a,b), and the strain energy
function does not depend on the damage value which is relevant for the solid phase only, we write the energy of the
granular material as:

FBðεijÞ ¼
1
ρ

λB
2
I21þμBI2�γBI1

ffiffiffiffi
I2

p� �
; ð9Þ

with three constant elastic moduli. The transition between the pseudo-liquid (granular flow) and pseudo-gas (fragmenta-
tion) phases is associated with loss of convexity of FB represented by a vertical line in the (ξ, α) space (Fig. 1). Since all three
phases, solid, pseudo-liquid and pseudo-gas, co-exist in the triple (critical) point (ξ1, α1), all eigen values of the Hessian
matrix associated with FB should be equal zero at this point. These conditions are satisfied if the elastic moduli in (9) are
proportional, with some coefficient θ, to the values of the elastic moduli of the solid phase (4) at the damage level α¼α1

λB ¼ θλðα1Þ ¼ θλ0
μB ¼ θμðα1Þ ¼ θðμ0þα1ξ0γrÞ
γB ¼ θγðα1Þ ¼ θα1γr ð10Þ

Fig. 2 shows normalized energy values (FS/I2, λ0¼μ0¼1) for the solid phase (black line) and (FB/I2) for the granular phase
(red lines) for α¼αcr(ξ), within the interval ξ0oξoξ1 where a transition from solid to granular pseudo-liquid phase is
expected. The energy of the granular phase is always below that of the solid phase for θo1, providing a proper energetic
transition from higher energy solid state to lower energy granular phase. The θ value controls the amount of energy released
during the transition from solid to granular phase. This energy release is equivalent to the latent heat of phase transitions in
classical thermodynamics. The condition FS4FB prohibits in the absence of material healing the reversed transition from
granular to solid, even under compressive stresses without any differential load. In the present paper we focus on the solid-
granular transition. An extension of the formulation with healing of the breakage parameter that may be used to analyze the
granular-solid transition will be addressed in the discussion and developed in a follow up paper.

2.4. Instantaneous transition from solid to granular phase

In this section we discuss some general features of the solid-granular transition, assuming infinitely fast kinetic of the
breakage evolution that leads to instantaneous transition when the solid becomes unstable. The kinetics of the damage–
breakage process will be discussed in the next section.
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Fig. 3 shows schematic stress-strain diagrams (not on scale) under a loading path starting with 3-D compaction
(ξ¼ �

ffiffiffi
3

p
) and going toward 3-D extension (ξ¼

ffiffiffi
3

p
). Fixed value of the damage parameter (α¼Const.) is assumed for the

entire loading path. This process could only be realized in laboratory experiments or natural conditions if the rate of damage
accumulation is well below the loading rate and there is not enough time for α to evolve. In the (ξ, α) space (Fig. 1) such
loading path with a constant α value is represented by a straight horizontal line starting at the left edge and going to the
right. For small α-values (α¼0, 0.2, and 0.4) the solid state is stable through the whole loading path and transition to another
phase is not expected. For an elevated damage value α¼0.6, the loading path crosses the line separating the solid and
pseudo-gas phase at ξ4ξ1 where fragmentation occurs. The effective elastic modulus vanishes and the solid becomes
unstable (Fig. 3). The fragmented material cannot support any deviatoric stress and further behavior should be described in
terms of pressure and volumetric expansion. Here we are interested primarily in the transition from damaged solid to
granular flow. With high damage values (α¼0.8), the solid material becomes unstable for horizontal loading path in the (ξ,
α) space at an earlier stage ξoξ1 (compare the lines for α¼0.6 and 0.8 in Fig. 3). However, this loading path meets a
transition to the pseudo-liquid granular phase (Fig. 1), which involves stable granular flow at the transition (red line in
Fig. 3). Rapid change from B¼0 for solid state to B¼1 for granular state is associated with a stress drop, and the stress-strain
path jumps (Fig. 3) from the black line (solid phase) to the red one (pseudo-liquid phase). Further loading can take place
along the red line. If the loading rate is faster than stress relaxation due to granular flow, evolution of elastic strain toward 3-
D extension may bring the system to fragmentation terminating the loading path of the granular phase.
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A more realistic loading path with evolving damage is represented by the red line with markers in Fig. 1 and the
corresponding stress-strain path in Fig. 4. The shown loading path corresponds approximately to the fracturing experiment
G3 of Lockner et al. (1992), with uniaxial loading of a Westerly granite sample under 50 MPa confining pressure. The loading
path starts with a 3-D compaction ξ¼ �

ffiffiffi
3

p
and α¼0 (first marker in Figs. 1 and 4). In the second marker, there is onset of

damage accumulation. The stress-strain curve between the first and second markers is a straight line corresponding to
linear elasticity. With progressive damage accumulation the material weakens and the stress-strain curve significantly
deviates from a straight line (markers 3 and 4). The loading path is terminated when α reaches its critical value leading to a
transition to granular flow. This transition is associated with a stress drop illustrated in Fig. 4 with the jump between
markers 5 and 6. The magnitude of this stress drop is controlled by the θ value introduced in (10).

The evolution of the strain energy due to small perturbations around stable solutions is schematically shown in Fig. 4 by
small parabolas around the markers. Since we consider small perturbations around a certain state of stress (associated
mathematically with a Taylor expansion of the energy function), the energy is parabolic. For markers 1 and 2 associated with
linear elasticity, the parabolas are almost the same except a shift to the new energy level. With increasing damage the
effective elastic moduli decrease leading to reduced convexity of the energy function (markers 3 and 4). At the critical
damage value, the energy of the damaged solid losses convexity (blue line around marker 5) and a static solution for the
solid phase does not exist anymore. However, under the same strain conditions the energy of the pseudo-liquid granular
phase is below the energy of the solid phase and is stable (red parabola near marker 6). As in classical phase transition
theory, the system jumps from the unstable damaged solid state with higher energy to the stable granular state with lower
energy.

2.5. Kinetics of the solid-granular transition

We now discuss how to describe a gradual evolution of the breakage parameter B when the solid phase becomes
unstable. The entropy production, ΓDB, associated with two evolving scalar state variables, damage and breakage (Eq. (A8) of
the Appendix) is:

ΓDB ¼ � 1
T

∂F
∂α

dα
dt

þ ∂F
∂B

dB
dt

� �
: ð11Þ

Adopting Onsager (1931) reciprocal relations between thermodynamic forces and fluxes, we write phenomenological
equations for the kinetics of the state variables α and Β as a set of two coupled differential equations:

dB
dt

¼ CBB
∂F
∂B

þCBα
∂F
∂α

:

dα
dt

¼ CαB
∂F
∂B

þCαα
∂F
∂α

ð12Þ

The kinetic coefficients (or functions), CBB, CBα, CαB, and Cαα, connect the thermodynamic forces associated with certain
state variable with thermodynamic fluxes. The diagonal terms with CBB and Cαα are associated with a given state variable,
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while the off-diagonal terms with CαB and CBα provide coupling between evolving damage with breakage and vise versa.
Using Eqs. (1), (2), (4) and (10), the partial derivatives of the energy with respect to α and B are:

∂F
∂B

¼ FB�FS

∂F
∂α

¼ � 1�B
ρ

γrI2ðξ�ξ0Þ: ð13Þ

Substituting (13) into (12) and then into (11) we get the entropy production, ΓDB, and write the condition for its non-
negativity:

ΓDB ¼
1
T

�Cαα
1�B
ρ

γr I2ðξ�ξ0Þ
� �2

�CBBðFB�FSÞ2þ
(

þðCαBþCBαÞðFB�FSÞ
1�B
ρ

γr I2ðξ�ξ0Þ
� ��

Z0: ð14Þ

The kinetic coefficients (or functions) Cαα and CBB, associated with quadratic terms and minus sign, should always be
negative to ensure non-negative entropy production. The kinetic coefficients are often assumed to be anti-symmetric,
CBα¼�CαB, for many practical applications (e.g., deGroot and Mazur, 1962; Malvern, 1969). This would eliminates the third
term in the entropy production (14) and provide its unconditional positivity. Here we suppose that accumulating damage
toward the critical value leads to significant increase in the breakage parameter, while breakage processes in the solid state
have small impact on the evolving damage. Therefore, we assume CαB¼0 as a reasonable approximation. The energy FB is
defined to be less than FS, so the third term in (14) is always positive if CBαo0 when ξ4ξ0. This means that damage increase
(ξ4ξ0) leads to increase of the breakage. The difference FB�FS decreases with increasing ξ and becomes zero for ξ¼ ξ1
(Fig. 2). Therefore the second termwith CBα in Eq. (12) for the breakage growth is dominant, and the first termwith CBB may
be neglected. The resulting simplified coupled equations for the damage and breakage increase are:

dα
dt

¼ Cdð1�BÞI2ðξ�ξ0Þ; f or ξZξ0 ð15Þ

dB
dt

¼ CBPðαÞU ð1�BÞI2ðξ�ξ0Þ; f or ξZξ0 ð16Þ

where Cd and CB are two positive kinetic constants. The rate of damage recovery for ξoξ0 and possible breakage decrease is
not considered at this stage.

Lyakhovsky et al. (2011) suggested that the probability P that a material element of a mixed solid-granular zone (mushy
region) near the critical state α¼αcr(ξ) is in a granular phase has a functional form

PðαÞ ¼ 1
expððαcrðξÞ�αÞ=βÞþ1

; ð17Þ

where the β-value defines the width of the transitional region. For β-0, P(α) approaches the Heaviside (step) function that
abruptly changes its value from zero to one. Together with fast kinetics of the breakage growth (CB-p), the transition from
the solid to granular phase is in this case instantaneous without any mushy region. With finite values of β and CB,
accumulating damage toward the critical value leads to significant increase in the breakage value. As mentioned, we assume
that breakage processes in the solid state have minor impact on the evolving damage. These results provide general
guidelines for describing the deformation processes near the unstable regime α-αcr(ξ).

2.6. Flow of the pseudo-liquid granular phase

The energy dissipation during mechanical work, ΓM, (A6), or stress power expressed by the volume integral of the stress
tensor, sij, multiplied by the rate of irreversible strain accumulation, epij ð

R
Vsije

p
ijdVÞ may be neglected for the solid phase.

However, accounting for energy dissipation is crucial for proper description of visco-elastic or elasto-plastic flow of the
granular phase. Onsager (1931) reciprocal relations predict that the strain rate is proportional to the stress, as in the
Newtonian-type viscosity. More complicate flow rules may be derived using dissipative potential and yield conditions.
Starting with the pioneering works by von Mises and von Karman, several models involving yield conditions and flow rules
attempted to account for the observed phenomenology of granular material (e.g., Jaeger et al., 1996; Liu and Nagel, 2001, and
references therein). A model that combines frictional and kinetic theories was proposed by Savage (1998). The model
includes a yield condition plus an associated flow rule and it accounts for fluctuations in the deformation rate tensor at any
location about the mean value. The mean stress tensor is determined by averaging over the entire range of deformation,
assuming that the strain rate fluctuations follow a Gaussian distribution. This assumption leads to Newtonian constitutive
relations, with bulk and shear viscosities of the granular material that are not necessarily constant but are related to the
structure of the granular material (Savage, 1998). There are many other studies on the liquid-like flow of dense granular
material and there is no accepted view on this topic.

The experimental observations of Lube et al. (2004) demonstrate that during a flow with roughly constant-velocity,
granular material exhibits common features to Newtonian fluid with effective viscosity representing frictional interactions
between particles. During a period of lowering velocity, instead of gradual deceleration the granular flow comes to an abrupt
halt. Jop et al. (2006) presented related theoretical and experimental results supporting the idea that a simple visco-plastic
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approach can capture the main properties of granular flow and could serve as a basic tool for modeling more complex flows
in geophysical or industrial applications. Following these ideas we approximate the rate of granular flow, or the rate of
accumulation of the irreversible strain component, by Newtonian constitutive relation:

dεðpÞij

dt
¼ τij UCg UB

n; ð18Þ

where Cg is the compliance or fluidity (inverse of viscosity) of the fine grain granular material (B¼1) and n is a power index;
τij ¼ sij�ð1=3Þskkδij is the deviatoric part of the stress tensor. With relatively high values of the power index, the Newtonian-
like granular flow is realized only for breakage values BE1 and ongoing loading (ξ4ξ0) that support the increase of the
breakage parameter B.

