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Abstract
We discuss several problems of dynamic rupture relevant to mechanics of earthquake faults,
material sciences, and physics of spatially extended dissipative systems. The problems include
dynamic rupture along an interface separating di0erent elastic solids, dynamic rupture on a planar surface governed by strongly velocity-weakening friction, and elastodynamic calculations of
long deformation history on a smooth fault in an elastic continuum. These separate problems
share a number of methodological and conceptual issues that form recurring themes in the paper. An important methodological issue for computational schemes is dependency of numerical
results on the used grid size. This arises inevitably in computer simulations when the assumed
constitutive laws do not include a length scale (e.g., of shear or extensional displacement) over
which material properties evolve. Such simulations do not have a stable underlying solution,
to which they may converge with su3cient grid re4nement. However, they may provide rough
approximations—lacking at present a rigorous foundation—to the behavior of systems containing
elements of discreteness (associated with abrupt 7uctuations) at scales relevant to observations
of interest. Related important conceptual issues are connections between, or when appropriate
separation of, small scale phenomena (e.g., nucleation of rupture, processes at rupture front) and
large scale features of the response (e.g., overall space–time dimensions of rupture, statistics
of many events). Additional recurring conceptual topics are crack vs. pulse modes of dynamic
rupture, the stress under which earthquake faults slip, and the origin of spatio-temporal complexities of earthquakes. These seemingly di0erent issues probably have one or more common
origins. Dynamic rupture on an interface between di0erent solids, strongly velocity-weakening
friction on a homogeneous fault, and strong fault zone heterogeneities can all produce narrow
self-healing slip pulses with low dynamic stress (and low associated frictional heat) during the
active part of slip. Strong fault heterogeneities probably play the dominant role in producing
the observed earthquake complexities. Improved understanding of the discussed problems will
require establishing connections between discrete and continuum descriptions of mechanical failure processes, generalization of current models to realistic three-dimensional dynamic models,
and high-resolution laboratory and in-situ observations over broad scales of space and time. These
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challenging problems provide by their subject matter and involved great di3culties important targets for multi-disciplinary research by engineers, earth scientists, and physicists. ? 2001 Elsevier
Science Ltd. All rights reserved.
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1. Introduction
Laboratory studies (Byerlee, 1978) indicate that the static coe3cient of Coulomb
friction for a variety of rocks, under conditions of normal stress n representative of
seismogenic depth, fall in the range f = 0:6– 0.85. Such values of friction coe3cient
are in general agreement with stress measurements at boreholes not very close to (i.e.,
more than a few km from) major faults (e.g., McGarr and Gay, 1978; Brudy et al.,
1997). If faults operate at shear stress  = f(n − Pp ), where f ≈ 0:6 and Pp is pore
pressure assumed approximately hydrostatic, their motion should generate frictional heat
corresponding approximately to 100 MPa or more. However, heat 7ow measurements
along the San Andreas and other faults in California suggest that they slip under shear
stresses of 20 MPa or less (e.g., Brune et al., 1969; Lachenbruch and Sass, 1992). In
addition, borehole breakouts, earthquake focal mechanisms and other stress and strain
indicators near major branches of the San Andreas fault system (Hickman, 1991, and
references therein) point to steep angles between the direction of maximum principal
compressive stress and fault direction, compatible with a friction coe3cient f60:2.
Also, if the width of slip localization during rapid fault motion is a few cm or less as
is sometimes observed, Byerlee levels of friction would lead to frictional melting (e.g.,
Kanamori and Heaton, 2000). However, melting products such as pseudotachylytes
are typically not found in exhumed fault zones (e.g., Sibson, 1992; Magloughlin and
Spray, 1992). The forgoing set of con7icting evidence is referred to in geophysics as
the fault strength (or heat 2ow) paradox (there are several other prominent paradoxes
in geophysics concerning the distribution of stress and strain in the earth lithosphere).
Possible mechanisms that can resolve the strength paradox include weak fault material
with anomalously low f (e.g., Morrow et al., 2000), high Pp in fault zones (e.g., Rice,
1992; Byerlee, 1993), strong dynamic weakening of f during faulting (e.g., Heaton,
1990; Cochard and Madariaga, 1996; Zheng and Rice, 1998), and strong dynamic
reduction of n during slip (e.g., Lomnitz-Adler, 1991; Brune et al., 1993; Andrews
and Ben-Zion, 1997).
The traditional view of seismic rupture and routine derivation of earthquake source
parameters from observed seismograms are based on classical crack solutions (e.g.,
Kostrov, 1964; Freund, 1990), in which slip duration at a point (“rise-time”) is comparable to the time of rupture propagation. In such solutions, slip increases smoothly
with distance behind the rupture front continuously in time until arrest waves propagate back from the 4nal event boundaries and cease motion at all points. The estimates of high expected frictional heat on faults also rely explicitly or tacitly on the
assumption that all or most of the failure area slips simultaneously under smoothly vary-
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ing stress. In contrast, however, inversions of seismic data for slip histories and some
eye witness accounts (Heaton, 1990; Yomogida and Nakata, 1994; Day et al., 1998)
indicate that earthquake slip occurs as a narrow propagating pulse with a rise-time an
order of magnitude smaller than the event duration. Heaton (1990) suggested that the
inferred results are generated by self-healing rupture pulses associated with strongly
velocity-weakening friction and low frictional heat. Brune (1970) suggested earlier
based on estimates of static and dynamic stress drops an “abrupt locking” model in
which earthquake ruptures consist of narrow propagating slip pulses with little generation of frictional heat. Scholz and Hanks (2000) noted that the data used to infer on
fault strength are highly noisy and suggested that fault strength during slip is indeed
governed by Byerlee values of friction. They criticized various proposed mechanisms
for resolving the strength paradox with arguments assuming essentially spatially uniform stress and strength along faults. As discussed below, this assumption is probably
highly unrealistic.
Perrin et al. (1995) and Zheng and Rice (1998) found from 2D antiplane (Mode III)
calculations that stable propagation of a self-healing rupture pulse on a homogeneous
fault requires constitutive laws that include healing in stationary contact, augmented
by strong dependency of friction on slip velocity, and other loading, rupture, and fault
conditions. Cochard and Madariaga (1996), Langer et al. (1996), Nielsen et al. (2000)
and others suggested that inertial dynamics, coupled with strongly velocity-weakening
friction that produces self-healing pulses in individual ruptures, generates broad distribution of rupture sizes and other long term slip complexities on a homogeneous
fault. Rice (1993), Ben-Zion and Rice (1995a, 1997), and Rice and Ben-Zion (1996)
noted that the mathematical structures underlying the numerical calculations in some
of those works do not correspond to truly homogeneous systems because the used
constitutive laws and parameters introduce elements of discreteness into the models. They showed that inertial dynamics does not enhance signi4cantly the generation of slip complexities on a homogeneous fault governed by lab-based rate- and
state-dependent friction, as compared with corresponding quasi-static (Tse and Rice,
1986) and quasi-dynamic (Rice, 1993; Ben-Zion and Rice, 1995a) simulations. Based
on simulations with continuum and discrete systems, Rice and Ben-Zion suggested
that observed earthquake complexities are generated primarily by strong fault heterogeneities.
Strong fault heterogeneities that radiate arrest waves at a variety of length scales
shorter than the 4nal rupture dimension provide a simple mechanism for generating
narrow rupture pulses (e.g., Johnson, 1992; Beroza and Mikumo, 1996; Day et al.,
1998). This is perhaps the most natural explanation since geometrical irregularities and
other strength heterogeneities (e.g., due to variations of normal stress produced by other
faults or strong variations of Pp ) are always present in fault systems. It is also clear that
if a fault is held e0ectively during the locked or “stick” phases at isolated strong spots
(that serve as possible hypocenter sites), rather than more-or-less uniformly over the
entire slip region, it may generate during the “slip” phases a small amount of frictional
heat compatible with the heat 7ow constraints. In addition, strong fault heterogeneities
can produce the observed abundant high-frequency radiation from earthquake ruptures
(Das and Aki, 1977; Papageorgiou and Aki, 1983).
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Dynamic rupture along an interface between two di0erent elastic solids (referred to
below as a “material interface”) provides another mechanism for producing narrow
self-healing slip pulses with low generation of frictional heat. Weertman (1980) obtained a 2D steady-state analytical solution for a subsonic in-plane (Mode II) rupture
pulse along a material interface governed by Coulomb friction. The solution indicates
that spatial variations of dynamic in-plane slip along a material interface induce local
changes of normal stress on the fault that can reduce dynamically the frictional strength
of slipping regions all the way down to zero. Adams (1995) showed that sliding along
an interface governed by Coulomb friction between di0erent elastic media is unstable to perturbations with an instability growth rate proportional to the wavenumber.
Physically, the Adams instability implies that sliding along such an interface would be
associated with a transfer of energy to shorter wavelengths, leading to pulse sharpening
and divergence during propagation. Mathematically, the instability makes the response
of a material interface with Coulomb friction ill posed to generic perturbations and creates inherent grid-size dependency for numerical calculations. Other mechanisms for
slip pulses and dynamic reduction of normal stress include collision of rough surfaces
(Lomnitz-Adler, 1991) and seismic vibrations in granular fault zone material (e.g.,
Melosh, 1979; Mora and Place, 1994). Numerical simulations of these phenomena are
also associated with strong dynamic instabilities and discreteness.
In the following sections we provide additional details on dynamic rupture along an
interface separating di0erent elastic solids, dynamic rupture on a planar surface governed by strongly velocity-weakening friction, and elastodynamic calculations of long
deformation history on a smooth fault in an elastic continuum. As will be seen, there
are important nonintuitive connections between these problems, and between small scale
phenomena (e.g., the Adams instability, nucleation of a single rupture in a homogeneous solid) and large scale features of the response (e.g., shape of the Weertman
pulse, statistics of many ruptures). The results highlight the di3culty of providing solutions to brittle failure associated with abrupt 7uctuations (e.g., response of Coulomb
friction to variations of normal stress, rupture propagation across a strongly disordered
fault zone) that are both realistic and reliable. The presence of abrupt 7uctuations in
properties and response of natural and engineering systems, combined with the coupling between small and large scale phenomena and the huge ranges of space and
time scales (over 10 orders each) relevant to fault mechanics, pose great challenges
for future studies.
2. Dynamic rupture along a material discontinuity interface
Natural fault systems have interfaces that separate di0erent media. These are generated by damaged fault zone material and sometimes also by the existence of different rock bodies across the fault. Material interfaces are especially prominent in
plate-bounding continental and subduction zone faults along which the largest earthquakes occur. Structures with material interfaces are also important for engineering
applications with composite materials and mining situations with dikes, faults, heavily
fractured zones of past stopes that closed, coal seams, and other layered media.
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Fig. 1. A model for 2D in-plane dynamic rupture along an interface between di0erent elastic solids. Rupture
is initiated arti4cially by a propagating stress drop in a localized space-time domain near the origin and may
then propagate spontaneously beyond that region.