3. Numerical results

We present two different model solutions to illustrate several features of the formulated CDBM. We simulate first quasi-
static evolution of damage in a sample subjected to uniaxial load under constant confining stress, and demonstrate the
conditions for fragmentation or shear granular flow. The dynamics of the breakage growth is studied in a second case
dealing with evolving deformation and material properties in a narrow zone subjected to constant compacting strain and
increasing shear strain due to motion of outer elastic blocks.

3.1. Damage evolution under uniaxial loading

As mentioned, the accumulation of damage toward the critical value (α¼αcr) can lead to two different effective granular
phases and modes of failure. Mode-II failure and transition to pseudo-liquid granular flow under compression occur within
the interval of the strain invariants ratio ξ0rξrξ1. At higher values of the strain invariants ratio (ξ1oξ) mode-I failure
leads to pseudo-gas and fragmentation. Fig. 5 shows evolving damage along with change of the ξ-value in a sample with
λ0¼μ0¼1010 Pa subjected to uniaxial load under constant confinements of Pc¼0, 10 and 50 MPa. The first three cases are
simulated for relatively strong material with ξ0¼�0.8 corresponding to high internal friction coefficient of about 0.83. With
these material parameters, the transition between granular flow and fragmentation (for α¼αcr) occurs at ξ1¼0.82. The time
scale in Fig. 5 is normalized to the time to failure under Pc¼10 MPa. Each model run shown in Fig. 5 starts with 3-D
compaction (ξ¼ �

ffiffiffi
3

p
) and zero damage. With increasing load, the strain invariants ratio increases and when it reaches ξ0

the damage α begins to increase with increasing rate toward αcr.
For the unconfined case (Pc¼0 MPa, blue line) the final ξ-value is only slightly above ξ1 (Fig. 5 lower panel). However,

even for small confining pressure (Pc¼10 MPa, red line) the final ξ-value is below ξ1. Further increase of the confinement
(Pc¼50 MPa, green line) decreases further the final ξ-value. These results only slightly depend on the Poisson ratio of the
intact material (0.25 in the presented case), but they depend significantly on the material strength ξ0. The violet line in Fig. 5
presents simulation results for material with ξ0¼�0.9 corresponding to lower internal friction coefficient of about 0.68 and
lower ξ1¼0.77. In this case, under Pc¼10 MPa confinement the final ξ-value is well above ξ1. These examples demonstrate
that the mode of failure strongly depends on the internal friction coefficient of the starting material. Relatively weak
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V. Lyakhovsky, Y. Ben-Zion / J. Mech. Phys. Solids 64 (2014) 184–197192
materials may be fragmented not only for unconfined load but also with small confinement, while stronger materials under
some confinement sustain at α¼αcr a mode-II failure and transition to granular flow.

3.2. Damage and breakage evolution in a long narrow zone

Here we discuss a simplified model describing the transition from quasi-static damage evolution to fast breakage growth
and dynamic slip event. The model geometry and set-up (Fig. 6) is similar to a case examined by Lyakhovsky et al. (2011).
This setting is motivated by dynamic slip events in large earthquake faults that tend to occur within a highly localized
damage zone with width of 10�3–10�5 m (e.g., Chester et al., 1993; Heermance et al., 2003; Rockwell and Ben-Zion, 2007).

The material in the narrow zone is subjected to constant compaction, εc, and increasing shear strain due to motion of the
bounding elastic blocks. The total shear strain, εt, of the damage zone is the sum of reversible elastic component, ε, and
irreversible (viscous) component εv associated with granular flow with the onset of breakage. The total shear strain is equal
to the displacement at the edge of the damage zone divided by its width:

εt ¼ εþεv ¼ uðtÞ
w

: ð19Þ

We define an irreversible (viscous) displacement component, uv ¼ εv Uw, and related irreversible strain rate
e¼ dεt=dt ¼ 1=wUduðtÞ=dt. With these notations, the elastic strain, its invariants, and ratio of the strain invariants are:

ε¼ uðtÞ�uvðtÞ
w

I1 ¼ 3εc
I2 ¼ 3ε2c þ2ε2

ξ¼ I1ffiffiffiffi
I2

p ¼ 3εcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ε2c þ2ε2

p : ð20Þ

We use the conditions of convexity of the elastic strain energy (2), and the equation for critical damage derived by
Lyakhovsky et al. (2011, Eq. 35), for a 1-D case with εc¼const. Balancing the stresses at the interface between the elastic
block and the narrow damage zone leads (see Lyakhovsky et al., 2011 for detailed derivations) to a final equation describing
the evolution of the system:

μ0
VS

du
dt

¼ μ0 U
u0�u

L
�ð2UμðαÞ�γðαÞUξÞU u�uv

w
: ð21Þ

The term on the left represents a planar shear wave radiated from the narrow zone and traveling in the outer elastic
blocks with velocity VS. This is usually referred to as radiation damping (e.g., Rice and Ben-Zion, 1996).

Eq. (21) coupled with Eqs. ((15), (16), (17)) for the damage and breakage evolution, and Eq. (18) for the rate of the
granular flow, fully define the evolution of the system for given initial conditions and outer block velocity. These equations
are solved numerically for different sets of model parameters given in Table 1. The numerical simulations are done for a
Narrow damage zone (t)

L

L

w

Elastic block ( =0)

u0(t) = vt

-u0(t) = -vt

u(t)

-u(t)

z

x

Elastic block ( =0)

Fig. 6. Model configuration with a uniform narrow damage zone between two purely elastic blocks moving with constant velocity.



Table 1
Parameters of the model runs.

Cd (s�1) CB (s�1) β Cg, (Pa s)�1 n

1 10 100 0.005 10�5 10
2 10 200 0.005 10�5 10
3 10 300 0.005 10�5 10
4 10 300 0.005 10�5 5
5 10 300 0.005 10�5 1
6 10 300 0.01 10�5 10
7 10 300 0.02 10�5 10

0

0.2

0.4

0.6

0.8

1.0

0 5 10 15 20 25 30
Time (s)

B
re

ak
ag

e

1

2

3

4

5

6

7

Sl
ip

 v
el

oc
ity

 (m
/s

)

0

0.2

0.4

0.6

0.8

1.0

0 5 10 15 20 25 30
Time (s)

1
2
3
4
5
6
7

Fig. 7. Simulated breakage evolution (a) and slip rate (b) in the model shown in Fig. 6. Zero time (t¼0) corresponds to about 5 s before the onset of
breakage accumulation. The model parameters are given in Table 1.
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model size of L¼104 mwhich is several orders of magnitude larger than the damage zone width (10�3–10�5 m). To increase
the stability and efficiency of the simulations we use w¼10�3 m. Typical values for the elastic moduli of intact crystalline
rocks are λ0�μ0�1010 Pa. Characteristic values of the parameters controlling the onset of damage and its kinetics (ξ0¼�0.8,
Cd¼10 s�1) are constrained from previous laboratory studies (e.g., Hamiel et al., 2004; Lyakhovsky et al., 2005) and are kept
the same for all model runs. Since these parameters control slow damage accumulation compared to the duration of the
solid-granular transition, their values have almost negligible effect on the dynamics of the phase transition. The expected
slip velocity v during seismic events is of the order of meter per second, and the estimated shear stress τ in the seismogenic
zone of earthquake faults is of the order of 10–100 MPa (e.g., Ben-Zion, 2001). These values define the effective viscosity of
the granular flow η¼ τw=v (stress multiplied by width and divided by slip rate). For w¼10�3 m, τ¼100 MPa and v¼1 m/s,
the viscosity is 105 Pa s and corresponds to Cg¼10�5 /Pa s. The role of this parameter is straight forward and its value is kept
constant for all runs. The roles of the parameters controlling the breakage accumulation, CB, β, and power index n, are less
obvious and demonstrated with results of numerical simulations using different parameter values.

The most important quantities characterizing the dynamics of the phase transition are the evolution of the breakage
parameter and slip-rate. Fig. 7 shows simulations of these variables for various values of controlling parameters. The zero
time (t¼0) corresponds to about 5 s before the onset of breakage accumulation; the preceding long period of stress and
damage accumulation is not shown. The first set of three model runs with different CB values (see Table 1 for model
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parameters) indicates that CB is the most important parameter controlling the duration of the transition from B¼0 to B¼1
(Fig. 7a), as well as the rise time of the slip velocity (Fig. 7b). For CB¼100 s�1, which is 10 times the Cd value, the breakage
growth takes about 15 s. As CB increases the duration of the transition decreases proportionally. The breakage growth is only
slightly affected by variations of the power index in the granular flow (runs 4 and 5) but the slip velocity changes
significantly. With high power index (n¼10) the slip rate increases rapidly to a peak value, and then start decreasing slowly
after an initial sharp reduction at high breakage values. During the stage of fast breakage increase, the viscosity of the
granular material decreases leading to slip rate acceleration. When the breakage approaches its maximal value (B¼1), the
viscosity remains constant and the slip rate starts to decrease according to Maxwell stress relaxation. This transition appears
in Fig. 7b as kinks, since the rate of breakage accumulation is relatively high in the presented model runs. The transition
between the acceleration and relaxation stages becomes smoother in models with low power index, like run ♯5 with n¼1
(green line in Fig. 7), or slow breakage growth (not shown here).

The β parameter controls the onset and early stage of the breakage growth (runs 6 and 7). According to (17), significant
breakage growth starts at lower damage values with larger β, and the early growth is more gradual. However, at the later
stage following the peak slip rate, the shapes of both the breakage and slip rate curves are largely unaffected by the β value
other than showing shifts in time. The simulation results indicate that different model parameters have different impact on
the system evolution and generated signals. This suggests that the parameters could be independently calibrated using
laboratory or seismological observations.
4. Discussion

We develop a theoretical model for continuum damage–breakage mechanics (CDBM) and use the model to examine
basic aspects of a phase transition at a critical level of material damage from solid to granular material. The model combines
and extends previous results of a continuum damage model that accounts for distributed cracks by adding to the energy
function an additional nonlinear term and using a scalar damage parameter α (Lyakhovsky et al., 1997, 2011), and a
continuum breakage model that measures the relative distance of a given grain size distribution of a granular phase from
the initial to the ultimate distribution with a breakage parameter B (Einav, 2007a, b). The developed CDBM provides a
framework that can be used to analyze the progression of deformation from a stable distributed brittle cracking in a solid
with evolving elastic moduli, to localization of deformation and dynamic rupture in a zone with granular material having
one or more vanishing elastic moduli.

The model predicts that damage accumulation toward its critical value can lead to two different modes of failure
involving a transition in the state and behavior of the material: a pseudo-liquid granular flow or a pseudo-gas
fragmentation. These different modes depend on the strain invariants ratio value ξ1 (7) at the critical damage level, and
they correspond to axial-splitting/fragmentation or shear localization and rupture observed in laboratory experiments.
Shear failure occurs within the interval of the strain invariants ratio ξ0rξrξ1, while axial-splitting and fragmentation is
expected at higher values involving little to no confinement (ξ4ξ1). Numerical simulations demonstrate that the transition
between these modes of failure depends on the internal friction coefficient of the intact material. With small confinement,
strong samples subjected to uniaxial load are expected to fail by shear while weak materials can fail by axial splitting.
Increasing confinement suppresses the pseudo-gas fragmentation mode. The simulation results also predict that the failure
mode should depend on the micro-structure and grain size of the starting material through its internal friction coefficient.
Such effects were reported in several studies with cementation materials, finding that pure cement samples usually fail by
splitting whereas concretes fail by shear (e.g., Santiago and Hildsorf, 1973; Swami and Kameswara, 1973; Dyskin et al., 1996).