In this section we consider dynamic problems of 2D in-plane slip (plane strain
deformation, Mode II rupture) along a frictional interface on the plane y = 0 between
two linear isotropic elastic half spaces (Fig. 1). The loading, particle motion, and
rupture propagation are in the x direction and all variables are functions
of x; y,

and
t
only.
Shear
(S)
and
dilatational
(P)
wave
velocities
are
c
=
=
and
cdi =
si
i
i

(i + 2 i )=i , where  is mass density, and  are Lame’ parameters, and subscripts
i = 1; 2 denote the bottom (y ¡ 0) and top (y ¿ 0) materials, respectively. Shear and
compressive normal stress on the fault are  = xy (x; y = 0; t) and  = −yy (x; y = 0; t).
Applied shear stress and compressive normal stress at the remote boundaries are ∞ and
−∞ . Slip and slip velocity across the fault are (x; t) = u(x; y = 0+ ; t) − u(x; y = 0− ; t)
and v(x; t) = 9=9t.
There are fundamental di0erences between in-plane ruptures on planar faults that
separate similar and dissimilar elastic solids. On a planar fault in a linear isotropic
homogeneous solid, there is no coupling between slip and variations of normal stress
on the rupture plane. In such cases, a shear source radiates a symmetric disturbance on
the di0erent sides of the fault. The radiation includes a component of motion normal to
the fault but both sides move together in a way that does not e0ect the normal traction
(e.g., Figs. 6a and b). On the other hand, if the fault separates di0erent materials
the symmetry is broken and in-plane slip can change the normal traction on the fault
(e.g., Figs. 5a and c). An in-plane slip may exist as a part of general shear cracks
that propagate in 2 directions on a plane, or as the only component in pure Mode II
rupture of the type considered in this section. Normal traction may also change due to
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slip on a curved surface (e.g., Kame and Yamashita, 1999), interaction of free surface
re7ections with slip on a dipping fault (e.g., Oglesby et al., 2000), interaction between
fault segments separated by o0sets (e.g., Harris and Day, 1993; Kase and Kuge, 1998),
and slip on a planar fault in anisotropic or nonlinear elastic solids. However, such cases
are not considered here.
Weertman (1980) obtained a 2D steady-state analytical solution for in-plane rupture that propagates with a subsonic velocity c along a material interface governed
by constant Coulomb friction. Rupture propagation occurs in this problem only in one
direction, that of slip in the more compliant material. Since the problem is steady-state,
the solution depends only on  = x − ct and y and is the same as a corresponding
static solution when viewed from a coordinate system attached to the moving rupture. The shear and normal stress on the fault in the solution of Weertman (1980)
are

P(c) +∞ B( ) 
∞
() =  +
d ;
(1)
 −∞  − 
and
() = ∞ −

∗

(c)B();

(2)

where B() is a dislocation density given from the slip and (for the present steady-state
problem) slip velocity as B() = −d=d = v=c, and P and ∗ are complicated algebraic functions of the material parameters and rupture velocity. Fig. 2 shows P
and ∗ as a function of rupture velocity for several material pairs. The coe3cient P
decreases with increasing c and its zero intersect de4nes a generalized Rayleigh speed,
cGR , for the material pair. When the two materials are the same, cGR reduces to the regular Rayleigh velocity (Weertman, 1963; Achenbach and Epstein, 1967). When the two
materials di0er, cGR is a limiting rupture speed discussed further below. As the velocity
contrast increases, the zero intersects of P (i.e., cGR ) increases and for large enough
contrast (e.g., line associated with 1.3 in Fig. 2) P is positive for all subsonic values
of c and cGR is not de4ned. A steady-state Weertman pulse propagating at c = cGR
(when such exists) produces no changes of shear stress on the fault, while pulse propagation at c ¡ cGR generates (Eq. (1)) a change of shear stress that is proportional to
the Hilbert transform of the dislocation density.
When the two materials are the same (line associated with 1.0 in Fig. 2), ∗ is identically zero and there is no coupling between slip and changes of normal stress on the
fault. When, however, the two materials di0er, and media 1 and 2 are labeled such that
slip in the more compliant material is in the direction of rupture propagation, ∗ ¿ 0
and nonuniform slip produces (Eq. (2)) a dynamic reduction of normal stress that is
proportional to the local dislocation density. The amplitude of ∗ increases monotonically with rupture velocity and the rate of increase becomes rapid as c approaches cGR .
If the media are interchanged, or if the rupture is forced to propagate in the opposite
direction, ∗ ¡ 0 and there is a dynamic increase of normal stress. For this reason,
spontaneous rupture propagation along an interface between two di0erent elastic solids
is unidirectional.
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Fig. 2. Coe3cients of shear ( P) and normal ( ∗ ) stress changes during steady-state dynamic in-plane rupture
along a material interface (Weertman, 1980) vs. rupture velocity for various contrasts of S wave velocity
across the fault. The zero crossing of P, when such exists, de4nes the generalized Rayleigh wave speed for
the material pair. If the contrast is too large (e.g., 1.3) the generalized Rayleigh speed does not exist.

Using Eqs. (1) and (2), we may write a frictional failure criterion  = f along the
material interface as

P(c) +∞ B( ) 
d = f[∞ − ∗ (c)B()]:
(3a)
∞ +
 −∞  − 
Eq. (3a), together with an expression for slip distribution at places that fail and sustain
a stress drop at a given time, and the relation v(x) = cB(x) for slip velocity, can be
used in principle to 4nd a pair of dislocation density (shape) function B(x) and velocity
c of a steady-state Weertman pulse for given ∞ ; ∞ , and f. As discussed below,
however, the Weertman pulse is associated with a strong dynamic instability (Adams,
1995) and small variations of pulse shape (on a fault governed by Coulomb friction)
tend to break to separate pulses (e.g., Andrews and Ben-Zion, 1997). Thus, the only
marginally stable steady-state pulse is one with a constant (box) shape function B(x).
Moreover, Adams (1998) found that the only solution for this problem that does not
have singularities at both ends of the pulse is the case of constant B(x) propagating
at the generalized Rayleigh speed. We thus focus our attention on the limiting case
c =cGR , for which the integral term in Eq. (3a) drops and the frictional failure criterion
becomes
∞ = f[∞ −

∗

(cGR )B] = f[∞ −

∗

(cGR )v=cGR ]:

(3b)
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As pointed out by Rice (1997), Eq. (3b) duplicates the independent solution of
Adams (1998) for a steady-state slip pulse along a frictional interface between dissimilar solids. In this case of limiting rupture velocity c = cGR , the shear stress on the
fault is the same as that at the remote boundary, and failure occurs because of local
reduction of normal stress (possibly all the way down to zero) rather than increase of
 or decrease of f. The slip velocity inside the pulse adjusts itself to satisfy the failure
criterion (Eq. (3b)) and has a constant value given by
v = cGR [∞ − ∞ =f]=

∗

(cGR ):

(3c)

Since the dislocation density has a box shape function with a constant value B = v=c
inside the pulse, the solution corresponds to a slip pulse with a “ramp” time function
and 4nal amplitude A = BW where W is the (unspeci4ed) pulse width. It is interesting
to note that a slip source with ramp time function has been used widely in seismology
to 4t and interpret observed seismograms (e.g., Haskell, 1964; Aki and Richards, 1980).
It is clear from Eqs. (3a) – (3c) that the apparent coe3cient of friction that will
be measured at the remote boundaries (i.e., ∞ =∞ ) during failure along a material
interface is less than the actual coe3cient f governing the interface. Also, the apparent
coe3cient of friction decreases in this case with slip velocity while f is constant. These
facts and related discussions of Weertman (1980), Martins et al. (1990), and Adams
(1998, 2001) illustrate the di3culty of measuring and interpreting frictional properties
of a surface (see also Campillo et al., 2001). If we assume in Eq. (3c) a 20% contrast
of shear wave velocities, ∞ ≈ 150 MPa (1:5 kbar); f = 0:6, and ∞ in the range 10 –
50 MPa (100 –500 bar), we obtain slip velocities of 15 –30 m=s. Such values are higher
than what is usually assumed in seismology, but they are not necessarily unrealistic. For
example, Yomogida and Nakata (1994) estimated from surface slip data and eyewitness
accounts of rise-time, that during the 1990 Luzon earthquake in the Philippines the
surface slip velocity was over 10 m=s.
Adams (1995) found that steady-state in-plane sliding along a material interface
governed by Coulomb friction is unstable dynamically for a wide range of conditions.
Renardy (1992) and Martins and Simões (1995) found a similar instability for frictional sliding between an elastic half space and a rigid contact. Mathematically, the
instability is associated with ampli4cation of small perturbations from uniform steady
sliding to large oscillations that destabilize the steady-state motion. More speci4cally,
a perturbation of a single Fourier component of shear stress
V(x; t) = Q(t)eikx

(4)

with Q(t) an arbitrary function of time, leads to a propagating perturbation of slip
velocity in the form
Vv(x; t) = A(k)eik(x−ct) ea|k|t

(5)

with a ¿ 0 for broad ranges of material pairs and friction coe3cient. The response to
a shear stress perturbation with general spatial dependency is
 ∞
1
Vv(x; t) = √
A(k)ea|k|t eik(x−ct) d k:
(6)
2 −∞
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Integral (6) diverges for all cases with A(k) not decaying faster than e−a|k|t , making the response of the assumed elastic system to generic perturbations mathematically
ill posed. An exponential decaying mechanism that can regularize the problem may
be provided by incorporation of a small anelastic component of deformation with an
appropriate functional form. However, the focus here is on linear elastic media. Physically, the Adams instability is related to the coupling between tangential and normal
motion that exists when the interface separates dissimilar solids. Furthermore, the instability (4) – (6) “feeds” in some sense the Weertman pulse (3a) – (3c) and allows it
to propagate in a self-sustaining manner (while creating great di3culties for numerical
calculations). The proportionality between the instability growth rate and wavenumber
implies that small variations inside an in-plane slip pulse on an interface with Coulomb
friction between elastic media will become sharper with propagation distance and may
lead to splitting of the original pulse. Andrews and Ben-Zion (1997) and Ben-Zion and
Andrews (1998) simulated numerically the initial stages of this evolution process (see
Fig. 7) for various material contrasts, friction coe3cients, and small spatial heterogeneities. Ultimately, however, numerical simulations of such a slip pulse are bound to
cascade into a numerical noise (Cochard and Rice, 2000; Ben-Zion and Huang, 2001)
at large enough distance or time for any grid size (see Fig. 8a).
Ranjith and Rice (2001) examined the stability of slip pulses along a material interface using modal analysis in the complex wavenumber domain. Since the generalized
Rayleigh wave corresponds (like the regular Rayleigh wave) to a pole in the complex
wave number domain, the existence=non-existence of cGR separate di0erent classes of
cases. Ranjith and Rice (2001) found that for moderate material contrasts for which
cGR exists, there are unstable modes in the form of Eqs. (4) – (6) for all values of
the Coulomb friction coe3cient f. On the other hand, when the material contrast is
large enough so that cGR does not exist, such unstable modes appear only for friction coe3cient larger than a critical value fc . Ranjith and Rice (2001) also found
that for large enough values of f, there are additional supersonic stable modes (and
hence associated dying pulses) and intersonic unstable modes (and hence potentially
self-sustaining pulses). A summary of the various modes and pulses is given in Fig.
12 of Cochard and Rice (2000). The unstable modes are associated with branch cuts
in the complex wave number domain and they propagate at velocities near the slower
S and P wave speeds. These facts suggest that the unstable modes may be related to
cs1 -cs2 and cd1 -cd2 head waves along a material interface. Aki and Richards (1980)
and Ben-Zion (1989, 1990) discuss properties of head waves along a material interface
in the complex wave number and space-time domains. Adams (2001) generalized the
subsonic stress transfer relations (1) and (2) of Weertman (1980) to the intersonic and
supersonic regimes and obtained an analytical solution for a pulse corresponding to one
of the additional modes of Ranjith and Rice (2001), with propagation in the direction
of slip in the sti0er medium (i.e., opposite to the Weertman pulse) at a velocity close
to that of the slower P wave. His solution indicates that this “opposite” pulse is less
singular (and hence weaker) than the Weertman pulse.
For conditions under which unstable modes exist, Ranjith and Rice (2001) showed
that the ill posedness associated with the “ultra violet catastrophe” of Eq. (6) can be
regularized by replacing the instantaneous response of Coulomb friction to changes
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Fig. 3. Schematic diagram of the regularized friction law of Ranjith and Rice (2001) and Cochard and
Rice (2000), based on the lab results of Prakash and Clifton (1993) and Prakash (1998). The regularized
friction evolves gradually in response to an abrupt change of normal stress, in contrast to the instantaneous
Coulomb-type response.

of normal stress with a regularized friction law motivated by the impact-induced
fast sliding experiments of Prakash and Clifton (1993) and Prakash (1998). In the
regularized law, an abrupt change of normal stress produces a gradual evolution toward the corresponding Coulomb friction with a decaying memory dependence (Fig.
3). The length scale L in the law dumps out the (in4nite range of) most unstable
modes of the Adams instability with wavelengths =L ¡ 1, and ensures that the integral
(Eq. (6)) over the remaining unstable modes with =L ¿ 1 (when material and friction
parameters are such that they exist) is 4nite. In the limit of large propagation distance
L= → 0, the response should approach that associated with the constant Coulomb
friction. The regularized law has obvious advantages for numerical simulations since
it provides a remedy for the ill posedness and inherent grid size dependency associated with the instantaneous Coulomb-like response. It is not clear, however, that the
replacement of the abrupt frictional response to instantaneous change of normal stress
with a gradual evolution is physically correct. Intuitively, one may expect that any
process responsible for gradual evolution would occur over a 4nite time. If this is true,
the friction should have an initial instantaneous in-phase response to abrupt changes of
normal stress. Indeed, Linker and Dieterich (1992) and Richardson and Marone (1999)
found in slow sliding experiments that the response to abrupt changes of normal stress
consists of a sudden partial change of strength followed by evolution with increasing
slip and time, a behavior qualitatively similar to the (rate- and state-dependent) response following abrupt changes of slip velocity. Also, as discussed below, features
of slip pulses along a material interface compatible with instantaneous Coulomb-like
response (self-sharpening and splitting) have been observed in the friction and fracture experiments of Schallamach (1971), Anooshehpoor and Brune (1999), and Samudrala and Rosakis (2001). The experimental details of the di0erent laboratory works
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Fig. 4. Slip velocity (shading with non-dimensional units) in 2D calculations of in-plane rupture along
a material interface governed by Coulomb friction. Rupture is initiated by a traveling stress drop in the
elliptical region marked by contours. Outside the imposed source region there are a self-sustaining narrow
rupture pulse propagating in the direction of slip in the more compliant material, and broad decaying pulses
driven by radiated P and S waves. (From Andrews and Ben-Zion, 1997.)