The dynamics of the transition from solid to pseudo-liquid phase, associated with the breakage growth, is examined by
modeling deformation and evolution of material properties in a narrow zone subjected to constant compacting strain and
increasing shear strain. The model results exhibit (Fig. 7) a transition from early quasi-static damage evolution to fast
breakage growth and dynamic slip event. This is analogous to transitions from stable to unstable slip in frictional and
plasticity models (e.g., Rice, 1980), although our model is more general in that it accounts also for the evolution of material
properties with deformation. The simulation runs demonstrate that different model parameters have different impact on
the duration of the transition to dynamic slip and the shapes of the breakage growth and slip rate curves, offering
possibilities for constraining the model parameters.

Following failure and reduction of the loading below the yielding threshold ξ¼ ξ0, the damage model predicts material
healing (Lyakhovsky et al., 1997, 2005) associated with recovery of the elastic moduli of the solid phase. The damage healing
is consistent with the presented thermodynamic formulation since the derivative ∂F=∂α (Eq. (13)) changes its sign. Based on
the results discussed so far, once the solid-granular transition occurs the energy of the granular phase with B¼1 remains
below the energy of the solid phase. This energy difference would prevent the reversed transition from the granular to the
solid phase, even under compressive stresses without any differential load. This limitation might be overcome by further
refinement of the energy function. The classical thermodynamic theory of phase transition always incorporates certain
modifications of the basic energy function, such as the Van der Waals equation of state. The theory for second-order phase
transitions of Landau is based on a phenomenological expression for the free energy as a 4th order polynomial function of
the order parameter. Below we discuss a possible route for constructing a modified energy of the granular phase that can be
used to study a granular-solid transition associated with post-failure healing.
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Hamiel et al. (2011) represented the general form of the elastic energy function with two strain invariants as:

FðI1; I2Þ ¼ I2 U f ðξÞ; ð22Þ
where f(ξ) is some function. This provides an explicit representation of a general second-order strain energy function. The
elastic potential (2) can be obtained from (22) by using a polynomial function f(∙) up to the second order:

f ðξÞ ¼ a0þa1ξþa2ξ2: ð23Þ
Substituting (23) back into (22) leads to

FðεijÞ ¼ a0I2þa1I1
ffiffiffiffi
I2

p
þa2I

2
1; ð24Þ

which differs from (2) only in the notation of the coefficients. These results show that the functional form (2) is equivalent to
a Taylor expansion up to the second order of the function f(∙) in (22). We suggest that the following higher-order expansion
of f(∙) should be adopted for the granular phase energy FB instead of (9):

f ðξÞ ¼ a0þa1ξþa2ξ2þa3ξ3: ð25Þ
Substituting (25) back into (22) leads to

FBðεijÞ ¼ a0I2þa1I1
ffiffiffiffi
I2

p
þa2I

2
1þa3

I31ffiffiffiffi
I2

p ; ð26Þ

Taking the derivative of the energy form (26) with respect to the strain leads to the following stress-strain relation:

sij ¼ ð2a2þa1=ξþ3a3ξÞI1δijþð2a0þa1ξ�a3ξ3Þεij: ð27Þ
Eqs. (26, 27) show that the third order term with a3 may be important only for conditions near 3-D compaction or 3-D

tension (ξ-7
ffiffiffi
3

p
), and is not expected to affect the stress-strain curve under relatively large differential load. Therefore,

this term was ignored by Hamiel et al. (2011) and the developments of this work. However, the modified FB (26) provides
thermodynamically consistent conditions for breakage decrease (healing) under 3-D compaction.

Fig. 8 shows the normalized energy FS/I2 of the solid phase (black line from Fig. 2), the granular phase (FB/I2, red line
with θ¼0.7 from Fig. 2), and the modified energy (26). The values of the coefficients a0 to a3 were chosen to meet the
following conditions: vanishing of both effective elastic moduli in (27) for ξ¼ξ1, and crossing the solid phase energy at a
given ξ value (FS¼FB for ξ¼ξd). The modified granular phase energy (blue line in Fig. 8) is almost identical to the energy
defined in (9) for positive ξ values, but it starts to deviate at negative values (ξ��0.2 marked by dotted line). The cubic
ξ-term in (26) leads to a relatively steep increase of the modified FB when approaching 3-D compaction. The blue line
for the modified energy (26) crosses the black line for the solid phase energy, and FB4FS for ξoξd producing breakage
decrease toward the less energetic solid phase. The modified energy for the granular phase (26) allows thermo-
dynamically consistent transitions between the two phases in both directions: from solid to granular under high
differential load and from granular to solid phase under compaction. Relatively fast breakage decrease, together with
high power index n in the Eq. (18) for the rate of granular flow, can lead to rapid viscosity increase. This should stop the
Fig. 8. Normalized energy (FS/I2, λ0¼μ0¼1) of the solid phase (black line) and the granular phase (FB/I2) for θ¼0.7 (red lines) within extended interval
below ξ0 value where the reversed transition from granular pseudo-liquid phase to solid is expected. The modified granular phase energy (blue line) is
almost identical to the energy defined in (9) for positive ξ values, but begins to deviate at negative values (ξ��0.2) and crosses the black line at ξ¼ξd. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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motion of the granular flow, similarly to the behavior of classical visco-plastic fluids such as Bingham fluid, and be
followed by a transition to a (damaged) solid phase.