(e.g., loading procedures, boundary conditions, slip rates, detection resolution) are not
the same and additional high resolution experiments are needed to clarify the phenomenology of friction and fracture along a material interface. Below we illustrate
properties of rupture along a material interface following the simulations of Andrews
and Ben-Zion (1997) for the Coulomb friction and Cochard and Rice (2000) for the
regularized friction. Additional results for rupture in a structure with 3 media and
slip-weakening friction can be found in Harris and Day (1997) (see also Ben-Zion
and Huang, 2001). The slip-weakening friction does not regularize the problem, like
the Coulomb and standard rate- and state-dependent frictions. However, the calculations of Harris and Day (1997) incorporated viscosity that may have provided some
regularization.
Fig. 4 from Andrews and Ben-Zion (1997) shows 2D plane-strain 4nite-di0erence
calculations of slip velocity on a material interface governed by Coulomb friction. The
medium in the region y ¡ 0 (Fig. 1) is characterized (in non-dimensional units) by
cs1 = 1; cd1 = 1:732; 1 = 1, and Lame’ constants 1 = 1 = 1. In the region y ¿ 0, the
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material is characterized by cs2 = 1=1:2 = 0:833; cd2 = 1:732=1:2 = 1:443; 2 = 1=1:2, and
2 = 2 =1=1:23 =0:578. The applied stresses are ∞ =1:0 and ∞ =0:7, and the friction
coe3cient is f = 0:75. With these conditions the fault is initially stable everywhere.
Rupture is nucleated arti4cially at a limited elliptical region (contours in Fig. 4) in the
x–t plane with prescribed pore pressure Pp . The boundary of the imposed source (outer
2
2


contour)
√ is the ellipse 1 −  − ! = 1, where  = (x − c t)=a; ! = (x + c t)=b −2 !0 , 2and
!0 = a2 + b2 =b. The pore pressure within the ellipse, given by Pp = (1 −  − ! )2 ,
rises smoothly from 0 at the boundary of the ellipse to 1 at the center. With the
parameters used, this produces a smoothly varying stress drop traveling at a velocity
c . The calculations are done with a=0:6; b=3:6; c =0:825 ≈ cs2 , a numerical grid size
Vx =0:03, and time step Vt =0:823Vx=cd1 . The width of the imposed source on a slice
through the center of the ellipse parallel to the x axis is 40 numerical elements, and on
a slice through the center parallel to the t axis it is 102 time steps. A sharp pulse of slip
velocity propagates spontaneously outside the imposed source region at approximately
the same rupture velocity c ≈ cs2 in a self-sustaining manner (i.e., with amplitude
that does not decay with propagation distance). The self-sustaining pulse propagates
only in one direction, that of slip in the more compliant material (see also Fig. 5a–c).
During propagation, the pulse becomes spontaneously narrower and it splits to separate
pulses (see also Fig. 7) whose width approaches that of a numerical element. The
self-sustaining sharp pulse is accompanied in its early path by a di0used pulse with
decaying amplitude driven by the S wave radiated from the source region, and is
preceded by a di0used decaying pulse driven by the radiated P wave. The di0used
decaying pulses propagate in both directions along the fault. When the material contrast
is reduced to zero, the slip velocity outside the imposed source region consists only of
di0used decaying pulses propagating symmetrically in both directions in the wake of
the P and S waves radiated from the source.
Fig. 5a shows particle velocities at a given time in the x–y domain of calculations
for the model leading to Fig. 4. The fault is marked by the thin horizontal line and
the region that is slipping at the time of calculations is the small thick segment on
the fault. In this case with a material contrast, the radiation on the di0erent sides of
the fault is asymmetric. On the sti0er side of the fault there are faster P and S body
wave fronts, while on the more compliant side there are slower P and S body wave
and cs1 -cs2 and cd1 -cd2 head wave fronts. The rupture propagates to the right resulting
in directivity e0ects that are manifested by di0erent amplitudes of particle velocity in
the di0erent directions. Figs. 5b and c provide closer views of the particle velocities
around the slipping region on the fault. Ahead of the rupture front, the material in
the more compliant region is displaced in the y direction more than the material in
the sti0er medium. This leads to dilatation which reduces dynamically the frictional
strength and enables slip to occur. At short distance behind the rupture front, di0erential
particle velocities in the opposite direction lead to compression which clamps the fault.
This process generates a narrow pulse which propagates in a wrinkle-like mode in the
direction of slip in the slower velocity medium. Figs. 6a and b give for comparison
corresponding results for rupture along a fault in a homogeneous medium. As expected,
the behavior in this case is symmetric with respect to the fault and the rupture pulse,
driven by the waves radiated from the source, decays with propagation distance.
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Fig. 5(a). Particle velocities at a given time for rupture along a material interface (thin horizontal line). The
slipping region is marked by the thick segment on the fault and is propagating to the right. The existence of
a material contrast across the fault produces an asymmetric motion in the di0erent media that is especially
prominent near the fault. Compare with Fig. 6a. (b) A closer view of Fig. 5a near the fault (note changes
in scales). Particle velocities in the more compliant material (y ¿ 0) are larger than in the sti0er medium
(y ¡ 0). (c) Maximum and minimum values of y-component of velocity along x-lines at di0erent y positions.
The motion is strongly asymmetric across the fault (vertical line). Diamonds mark the region normal to the
fault shown in Fig. 5b. Compare with Fig. 6b.

Fig. 7 shows slip, slip velocity, normal traction and shear traction at two positions,
x = 5:7 and 7.8, along the fault for the same model leading to Fig. 4. For the assumed
20% contrast of shear wave velocities, the generalized Rayleigh speed is de4ned (Fig.
2) and the subsonic Adams (1995) instability exists for all values of the Coulomb
friction coe3cient (Ranjith and Rice, 2001). The dots on the curves mark arrival times
of the faster P, slower P, faster S, and slower S waves from a point near the origin of
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Fig. 6(a). Similar to Fig. 5a for rupture along a fault between identical solids. (b) Similar to Fig. 5c for
rupture along a fault between identical solids.

the imposed source. The arrival of the slower S wave is associated with a transition
from an emergent head wave to a sharp opposite polarity body wave. The strong
pulse of decreasing compressive normal stress and related sharp pulse of slip velocity
occur during this rapid motion reversal. The time and shape of the slip velocity pulse
match closely those of the normal stress as predicted by Weertman (1980). The pulses
of normal stress and slip velocity become narrower and higher during propagation,
and small irregularities evolve to separate pulses in agreement with the theoretical
analyses of Adams (1995) and Ranjith and Rice (2001). The slip at the two positions
in Fig. 7 remains approximately the same while the rise-time decreases with propagation
distance. The shear traction on the fault drops strongly during the passage of the slip
pulse (all the way down to zero at x = 7:8) and it then recovers. The discussed features
remain qualitatively the same for several coarser grid resolutions and a range of material
contrasts, friction coe3cients, and small stress heterogeneities (Andrews and Ben-Zion,
1997; Ben-Zion and Andrews, 1998). However, as illustrated below following Cochard
and Rice (2000), they decay into a numerical noise for 4ner grid (or large enough
propagation distance).
Fig. 8a shows 4nite-di0erence calculations of slip velocity at the two positions along
the fault with three multiple resolutions, two of which higher than those used by
Andrews and Ben-Zion (1997), Ben-Zion and Andrews (1998) and Figs. 4 –7. The
results duplicate similar calculations of Cochard and Rice (2000, Fig. 3) based on
the spectral formulation of Geubelle and Rice (1995) and Breitenfeld and Geubelle
(1998). It is clear from the 4gure that, at 4ne enough resolution, decreasing grid
size leads to divergence of features (maximum slip velocity, number of pulses) rather
than convergence. The calculations provide a beautiful demonstration of the Adams
instability (4) – (6). As discussed by Cochard and Rice (2000), numerical simulations
with smaller grid size include higher wave numbers and thus the Adams instability,
with exponential growth rate proportional to the wave number, will show stronger at
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Fig. 7. Time histories of variables associated with the narrow self-sustaining rupture pulse in the model
leading to Fig. 4. Dots mark arrival times of faster P, slower P, faster S, and slower S waves from a
point near the origin of the imposed source. The amplitudes of slip velocity, normal stress, and shear stress
increase strongly with propagation distance. Prominent irregularities in the shapes of curves at x=5:7 become
separate pulses at x = 7:8.
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Fig. 8(a). Slip velocities at x = 5:7 and 7.8 from Fig. 7 (top panel) and calculations with larger number
of grid points n. The Adams (1995) instability exists for the case considered and the results diverge with
reduction of grid size Vx. (b) Slip velocities in calculations similar to those of Fig. 8a in a case for which
the Adams (1995) instability does not exist. Here the results converge with reduction of grid size.
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a given location. Alternatively, the numerical solution and associated errors (numerical
perturbations) propagate at 4ner grid a larger number of steps for a given position.
Fig. 8b shows analogous 4nite-di0erence calculations, duplicating Fig. 4 of Cochard and
Rice (2000), for 30% contrasts of S wave velocities and mass densities, Poisson ratios
of both media 0:25; ∞ = 1; ∞ = 0:0933, and Coulomb friction coe3cient f = 0:1.
For such parameters, the generalized Rayleigh speed is not de4ned and the Adams
instability exists only for f ¿ fc ≈ 0:15 (Ranjith and Rice, 2001; Cochard and Rice,
2000). Without the Adams instability the results converge with higher resolution, but
the pulse dies out with increasing distance rather than propagating in a self-sustaining
manner.
The Adams instability exists for a range of material contrasts and friction coe3cients that characterize major fault zone structures (e.g., Byerlee, 1978; Michelini and
McEvilly, 1991; Ben-Zion et al., 1992; Eberhart-Phillips and Michael, 1998). To overcome the numerical problems associated with the Adams instability, Cochard and Rice
(2000) simulated dynamic rupture along a material contrast governed by a simpli4ed
version (Fig. 3) of the regularized friction of Prakash and Clifton (1993) and Prakash
(1998). Fig. 9 from Cochard and Rice (2000) gives calculated slip velocities in a
model with 20% contrasts of S wave velocities and mass densities, Poisson ratios of
both media 0:25; ∞ = 100 MPa; f = 0:75; ∞ = 0:933f∞ , the regularized friction with
L = 8:5 mm and V ∗ = 1 m=s, and the initiation procedure of Andrews and Ben-Zion
(1997) used for Figs. 4 –8. The results show a decaying pulse propagating from the
imposed source region at the slower P wave velocity, followed by a self-sustaining
Weertman pulse propagating at a velocity close to cGR . The Weertman pulse with the
regularized friction appears stable throughout the propagation distance of Fig. 9, in
contrast to the pulse of Fig. 4 that propagates a comparable distance along a fault with
similar material contrast and Coulomb friction. The other features of the pulse (items
1–3 in the next paragraph, not including the self-sharpening and divergent behavior)
are similar to those simulated with the Coulomb friction. As discussed earlier, we expect the self-sharpening phenomenon to reappear (in a subdued form, and without grid
size dependency) in calculations with the regularized friction, when the propagation
distance is much larger than the length scale L of the regularized friction. Indeed,
Cochard and Rice (2000) noted, based on simulations not shown in their paper, that
the self-sustaining pulse becomes narrower with propagation distance. It is also possible to see in Fig. 9 that beyond about 50 ms there are small increasing oscillations and
slight upturn of the pulse. This suggests that the pulse simulated by Cochard and Rice
(2000) will develop a divergent behavior with continuing propagation, a suggestion
that is con4rmed by longer simulations with the regularized friction by Ben-Zion and
Huang (2001).
The wrinkle-like rupture pulse along a material interface has remarkable dynamical properties with possible implications for a wide range of topics. We now review
brie7y lab and 4eld observations that show characteristic features of the wrinkle-like
pulse. These include (1) strong correlation between variations of normal stress and
slip, (2) asymmetric motion on the di0erent sides of the fault, (3) preferred direction of rupture propagation and associated directivity e0ects, and (4) self-sharpening
and divergent behavior with propagation distance. Anooshehpoor and Brune (1999)
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Fig. 9. Slip velocity for a case similar to that leading to Figs. 4, 5, and 7 but with a fault governed
by the regularized friction of Fig. 3. Outside the imposed source region (high velocities near the origin)
there are a self-sustaining Weertman pulse propagating at approximately the generalized Rayleigh speed, and
a decaying pulse propagating at approximately the slower P wave speed. The Weertman pulse begins to
develop oscillations and increasing amplitude toward the end of the calculations. (From Cochard and Rice,
2000.)