In conclusion, we introduced a novel approach to analyze the problem of brittle instability by combining continuum
damage and continuum breakage models in a thermodynamically-consistent formulation. The macroscopic instability of the
solid phase is associated with a phase transition in a localized zone having a pseudo-liquid or pseudo-gas phase. Eq. (26) for
the modified energy of the granular phase may be used to analyze the reversed granular-solid transition. This will be done
in a subsequent study.
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Appendix A. Thermodynamic formulation

The total energy of a solid with a unit mass includes internal and kinetic components:

E¼ EkþU: ðA1Þ

The specific kinetic energy of the solid is Ek ¼ vivi=2 with vi being velocity and the internal energy is expressed through
the free energy F, temperature T and entropy S as U¼FþTS. The energy balance equation dictates that the change in the
energy of a system is equal to the divergence of the heat flux JðqÞi and total external work W

dE
dt

¼ dEk
dt

þ d
dt

ðFþTSÞ ¼ �∇iJ
ðqÞ
i þW : ðA2Þ

The entropy balance equation includes entropy flux JðsÞi and non-negative local entropy production Γ

dS
dt

¼ �∇iJ
ðsÞ
i þΓ; ΓZ0: ðA3Þ

The non-negative local entropy production results from all the dissipative irreversible processes in the medium including
internal friction and damage evolution. From Eq. (1) of the main text, the change in the free energy can be expressed as

dF ¼ �SdTþ ∂F
∂εij

dεijþ
∂F
∂α

dαþ ∂F
∂B

dB: ðA4Þ

The local entropy production may be represented as:

Γ�∇i JðsÞi � JðqÞi

T

 !
¼ ΓMþΓHþΓDB: ðA5Þ

The terms on the right side of (A5) are associated with the following energy components: mechanical work

ΓM ¼ � 1
T

vi
dvi
dt

þ ∂F
∂εij

eij�W
� �

; ðA6Þ

heat transport

ΓH ¼ � 1

T2 J
ðqÞ
i ∇iT ; ðA7Þ

and damage–breakage evolution

ΓDB ¼ � 1
T

∂F
∂α

dα
dt

þ ∂F
∂B

dB
dt

� �
: ðA8Þ

Following the literature of non-equilibrium thermodynamic (e.g., deGroot and Mazur, 1962), the divergence term on the
left side of (A5) is eliminated by defining the entropy flux as

JðsÞi ¼ JðqÞi

T
: ðA9Þ

The equation of motion of a continuum is given by the standard relation

ρ
dvi
dt

¼ ∂sij
∂xj

þ f i; ðA10Þ
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where fi is the body force. The model formulation should satisfy conservation of mechanical energy (ΓM¼0) if all the
dissipative processes in the system are frozen. This condition leads to the definition of the stress tensor

sij ¼ ρ
∂F
∂εij

: ðA11Þ

The energy form (1) of the main text may be extended by additional gradient type non-local terms associated with ∇α, as in
the CDM of Lyakhovsky et al. (2011). In this case, the entropy fluxes ΓM and ΓDB will include additional terms leading to
“structural stresses” in the constitutive relations (A11) and damage-diffusion in the equations for the damage evolution.
Detailed derivations of such terms may be found in Lyakhovsky et al. (2011).
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