observed features (1)–(4) in sliding experiments on an interface between two di0erent
foam rubber blocks. These features were also present in the early sliding experiments
of Schallamach (1971) between rubbers and hard materials. Rosakis and co-workers
studied ruptures along various material interfaces with high-resolution photography of
I
Fig. 10(a). Isochromatic fringe pattern around a rupture pulse propagating along a Homalite=Aluminum
interface at approximately 1.15 the slower S wave speed. The magni4ed view in the inset identi4es Mach
waves emanating from the rupture tip, and front and trailing ends of the slipping zone. The rupture is
initiated by an impact and it continues to accelerate and become narrower with propagation distance. E0orts
to nucleate rupture in the opposite direction lead to bifurcation and arrest. (From Samudrala and Rosakis,
2001.) (b) Asymptotic analytical solution of Samudrala et al. (2001) for normal stress along a material
interface approximating the passage of the pulse in Fig. 10a. The solution assumes a steady-state intersonic
rupture between Homalite and rigid material with a 4nite traction free zone of length l1 , followed by a 4nite
zone of frictional contact l2 , and a Coulomb friction with a dynamic coe3cient of friction : A0 denotes
the amplitude of the crack tip stress 4eld,
is rigidity, % is Poisson ratio, and q1 is the crack tip stress
singularity. The inset shows time histories of normal stress during the passage of the Weertman pulse from
Fig. 11 of Andrews and Ben-Zion (1997).
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isochromatic fringe patterns, asymptotic analytical results, and numerical calculations.
Samudrala and Rosakis (2001) observed unidirectional propagation of narrow intersonic
rupture pulses associated with strong variations of normal stress, crack opening, and
self-sharpening and splitting to subpulses during propagation. An example from those
experimental results is shown in Fig. 10a. The data were modeled by Huang et al.
(1998) and Samudrala et al. (2001) with asymptotic steady-state results incorporating
crack tip opening, and by Needleman and Rosakis (1999) with numerical calculations
employing a cohesive force that allows opening. Fig. 10b shows a comparison between
asymptotic analytical calculations of the normal stress during the passage of the pulse
in Fig. 10a by Samudrala et al. (2001), and variations of normal stress in the calculations of Andrews and Ben-Zion (1997) (see also Fig. 7). The model of Samudrala
et al. (2001) provides an asymptotic steady-state 4eld for an intersonic rupture along
an interface with cohesion between materials with strongly contrasting properties and
without applied normal stress. In contrast, the calculations of Andrews and Ben-Zion
(1997) give full-4eld transient results for a subsonic rupture along a cohesionless interface between materials with a modest contrast of properties and with applied normal
stress. Despite these di0erences, the existence of material interfaces in the di0erent
works produces clear similarities between the shapes and relative amplitudes of the
main phases in the di0erent waveforms. In both cases, the normal stress consists primarily of an emergent head wave that originates from the faster S wave and is followed
by a sharp opposite polarity signal at the arrival of the slower S wave. The largest
variation of normal stress is associated with the transition from the (tail of the) cs1 -cs2
head wave to the slower S body wave.
Rubin and Gillard (2000) examined space–time properties of high-resolution locations of small earthquakes along several segments of the San Andreas fault around San
Juan Bautista in central California, near the transition between the creeping section of
the San Andreas fault to the southeast (SE) and the locked section to the northwest
(NW). They found that the shapes of fault patches de4ned by locations of consecutive
events are elongated in the direction of slip, suggesting that ruptures occur primarily
in Mode II, and that the number of immediate aftershocks near the edges of prior
ruptures to the NW is more than double the number to the SE. They interpreted the
strong asymmetry of aftershocks in the di0erent directions as resulting from the material contrast across the fault in that region (e.g., Eberhart-Phillips and Michael, 1998).
The explanation relies on the prediction (Eq. (2)) that normal stress decreases dynamically at the rupture front of events propagating to the SE, the direction of slip in the
more compliant block across the San Andreas fault, and increases dynamically at the
front of NW propagating events. With these dynamic weakening=strengthening e0ects
for ruptures propagating in the opposite directions, material to the SE will be statistically further removed from failure at the end of ruptures than material to the NW, and
subsequent hypocenter sites will occur more frequently to the NW. The above interpretation is supported by evidence from directivity and sub-event analyses of waveforms
for preferential rupture propagation to the SE (Rubin and Gillard, 2000), and the fact
that analogous studies along the near-by Calaveras fault, which separates nominally
similar media, show a symmetric behavior in the di0erent directions along the fault
(A. Rubin, personal communication, 2000).
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The material discussed in this section poses a serious conceptual dilemma concerning an appropriate problem-solving approach. If the frictional behavior of a solid has a
Coulomb-like instantaneous initial response to changes of normal stress, as suggested
by intuition and the experiments of Schallamach (1971), Anooshehpoor and Brune
(1999), Linker and Dieterich (1992), Richardson and Marone (1999), and Samudrala
and Rosakis (2001), the use of a regularized friction (or other regularizing mechanism)
may suppress essential features of the response. On the other hand, numerical calculations without a regularizing mechanism do not have a unique underlying solution.
This leads to the unsatisfactory situation that regularized calculations may be used to
perform a clean parameter-space study in a regime that is not fully realistic, while
non-regularized calculations may explore realistic behavior but they contain a mixture
of real features and numerical artifacts. Perhaps an appropriate approach is to employ
both types of calculations in a careful and balanced way. We return to this issue again
in Section 4 where we consider long-term deformation on faults. First, however, we
discuss another dynamic mechanism for generating self-healing rupture pulses.
3. Self-healing slip pulse due to strong velocity-weakening friction
As mentioned in the introduction, Heaton (1990) summarized observationally inferred
earthquake slip rise-times that are order of magnitude shorter than corresponding rupture
durations, and pointed out that the results may be interpreted in terms of narrow slip
pulses generated by a velocity-weakening friction. This paper produced considerable
interest and was followed by various e0orts to clarify and quantify the possibility
of such a process with numerical and analytical results (Perrin et al., 1995; Beeler
and Tullis, 1996; Cochard and Madariaga, 1996; Zheng and Rice, 1998; Nielsen et
al., 2000). As noted before and discussed further in the next section, simulations of
dynamic ruptures are highly sensitive to subtle features of the assumed constitutive
laws and their implementation in a numerical procedure. In this section we focus on
robust features of self-healing pulses due to a velocity-weakening friction based on the
analytical and numerical studies of Perrin et al. (1995) and Zheng and Rice (1998),
while providing background results on rate- and state-dependent (RSD) friction and
computational issues that are useful for the next section.
Perrin et al. (1995) and Zheng and Rice (1998) performed 2D elastodynamic calculations of antiplane ruptures on a homogeneous fault governed by several versions
of RSD friction. The fault is on the plane y = 0 as shown in Fig. 1, and the applied
shear loading and resulting particle motion are again in the x direction, but here slip
on the fault depends only on z and t and all variables are independent of x. The shear
stress on the fault satisfying the equations of elastodynamics can be written in the 2D
antiplane case as
(z; t) = 0 (z) + ((z; t) − v(z; t)=2c;

(7)

where 0 is applied stress, ( is elastodynamic stress transfer at (z; t) due to previous slip
on the fault, and the last term is radiation damping giving the instantaneous reduction
of stress on a slipping patch that is moving with a velocity v. The elastodynamic stress
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transfer functional ( can be written (e.g., Andrews, 1985; Cochard and Madariaga,
1994) as a space–time convolution of a kernel stress transfer function and slip history
(z  ; t  ) over the information wave cone |z − z  | ¡ c(t − t  ) that is in7uencing the
point (z; t) under consideration. Perrin et al. (1995) used a spectral representation of
( summarized in the next section in a form (Rice and Ben-Zion, 1996) appropriate
for calculations that include ongoing tectonic loading. Generalizations of the spectral
formulation for 3D cases are discussed by Geubelle and Rice (1995) and Cochard and
Rice (1997).
Fig. 11 illustrates the key features of RSD friction observed in laboratory experiments with (nominally) constant normal stress and sliding velocities in the range 10−6 –
10−3 m=s (e.g., Dieterich, 1979, 1981; Ruina, 1983; Blanpied et al., 1991; Marone,
1998). A sudden change of sliding velocity produces an instantaneous e0ect and a
competing evolutionary e0ect on the frictional strength. The instantaneous e0ect is a
viscosity-type response with the same sign of the velocity jump and an amplitude denoted by a. The evolutionary e0ect is a gradual strength alteration of opposite sign
with amplitude b and characteristic slip distance L (also denoted by Dc ). There are
two main versions of RSD friction that describe the usual experimental results. Following Ruina (1983), Beeler et al. (1994) and Perrin et al. (1995), these are referred
to as a “slowness” or “ageing” version in which strength evolves both with slip and
hold time of truly stationary contact, and a “slip” version in which friction evolves
only with ongoing slip. In both cases the friction coe3cient is given by
f = f0 + a ln(v=v0 ) + b ln(v0 *=L);

(8a)

where f0 is nominal friction coe3cient, v0 is reference velocity, and * is state variable representing history-dependent evolutionary e0ects. In the case of the ageing or
slowness version, the state variable satis4es
d*=dt = 1 − v*=L;

(8b)

whereas in the slip version
d*=dt = −(v*=L) ln(v*=L):

(8c)

In both cases, during steady-state sliding with constant velocity and slip distance larger
than L; * = L=v and the steady-state dependency of the friction coe3cient on the sliding
velocity is
fss = f0 + (a − b) ln(v=v0 ):

(8d)

Also, the friction coe3cient following a step change of sliding velocity from v1 to v2 ,
can be written (Rice, 1993) in the slip-weakening form
f = fss (v2 ) + exp(−=L)[fss (v1 ) − fss (v2 ) + a ln(v2 =v1 )];

(8e)

where  = v2 t is measured from the time of the velocity jump. The frictional strength
is f from Eq. (8a) or (8e) times (n − Pp ). Expression (8a) as written contains
singularities at very low and very high values of frictional velocity. Rice and Ben-Zion
(1996) and Ben-Zion and Rice (1997) regularized Eq. (8a) near frictional velocity
v=0 by inverting Eq. (8a) to an exponential form for v and then replacing exp(f=a) by
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Fig. 11. A schematic diagram illustrating the main features of rate- and state-dependent friction in laboratory
experiments with sliding velocities in the range 10−6 –10−3 m=s. The top panel shows the response to
velocity jumps. The bottom panel shows the steady-state frictional behavior in a velocity-weakening regime
and evolution around the steady-state behavior corresponding to the velocity jumps in the top panel.

2 sinh(f=a). They also imposed an upper limit cuto0 on the ln(v=v0 ) term at v=10 m=s,
and replaced v by |v| in Eqs. (8b) and (8c) for d*=dt. More elaborate modi4cations at
high slip velocity are discussed by Perrin et al. (1995) and Zheng and Rice (1998).
Since n and Pp are constant in this framework, the only mechanism for instability
is negative evolution of f. If a ¿ b, the overall change of f is positive, the friction
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is velocity-strengthening, and only stable sliding is possible. On the other hand, if
a ¡ b, the overall change is negative, the friction is velocity-weakening, and dynamic
instabilities can occur (e.g., Ruina, 1983). The situation a ¡ b provides a necessary but
not a su3cient condition for instability. The occurrence of instability requires a rate
of weakening that is larger than the rate of stress reduction (sti0ness of the system)
on a slipping patch. For a given material under 4xed pressure, temperature, surface
roughness, and other relevant conditions, the rate of weakening is constant and is given
approximately by (b − a) (n − Pp ). However, the rate of stress reduction depends on
the size of the zone that is slipping coherently. In4nitesimally small slip patches are
in4nitely sti0 and are always stable, but as a slipping zone grows larger its sti0ness
decreases and it can turn unstable. This happens when the slip patch reaches a critical
“nucleation” size (Ruina, 1983; Rice and Ruina, 1983; Gu et al., 1984; Dieterich, 1992;
Rice, 1993; Lapusta et al., 2000) for which the rate of stress reduction is 4rst equal
(from above) to the rate of weakening. Rice (1993) estimated the nucleation zone size
for a failure process governed by RSD friction as
h∗ = 2L =[(b − a)(n − Pp )]:

(9)

He further emphasized that the grid size h employed in numerical simulations must
satisfy the condition hh∗ (in addition to the usual sampling requirements) for the
results to be independent of the numerical discretization and approach the underlying
continuum limit. We return to this point in the next section.
Perrin et al. (1995) found that in a 2D homogeneous antiplane framework with
RSD friction, the following two requirements must be satis4ed for rupture to occur as
a self-healing pulse: (1) The constitutive law must include strengthening at stationary
contact as in Eq. (8b), and (2) the velocity weakening at high slip-rates must be much
greater than that associated with the weak logarithmic dependency Eq. (8d) observed in
the lab at creep slip-rates (appropriate for conditions leading to nucleation rather than
propagation of rupture). The two requirements are compatible with dynamic simulations
of Okubo (1989), Rice and Ben-Zion (1996), Ben-Zion and Rice (1997), and Lapusta
et al. (2000), showing crack-like ruptures on a fault governed by both versions (8b)
and (8c) of the RSD friction without enhanced velocity weakening at high slip-rates,
and with results of Cochard and Madariaga (1994, 1996) and Nielsen et al. (2000)
showing self-healing pulses in simulations with strongly velocity-weakening friction.
Zheng and Rice (1998) found that if requirements (1) and (2) are met, and nucleation
occurs in an isolated region on a fault with given frictional and elastic properties and
a uniform background stress b0 outside the nucleation area, the level of b0 determines
the mode of rupture. If b0 is below a value pulse discussed below, but high enough
to allow for self-sustaining propagation outside the nucleation zone, the rupture propagates as a self-healing pulse. If b0 is higher than pulse by a certain amount, propagation
occurs in a crack-like mode. Between these two levels, there is a mixed crack–pulse
rupture.
As discussed earlier, a comparison between the rates of weakening and stress reduction determines the conditions for the onset of instability (e.g., Ruina, 1993). To
establish the condition for the mode of the ensuing rupture, Zheng and Rice (1998)
extended the comparison for representative values of stress and strength prevailing
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Fig. 12(a). A schematic illustration of pulse along with relative positions of the radiation damping line
 = b0 − v=2c and the steady-state friction curve  = ss (v) for a background stress b0 ¡ pulse . (b) Similar to
(a) but for a background stress b0 ¿ pulse . The highest velocity intersection between the friction and stress
reduction lines in this case de4nes vdyna (From Zheng and Rice, 1998.)

during the entire rupture duration. The strength can be represented for such a comparison by the steady-state value of the RSD friction ss = fss (v)(n − Pp ), and the stress
by the line b0 − v=2c decreasing from the background level by an amount equal to the
radiation dumping. The value pulse is the largest b0 for which the decreasing stress line
just touches from below the steady-state velocity-weakening friction line (Fig. 12a).
If b0 ¿ pulse but the rate of velocity-weakening dss (v)=dv at the largest intersection
vdyna between the friction and stress reduction lines (Fig. 12b) is not much larger than
the rate of radiation damping, so that the parameter T = [ − dss (v)=dv]=( =2c) is near
unity, the rupture still propagates as a self-healing pulse. When T ≈ 0:5 the rupture is
partially crack-like and partially pulse-like, and when T is near zero the rupture propagates as a classically expanding crack. The results of Perrin et al. (1995) and Zheng
and Rice (1998) hold for various forms of velocity-weakening friction under a wide
range of conditions within the framework of 2D antiplane rupture on a homogeneous
fault. Additional results on self-healing slip pulses due to velocity-weakening friction
are given by Cochard and Madariaga (1994, 1996) for the 2D antiplane framework,
by Beeler and Tullis (1996) for the 2D in-plane case, and by Nielsen et al. (2000)
for a model of 3D scalar elasticity. Myers et al. (1996), Langer et al. (1996) and others suggested that inertial dynamics, coupled with strongly velocity-weakening friction
that produces self-healing rupture pulses, provide a generic mechanism for sustained
generation of slip complexities on a homogeneous fault. This is discussed further in
the next section.
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4. Long deformation history on a fault governed by rate- and state-dependent friction
So far we discussed only problems involving individual ruptures. Earthquake faults
sustain a large number of ruptures and it is important to understand the long-term
response of a fault system to ongoing loading. Observed seismicity patterns are characterized by a broad distribution of event sizes and a variety of related space–time
7uctuations. These complexities exist not only in large regions of space with many
faults, but also in individual fault zones. In the last decade, theoretical works on the
origin of these complexities revolved around the following two end-member mechanisms: (1) non-linear friction and inertial dynamics on a smooth homogeneous fault,
and (2) non-linear friction and elastic (or other long range) stress transfer interactions
on a strongly heterogeneous fault. In this section we describe ideas and results from
both categories of explanations with a focus on the 4rst.
Tse and Rice (1986) performed quasi-static simulations of long deformation history
on a vertical strike-slip fault with RSD friction in an elastic solid. The results consisted
of quasi-periodic large events over a depth range corresponding to the brittle seismogenic zone, where frictional parameters were prescribed to give a velocity-weakening
behavior b ¿ a, and stable creep above and below it where velocity-strengthening distributions b ¡ a were assumed. The growth of each instability in the seismogenic zone
to essentially a system-size event (and resulting lack of small and intermediate size
failures) was not surprising, given the used smooth continuum model. This is because
stress concentrations in a continuum solid grow with the rupture size and brittle instabilities tend to become “runaway” events (e.g., Ben-Zion and Rice, 1993) that stop
only when they encounter strong heterogeneities. In contrast to those results, however,
various simulations, starting with Horowitz and Ruina (1989) and Carlson and Langer
(1989), produced complex failure sequences in models that were assumed to represent
smooth homogeneous faults. Horowitz and Ruina (1989) performed quasi-static calculations of slip on a smooth homogeneous fault governed by RSD friction, similar
in general to the model of Tse and Rice (1986). However, their model had a 4nite
width in the direction normal to the fault that limited the growth of stress concentration
with rupture size, and a transition from velocity-weakening to velocity-strengthening
after mild increases of slip rates that severely limited the range of slip rates during
model instabilities and aided in arresting of events. These special geometry and parameter choices are responsible for the simulated slip complexity of Horowitz and Ruina
(1989).
Carlson and Langer (1989) simulated broad distributions of event sizes in a 1D
block-spring array on a substrate governed by a spatially uniform velocity-weakening
friction, without a slip length scale for strength evolution, and a small initial abrupt
drop. Since the frictional threshold was uniform, they assumed that the property distribution has no length scales and attributed the simulated complexity to the inclusion of
inertia in the calculations. Carlson et al. (1991, 1994), Shaw (1994) and related works
used more elaborate 1D and 2D models with various friction laws, and concluded that
realistic slip complexity including a wide range of event sizes is a generic outcome of
inertial dynamics on a homogeneous fault governed by non-linear friction. Rice (1993)
and Ben-Zion and Rice (1995a) pointed out that this conclusion is unjusti4ed since the
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models had inherent grid size dependency because of the used constitutive laws, and
additional strong simpli4cations (e.g., fault dimension same as that of the surrounding
medium) that limit the growth of stress concentrations. Rice and Ben-Zion suggested
further that the simulated complex patterns in these works might be produced, at least
in part, by the spatial patterns associated with the numerical grids.
In general, the underlying mathematical structure of a continuum is fundamentally
smooth and all functions, including constitutive laws, must vary gradually. When the
constitutive law includes a 4nite slip distance for continuous strength degradation, like
L of Eqs. (8b) and (8c) or analogous distance in slip-weakening friction, the model
has an associated 4nite zone for nucleation of instabilities, like h∗ of Eq. (9), and a
well-de4ned continuum limit. The 4nite nucleation zone provides a region in space that
can be discretized with numerical cells hh∗ so that each failure involves a gradual
and cooperative behavior of many numerical cells. When, however, the strength drops
discontinuously with slip (a situation corresponding formally to L = 0 and h∗ = 0),
numerical cells can fail individually for any grid size, there are abrupt 7uctuations of
4elds in contrast to the continuum requirement, and the model is inherently discrete.
Rice (1993) and Ben-Zion and Rice (1993, 1995a) suggested that inherently discrete
models may provide approximate representations of strongly disordered faults with a
fundamental segmentation length scale h. This is because successful propagation of rupture along a disordered fault must involve stresses that are operating at 4nite distances
from the rupture front, where slip can re-nucleate at non-contiguous locations across
fault o0sets and other strong barriers. Thus an inherently discrete fault surrounded by
a 3D elastic solid (for appropriate stress transfer calculations) may, perhaps, be used
to study the large-scale growth (as opposed to nucleation) of slip instabilities in realistic fault systems with segmentation length scales much larger than h∗ . Using such
inherently discrete models, Ben-Zion and Rice (1993, 1995a) and Ben-Zion (1996)
were able to simulate many realistic features of observed earthquakes compatible with
observations. These include space-time distributions of stress, slip, and hypocenters on
a fault, displacement 4eld at the free surface, frequency-size and temporal statistics
of earthquakes, and complex evolving large earthquake cycles. It is important to note,
however, that the validity in principle of the approximate representations of Ben-Zion
and Rice (1993, 1995a) and Ben-Zion (1996) of disordered faults, and actual rigorous mapping of various forms of 3D geometric disorder onto corresponding planar
representations, remain important open questions.
Based on simulations with both the continuum and inherently discrete classes of models, but only approximate representations of inertial e0ects, Rice (1993) and Ben-Zion
and Rice (1993, 1995a) concluded that (1) the typical response of a smooth continuum
fault does not have a broad event distribution and often, although not always, consists
of a simple limit cycle of large events, and (2) the generic response of a discrete
fault system produces realistic slip complexities including a wide range of event sizes.
Conclusion (1) propelled a continuing debate on the capacity of inertial dynamics to
produce generically (i.e., for a wide range of parameters and conditions) realistic complexity on a smooth homogeneous fault. Shaw (1995, 1997), Myers et al. (1996), and
Langer et al. (1996) found broad event distributions in subsequent dynamic simulations
with constitutive laws having 4nite length scales for strength evolution and argued that
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realistic slip complexity is indeed a generic outcome of inertial dynamics on a homogeneous fault. However, those models had very special constitutive laws and parameters,
producing small events by a rapid small initial weakening and large events by a second
larger weakening with parameters and fault geometry that limit stress concentration at
the rupture front (see Ben-Zion and Rice, 1997; Shaw and Rice, 2000 for detailed
discussions of these works).
Dynamic calculations of long deformation histories containing many episodes of
initiation, propagation, and arrest of ruptures, separated by long periods of slow deformation, cannot be done with direct extensions of single rupture algorithms because
of computer limitation. Okubo (1989) and Shibazaki and Matsu’ura (1992) used procedures that switch between quasi-static calculations during slow deformation phases
and dynamic calculations during instabilities. However, the abrupt switching from one
type of calculation to another (and associated algorithm choices and parameters) can
have strong in7uence on the results because of the non-linear nature of the problem.
Cochard and Madariaga (1996), Myers et al. (1996), and Nielsen et al. (2000) modeled
the loading phases between ruptures as instantaneous increments of stress, neglected
all aseismic slip, and initiated ruptures with rapid strength drop when the stress at
some point reached a critical level. The lack of realistic loading, gradual development
of nucleation phases, and possible aseismic adjustments can have strong in7uence on
the results. Shaw and Rice (2000) employed a better procedure with accelerated loading rate that is only a few orders of magnitude less than seismic slip rates (instead
of the approximately 10 orders characterizing natural faults). However, as shown by
Lapusta et al. (2000), even this procedure does not account properly for aseismic slip
and nucleation phases of instabilities, and consequently the overall long term response
may again not be correct. To overcome these problems, and resolve remaining controversy on the generic response of a smooth continuum fault, Rice and Ben-Zion
(1996), Ben-Zion and Rice (1995b, 1997), and Lapusta et al. (2000) developed and
used a simulation procedure that can calculate reliably, within a single computational
framework, slow deformation processes, rapid dynamic ruptures, and the space-time
transitions between these two modes of deformation. In the reminder of the section we
describe brie7y essential parts of the algorithm and summarize the typical response of
a smooth continuum fault governed by lab-based RSD friction.
We focus on 2D antiplane dynamic calculations of slip on a vertical strike-slip fault
with RSD friction in a 3D elastic half space. As in the previous section, the stress
on the fault is given by Eq. (7) and the dynamic calculations employ the spectral
representation of Perrin et al. (1995). The spectral representation of slip de4cit with
respect to the long-term plate motion and stress transfer functional on the fault are
written as
N=2

(z; t) − Vpl t =
Dn (t) exp(ikn z);
(10a)
n=−N=2

and
([(z  ; t  ) − Vpl t  ; z; t] =

N=2

n=−N=2

Fn (t) exp(ikn z);

(10b)
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where kn =2n= is wave number in the z direction and  is a (large) periodic repetition
length. To satisfy the scalar wave equation, the coe3cients Fn are given (Perrin et al.,
1995) in terms of the coe3cients Dn as

|kn | t J1 (|kn |ct  )
Fn (t) = −
Dn (t − t  ) dt  ;
(10c)
2
t
0
where J1 is Bessel function of the 4rst kind and order 1. Eqs. (10a) – (10c) are referred
to as the displacement formulation of the spectral representation since the coe3cients
Fn are expressed in terms of Fourier coe3cients of slip. Integrating Eq. (10c) by part
leads to an alternative velocity formulation,


 t
|kn |



Fn (t) =
−Dn (t) +
(10d)
W (|kn |ct )Ḋn (t − t ) dt ;
2
0
∞
where the dot denotes time derivative and W (p) = p [J1 (q)=q] dq with W (0) = 1.
The algebraic term in Eq. (10d) corresponds to the 4nal static stress transfer, while
the convolution integral gives the transient wave-mediated stress changes at (z; t) due
to slip in the relevant information wave cone. During calculations, the information
wave cone and ranges of integrals in Eqs. (10c) and (10d) increase as time progress.
If all past information had to be included for accurate evaluation of the coe3cients
Fn , the method could not have been used to calculate long deformation histories with
many large earthquake cycles. However, the velocity formulation (Eq. (10d)) makes it
possible to evaluate the stress transfer to a speci4ed precision with a limited information
from past deformation. This can be done because the 4nal static term, being outside
the integral, is always calculated exactly in the velocity formulation, and the remaining
convolution integral with the transient dynamic e0ects has a rapidly decaying kernel
(with amplitude that falls like q−3=2 at large values of q). The number of terms in
the convolution integral of Eq. (10d) needed to meet a given accuracy criterion varies
“dynamically” in relation to current and past values of the slip-rate coe3cients Ḋn .
During slow evolution with low slip-rates (a situation corresponding to almost all the
deformation history) the number of terms is small, while during rapid deformation
phases close to instabilities the number is large (Ben-Zion and Rice, 1997; Lapusta et
al., 2000).
The convolution integral is calculated for each Fourier mode with constant “elastodynamic” time steps governed by standard sampling requirements. In contrast, the time
steps used to “march forward” in the computational procedure, referred to as “evolutionary” time steps, are highly variable and depend, like the number of terms included
in the convolution integral, on the ongoing rates of 4elds. The variable size of the evolutionary time step is governed at each time by requirements for accurate integration
of the deformation processes. In the cases discussed here, with deformation controlled
by the RSD friction, this amounts to requiring that slip during a single evolutionary
time step will be, at each fault position, a fraction r of the critical slip distance L.
During dynamic ruptures and other phases of fast deformation with high slip rates, a
value of r = 1=2 provides stable results. However, during slow deformation with very
low slip-rates a smaller value of r is needed. Lapusta et al. (2000) derived a precise
constraint on r at low slip rates by requiring, as was done in earlier analyses of space
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discretization (e.g., Rice, 1993), that single-cell perturbations will not grow. The analysis of Lapusta et al. (2000) indicates that the fraction r goes to zero as the amplitude
a of the direct e0ect of the RSD friction is diminished. This limits the applicability of
the method to constitutive laws that include positive viscosity-like e0ects. To ensure
that evolving values of slip and slip-rate calculated with the variable time steps are
available at the times used for the convolution integral in Eq. (10d), the variables are
stored at multiples of the smallest elastodynamic time step (i.e., that associated with
the highest Fourier mode).
The representative behavior in 2D antiplane dynamic simulations of long deformation histories with the above procedure is as follows: Under continuous slow loading,
a region of accelerating slip that is nucleated on a fault enlarges quasi-statically until
reaching a size comparable to h∗ . Then a rapid dynamic break out of slip occurs, and
the rupture zone grows to a much larger size, typically occupying most or all of the
seismogenic thickness (e.g., Ben-Zion and Rice, 1997, Figs. 3a and b). Consequently,
in such simulations there are very few or no small events, and hence no slip complexity
in the form of a broad range of ruptures with dimensions smaller than the seismogenic
depth (e.g., Ben-Zion and Rice, 1997, Figs. 4, 5, 7). This type of nucleation process,
and transition from stable slip to dynamic rupture at a critical slipping zone size, occur
also with slip-weakening friction (e.g., Shibazaki and Matsu’ura, 1992; Ohnaka, 1996),
or more generally with any failure process on a pre-existing surface governed by a
constitutive law with a 4nite (slip) length scale for strength degradation. The long
term response in all dynamic calculations done to date for smooth model realizations
(hh∗ ) and lab-based RSD friction consists of quasi-periodic large events, as was
found in the earlier quasi-static=dynamic calculations of Tse and Rice (1986), Rice
(1993), and Ben-Zion and Rice (1995a). In fact, the fully dynamic simulations have
demonstrated that inertial dynamics could simplify the response because it produces
larger stress concentrations than those generated by corresponding calculations without
or only approximate incorporation of inertia. Shaw and Rice (2000) and Nielsen et al.
(2000) recently con4rmed, as did Cochard and Madariaga (1996), that generation of
slip complexity on a homogeneous fault requires special choices of constitutive and
model parameters. In general, those choices involve very large strength drop behind
the rupture front followed by rapid healing (e.g., via strongly velocity-weakening friction), constitutive laws with several weakening mechanisms that are carefully tuned to
produce event populations in di0erent size ranges, and=or truncation or saturation of
the growth of stress concentrations with rupture size.
Ben-Zion and Rice (1997) performed dynamic calculations for cases incorporating
various forms of heterogeneities and showed that the degree of simulated slip complexity increases in general with the degree of assumed fault heterogeneities. Model realizations with h ¿ h∗ , corresponding to the inherently discrete class, produced considerably
more complex response than corresponding calculations for a smooth continuum fault
(hh∗ ). As discussed earlier, the situation h ¿ h∗ introduces into the problem a length
scale of size h, which may be interpreted as corresponding approximately to a basic
unit of fault segmentation or other strong heterogeneities. In the case h ¿ h∗ there is
an imposed separation between the length scale of local frictional response (which is
now not resolved) and the length scale governing stress transfer and rupture propaga-
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tion and arrest. This may perhaps be justi4ed since h∗ based on lab values of L; a
and b is on the order of meters, while fault o0sets and other structural discontinuities
governing macroscopic earthquake ruptures are orders of magnitude larger. However,
a rigorous modeling would simulate large scale structural discontinuities in a framework having hh∗ that resolves also the nucleation length scale. Lapusta et al. (2000)
showed that improper discretization of time during slow stable deformation phases and
unrealistically fast loading also produce apparent complexity in the simulated response.
The results discussed in this section and the cited works suggest that approximate calculations, with coarse spatial grid to represent strong heterogeneities and coarse time
stepping in long and slow deformation phases, may perhaps be used to explore broad
regions of parameter space. However, separation of genuine results from artifacts and
detailed understanding of parameter space can only be done without such approximations. This poses a great challenge for continuing studies.
5. Summary
We outlined several unresolved problems of earthquake and fault dynamics, including the overall stress level under which major faults slip, the mode of dynamic rupture
on faults, and the origin of spatio-temporal earthquake complexities. Surprisingly perhaps, these separate problems are probably all related and they may be explained by
one or more common mechanisms. Geometric disorder and other strong fault zone heterogeneities can stop events of various sizes and generate realistic slip complexities,
produce narrow rupture pulses, and hold the fault e0ectively at isolated high-stress regions while allowing the reminder of the fault to be under low shear stress. Coherent
fault zone heterogeneities in the form of material discontinuity interfaces can produce
strong dynamic reduction of normal stress that generates narrow rupture pulses and
allows slip to occur under low shear stress. The e0ect of such ruptures on the long
term organization of stress heterogeneities on large faults, and the capacity of such heterogeneities to produce realistic slip complexities, have not been studied yet. Strongly
velocity-weakening friction on a smooth homogeneous fault can produce narrow rupture pulses in a certain parameter range that includes an overall low stress, and broad
event distribution for some constitutive laws and parameters. The relative roles of the
di0erent mechanisms remain to be sorted, but it is clear that irregular and coherent fault
zone heterogeneities can have important generic e0ects on a number of key earthquake
and fault quantities. Such heterogeneities create abrupt 7uctuations in the properties
and response of faults, which together with the (perhaps again surprising) connections
between small- and large-scale phenomena discussed in Sections 2 and 4, lead to great
theoretical di3culties. Improved understanding of the problems discussed in the paper
will require high-resolution laboratory and 4eld studies to clarify the phenomenology
of brittle failure at di0erent scales, and generalization of theoretical models in several respects. The most fundamental challenge at present is bridging the gap between
the discrete and continuum descriptions of brittle failure. Finite element calculations
with possible complex geometry and realistic constitutive laws (e.g., Xu et al., 1997;
Lyakhovsky et al., 2001) and massive molecular dynamics simulations (e.g., Abraham
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et al., 1994; Omeltchenko et al., 1997) are examples of promising approaches in this
direction.
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